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PllEl-’ACE. 


This Book has been lyrltteii as a companiou voliiiao to mi 
Treatise on the Differcntiol Calculus, aud iii its constructiou 
I have endeavoured to carry out the same general plan ou 

which that book was comiJosed. I have, according j , s u ici 

simplicity so far os was consistent with rigpurjd demou^ 
tion, and have tried to make the subject as attractne tc 
^nrlaeginner as the natm-c of the Calcdus would peruu . 

I Lve, as far as possible, contined my att.uit.on to the 
general principles of Integration, and have endeavoured tu 
frrange the successive portions of the subject m the orde. 

best suited for Iho Student. . • i 

I have paid considerable attention to the g.icluetrival a|.- 

plications of the Calculus, and have introduced a number of the 

lei:dnirfoo<l<tmental properties of the more miportant curves 

and surfaces, so far as they are connected with the lutegia 

Calculus. This has led me to give mony remaikable results, 

such as Steiner’s general theorems on the conne.vion o pedals 

and roulettes, Amslor’s planimetcr, Kempe s theorem, 

Landen’s theorems on the rectification o le ij pel o a, 

Qenocchi’s theorem on the rectification of the Cartesian ova , 

and others which have not been usually included 

books on the Integral Calculus. t Tuteirials 

A Chapter has been devoted to the discussion of 
of Inertia. For the methods adopted, and a great part ot the 


C/ 


dc-taiU in this Ciiapter, I nni indebted to tlie kindness of 
the late Professor Townsend. My friend Professor Cn^n 
bus laid me under very deep obligations by oontributinE: 
a Cbapter on Mean Value and Probability. I am glad to 
be able (o lay tins Cliapter before the Student, as an in¬ 
troduction to Ibis branch of the subject by a ^tatliOTuatician 


whose original and admirable Paia-rs, in the Phih.<->ph{v<i‘ 
rranmdions, 18t)S- t59j and cdsewliero, have so largely contri¬ 
buted to the recent extension of this important application 
of the Integral Calculus. 

I have introduced Chapters on the couuexi<>u between 
Pine and Surface Integrals; and on tbo Symbol of Sub¬ 
stitution, piineipall}' with a view to its employnieiit in (ho 
Calculus of Vnriatiems 1 have al-o devoted two (‘bapters 
to an elomoulury Ircalmenl on llio application ..f tbo Calcnbw 
of Vurialion^ to Single and Multiple Integrals. 


Tiu> I rv C'oLi.i.or, 1 )i' in.i n. 
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INTEGRAL CALCULUS. 


CHAPTER I. 

KLEMENTAIIY FORMS OF INTEGRATION. 

I. Intcgrallo...— Tlvo Integral Calculus is the inverse of 
the Differential. Xu the more simple case to uhicU this 
treatise is principally limited, the object of the 
Calculus is to find a fimvlion of a snujlc varuthlc iihen lU 

■^Let the differential bo represented by F{:x) (U, then ihe 
funcUomchone difei-ential is F{x)djc is called ils integral, and 

is represented by the notation 


% 

i*’(ar) dx. 


Thus, sinoo in -the notation of the Differential Calculus n o 

rf/W =/w 

the integral ol J’{x)dx is denoted hy/(x); i.o. 


[/(^) do.'=/(*). 


CnL We Itain, as the general expression for the rntegrul 
in question, 

j/'(a') dx =/(a>) + C) 

ni 



2 


Elementary Forrm of Integration. 


In the Buhsequent integrals the constant C will be omitted, 
as it can always be supplied when necessary. In the appli¬ 
cations of the Integral Calculus the value of the constant is 
determined in each case by the data of t/ie problem, os will be 
more fully explaiued subsequently. 

The process of finding the primitive function or the inte^ 
ijral of any given difi’orential is called integration. 

The expression F{x) dx under the sign of integration is 
called an clement of the integral; it is also, in the limit, the 
increment of the primitive function when x is changed into 
X + dx (Diff. Calc., i^t. 7); accordingly, the process of inte¬ 
gration may bo regarded as the finding the sum* of an infinite 
number of such elements. 

AVo shall postpone the consideration of Integration from 
this point of view, and shall commence with the treatment of 
lutogralion regarded as being tlie inverse of Diil'oreutiation. 

2. liitogral.s.—A very sliglit aequaiut- 

anoo with the Diiferential Calculus 'ft'ill at once suggest tho 
integrals of many differentials. AVo eommeneo with the 

simplest cases, an arbitrary constant being in all cases under- 
stood, 

refewing to tho elementary forms of differentiation 
established in Chapter I. Dilf. Calo. wo may write down at 
once tho following integrals :— 


I 

( 

f 



sin mx dx = - 


cos mx 


m 


dx 

— ^ tan Xy 


cos*x 


I 

I 


cos rfx = 


m 


dx 

sin* 2; 


= - cot X, 


(«) 

{/') 




nit7, the symhol of inlegi«lionVko°m™e^rawnuf["'‘"V^^^ trciitcd by I,eil 


A. , r-^-^Fi(ndamental Forma. 

Jjv^rir ^ cf. f oi 

-^= (‘I f_-- gin-1*. , ^ - 


f It 








A^ 17 


f_i^ = itan-^ 

J a a 

{e^{U = e*, [«'(- 


logrt* 


(/) 

(l?) 




/ — 


These, together with two or three additional 
shall bo afterwards supplied, are called i\iQ finuhmcntal o 
'“l!^ar7h!tegrals, to which aU other forms,! that admit 
of integration in a hnite number of terms, are ultimately re- 

'^“"Many integrals are immediately reduoilrle to one or other 
of these forms: a few simple examples are given for cxerc . 


Examplks. 


(,tjc 

i dx 

./i- 


— -• 


„ iv^*. 


\Anxdx. 


dX 
a + ix**' 

i xdt 

yn:?' 


- log (C09») 


„ ^ log («* ^ 




J uin a d^ 
OOB*d 


a^dx. 




Bee 9* 




taiv 


(•JD- 


. The fundementel mtogral. are deneled i» thieehepterhy the letter. », », r, 
&”^T4;«d’"o%^in“a™ ^lo'd EfiipUc and Hyper-E.UpUe function,. 

I X A I 


4 


Elcmentonj of Jnfcgyation. 






_iL. I. (* - ")• 

X - a 

3. Intofcral of a Sum.—It follows immediately from 
Art 1 2y Diif. Calc., that the integral of tho sum of any nnmhcr 
of difforontlals is the sura of the integrals of each taken sepa¬ 
rately. For cxainple— 



■ + - 

«i + I n + I 


+ 


- + &c. 

r + 1 



Hence wo can write do\vn immediately the integral of any 
function which is rcducihlo to a finite numhor of terras con¬ 
sisting of powers of mvllipUed by constant cootEcients. 
Again, to find tl. eginls of cos’j fAr and $\ii^xdx\ here 


f 


COS' u- 



1 \ cos 2jr 
2 



X sin 2x 




i sinV^/j* 


F 


- cos 2X , X 

- dx = - 

2 2 


sm 2x 



A few examples aro added for practice. 



Examci.rs. 


I i ‘ 

f (jr - 2) fix 
i x^x ‘ 

J i&n^xdx = /(sec’ j: - 1) dx. 


Am. 


logz 




>1 


2- 


tan r - jr. 



5 


Inteyralion by Substitution 


r 

A 


4- 

j COS 9i\x COS nx dz. 

8in(m + M)x _ 8iii(w - '0 * 
2(m + H) 2(m-«) 

5- 

f sin ffix sin nzdx* 

sin (w - «)•*: 8m(>/i + n)x 

” 2{tn-n) !(«+") 

''6, 

! J; •=-> 

,, a sin**-V «**■*'• 

” a 


J ■>ia-z _ 

Multiply the numemtor ai.d denomlualor by f *■ 




V- < 


s. 



+ «) - r « (-f + ") • 

v^x^ads. ^ ,5'“ 3 

■'* ■■ ^^ ■ 




,l„Ui^rtVnl.tllr and den^na.o^l.y tha complon.enl.r, >urd 

J r - - 

.f f « + >* _ i 

Here o' + A'* ” *' ** ■*■ *' 

many expressions of a now variable. 

‘'“”"Foi“o^mpro, to integmto (a + b.)" Jx, wo subBtUuto njor i 
a + ; then dz = bdx^ and 

■ (. fs«,/s_ s”*‘ (rt+Jf)"*' 

J (a + bxydx =1 ^ (h + I 


N ^_- 

U " (« + I)^ 


Again, to find 

J (a + bxY* 

.e substitute s for a . 6r, as before, when the integral be- 
oomes 


or 


.If_L 

h* U» - 3 


« f 

(«- «)*</» 

6’J 



2 a 

Ir* ” 

(n - 2) 


a* 
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Elcmeuiary Fortns of Integration 


On replacing s hy a hx the required integral Tan he ex 
pressed in terms of x. 

The more general integral 


f 


x^dx 


(a + 


where m is any positive integer, hy a like suhstitution be¬ 
comes 


i-f 

J 


(s - a)”'dz 


s 


n 


Expanding by the binomial theorem and integrating each 
term separately the required integral can be immediately 
obtained. 

Again, to find 

i I 

■ it 




^ K 


(rt + bx) 






we substitute z for - + 6, and it becomes 

X 






T.A- 


I 

I 'f 


(2 - Uh 




which is iutegrable, as bef.nc, whouovor m + n is a positive 
integer greater than unity. 

Thus, for example, we have 


I 


dx 


h 




X (rt + 


= 5 '“s (^)- 


s- It may be observed tlmt all fractional expressions in wLioh 

the ju^r^r ,s the difierentigj of the denominator o„n bo 
immediately integrated. ^ 

For we obviously have, from (6), 


i 


/W dx . 

7^ = log/(*) 


(5) 


Integration of 


7 


Examples, 


S en 


ein xds 


b cosx 

S jfidx 
v/^rr>' 

S dx 
log * 


Ion (<* + ^ CO® *) 

-- 1 

•■ j (s) • 

„ *-(logz)^ 


r dx 

] « loffV J 


„ log {log x) 

■" 4* ^ * log * 

. » V iULf ■*" ^•’Z , -» 

P 


• i 


rtTL f _J 5 —*• a’ 
«• 1 ^{a + 


log{a + ix) . 


(a + bxf 

dx 


tb , « 

-r loiX 




f xrfg _ J3^^ ZV ^7 '**>• 

7* J (a + i*)* ^ 


a{rt + 4z)^ _ x^( a+M \ 


3*’ 


4* 


- - ! ■ •■« " ■ “■ 

2 jix - a 

dx _ „ -Un-»^ —• 


L- 


y2«x-a^ 


Assume a«* 


_ a* * **i 1^0" 


ftn«l the trHiisfyriocl integral is 


S ^d: 
o» + *»' 

(IX 

5. *utegia**o“ of “2 _ 


Since 


‘ __L(-^-^ 1 * 

~ 2 a\x-a X ^a) 


we get J _ a’ 2a + <* 

This is to he regarded .s anther fundamental formn a 
additional to those contained in Art. 2. 


{h) 


8 


luti'ijvation of 


dx 


a + zbx + «r** 


In like manner, Bince 


( 


1 _ i_ (_i_ l_ 

X - a){x ~ fi) « - /:J - a -T - 


L_) 

liy 


we have 


» 

. (^-n 


dx 


I , a; — n 

log 




f 6 ^ 
\ # 


Examples. 


I. 


r dx 

] ** - o’ 


9 

dx 


2 . 


f_ ^ _. 

J (•* + »)(* - 3 ) 


> * 1 

^nt. - log-, 

6 * + 3 

* 1 ^ “ 3 


J Z* + 9X + 2o' -Jt 
f dx 


M log 


*J _4 

* + s' 


ft 


J_ 

n/s » + \/3 


ov*^ 6. Integration of 


dx 


a + 2 bx + cj** 


This may he written in the form 

cdx 


(c* + 6)’ + ac 

or, Buhstituting z for cr + 6, 


ds 


-d** 


8 * + < 7 C — b"*' 


This 18 of the f^orm (/) or jh) according os ac - 6* ie positive 
Hence, if ac > h* we have 


1 


dx 


a + 2bx + cx* xr;—‘ ~ y- • 

vac ~ Vac - 6 * 


-1 ca* + 6 


( 7 ) 


Ivfcornlwn of 


9 


If ac < 

dx 


- log 


4 - \/f'" - 


+ b -t yb^ - 


( 8 ) 


[rt 4 zbx 4 ex’ 2 a/ 

This latter form can bo also immeihatrfy UiTinti- 

*i.« enso when ac , tue vame ui 


In the particular case 
gral is 


t ArC*C • 

7. InlegratloM of 


- I 

^T'6‘ 

(;> + 7**‘) 
n 4 zbx + 


This can at once he written in the form 

a (b + CJ-)dx pc - gb --_. 

W *2l,.. T7?^ c a^ 2 bx^ca- 

The integral of the 6rst term is evidently 

1 log (a + 2 bx 4 ex’), 

while the integral of the second is obtained by tho preceding 

p'or^Lsampbi. l«t 

|\ \.. r {xcosO- i)rff 

jr* — 2 x 009 6+ t 

The expression hecomes in this case . 

co8 0(:r-co8^ 




hence 


1 


JOb 1/ V*' ‘ _ ---- — ^ , 

■^TT^os 0+1 (^ - COS0) + Bin 0 

(r COB 0 - i)dx ^ QOS 0 _ 2 x cos 0 + i) 

- zx cos 0 + I 2 

X - 008 0 

- Bin 6 ten-' 


( 9 ) 


10 


Elementary Forms of Integration. 


When the roots of « + zbx + ex* are real, it will be found 
simjiler to integrate the expression by its decomposition into 
partial fractions. A general dibcussion of this method will 
be given in the next chapter. 


Examples. 


\-J±— 

) 1 + * t 

f dx 

) 1 + X - 

f 

) X’ + * - , 2* 


Ans. —y~ tan‘* 
V 3 


V 5 \tx 


m- 

IX - 1 + y/s 

- I - v/J 




5 




djc 


4x + S 
dr 


„ tan-i(x + 2 ). 


1 


* V 




' .1 i-* + » 


,, - tan 




6 • 


J I - jr< 

f ( 

J X* - x‘ - 6 * 

j 1 - 2X + 2X5’' ■ 

r.. ««♦! 


" i'-' (fiS)' 


„ tm*‘( 2 x-i). 


S« 8 . Kxiioiicntfiil Viilitp for Hill OuutI row By uom- 

r«rmg tiiofiffid^xo ntal {ornmlto (/') and (/,) the well-known 

-. -.1 exponential forms for sin 0 and cos 0 can lie immediately 
doauced, as follows: 

Substitute sy/- I for Ji n both sides of the equatioufil 


• f • iU 


and we get 

(iz * 

I + Z’ 2\/ - I 


I (\ - x\ 

I - x* ■ i I const.; 


1 


’■’8 


I + 2^- , 

75 = + const,; 

I - z*/- 1 


Exponential Forms of sin 0 and cos 0. 


orjloyC/)* tau-*s- 


y- 


log 


—^ + const. 


- s-v/- 


Now, lot s = tau 0, aud this hecomes 


1 . /i + a/- * ^ 

0 ^— 7 ^ — 7 ^; 

2 v/- > “ V - * 


tau 0 




When 0 = 0 , this reduces to o = const. 


Hence 


^ cos 0 + ^ 

----■— _ :—;- 

COS 0 “ v' “ * ^ 


=: (cos 0 + •>/— 1 ^hl 0}‘, 


H-h. 


= 006 0 + y 

, =cos 0 - y 


— I sin 0, 


- I sin 0. 


dx 


Integration or 
' ^ (c* ^ 

CT L” ^ 


Assurao* 


Via* = s - 


then wo got 


± o* = s" “ 2 -<s» 


hence 


5:r da 

(a - ir)rf« = xdx, OT- - - « —; 


... f-;:^= = f* = log Z = log (:>• + ± “’) ■ 

J-v/a:’±a’ J« .. 1 


Sa’:,TraTK%!ifKai;xi.».■■ 

pressions of the shape 


ya + 2bx + cx^ 


The .tudent wn.be.Ur -ae„,end_U.e cd 


ftboT© ta a parUcular ca«e, will be gmn* 


\2 Elementary Forms of Integration^ 

can be immediately integrated; a, ft. c. being any constants, 

^^^ThlpreMding integration evidently depends on formula 
(t), or (e), according as the coefficient of a?* is positive or 

negative. 

Thus, we have 


r dx 

1 + 2 bx + cx^ 

r dx 

J + ibx - cx^ 





c being regarded as positive in both integrals. 

"When the factors in the quadratic a + 2 bx + are real, 
and given, the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 

i^ lO.’ Integrallon of ■ 

^(x-a)ix-R) 


. C* 

Assume^ 




J — a = B‘ 


then dx - 2 zdz ; 



hence 


-I 


dx 


zdz 


\/{x ~ a){x - ^5) 


dx 


-/{x - a){x - ji) J ^/ s* + a - p 


-! 


(Iz 


2 log (z + v^s* + a - |3), by (i), 


or 


I 




J y(x - a)(x (y* - a + ■/* - fi). (,2) 






Exponential Forms of sin 0 and cos 0. ^ 


Kil. Integration or —==• 

Afl before, assumed - a = s^ and we got 




2 • "* i 


-*v 


V ^ 


2dz 




l.». iU»f-X.* . 

v/(a--(.)«3-*) y<j - < ■ -1 

Hence, by (^)t 

!■ • " 


r -- n 


f _ = zsir^'Jy - 

\ y(X - „)(\i - x) 


Otherwise, thus: 


assunid x ^ a oos^ 0 + p sin c/, 

. - » = f/3 - <.) H, 

and (fa: = 2 (fi - a) sin 0 cos 0 dO ; 


hence 


_= 2(/0; 

® ^{x-aW-^) — 

• f = 20=2 fin"' Jf^- 

■■ }y(x-a){p-x) 

12. Again, as in Art. 7 , *e expression i^v* • 

(v -v qx)dx 

+ 26 ^ + ca;* 


■ . f_^ 

*■ Ja/ZT:^ 




flftTi be transformed into 


q {f^cx)dx pc-qh 


a 4 zbx H 


y t 2 €/ a/ fl "T 

c y/'^ + 2&a: 4 ca:’ V « 

and is, accordingly, ininicdiatcly intcgrablo by aid of the 
preceding formulas. 


14 


Elementary Forme of Integration. 


EZA3fPL«« 


1 . 


Jy'**- 


Ant. 2 log {y/x + v^* - •)- 


ax 






f - f t* i 

2. \ _ =»- r -. ^ »* 

V"-** ,,, 

J -v/ 3* - ** - » ^ 

1 ^ •• ’“B (" + ■ +. V- + * + *')■ 

^I v/(-f + a)C* + *) ^■ (fl - A) l''g(\/X + rt + v/af + A). 


Multiply tho numrrator and donffninator by v^x + a. 


(<i *''■") f rfx 

J v^(u t- Ax)(n' -b'x) 




Ans. ein'^ 


ax -f I 
\/ 5 


It 


-^9in-» /Milif) 

■v/W \ fli* + ba’' 


ibat 


8, ShoWf OB in Art, 8, by ccrtiparing the funltimcntal formuloB (e) and (i), 


C08 


S h *y - I sia s 


13. Integration of 

Let a; - p « then 


dr 

- _ --^ (4. flue . 

(« -p)\/rt + 2Ar { ra-’ 4N- - *t»w 


s 


dr 


ds I + pz 

--and r -- 

X-p z g 


,.. f f f_i^i_^ 

J {r -p)v'a I- 2hr + etc’ J v/flz’ + 262(1 +;«) +e(i + ps}» 


■fv^ 


</s 


where 


+ 2liz + c'z* ’ 

a = e, 6' = A + (7>, c' = « + 26 p + cy,’. 


Tl^ integral consoque,Illy is reducible to (lo), or (ii) ac- 

cording as r 19 positive or negative. ' ’ ^ 


15 


dx 


Integration of -rr;. 

‘ {a + cx^)' 


4 1 < 


— K 


a. 


Examples. 

(_ ^ -. > f.=il= icos-' 

rfx .'.v^; 1„„ ). ^. 


1 


r = i 


v^- + 

-A<.o / 


t -C 




a. 1 




- 4 


i* <fx \ .--'1.4 h ^ ^ 

f-"):n- 

J (I f x)\/l - . i • ‘ 

I- - . yiffs. —T log ( -/- y-f . ) 

J a v/« Mix i ra - \/(^ + ix-! \/''v/ * ^ix H rt 




•4 f ^ ,• 

- I,': 0^1 


s 




■ 6 . f — 


dx 


r) %/1 + 2x - z’ 


1 . , 

0 1 ■! 1 

/ l,x - a 

^ Mil • 

'XV^ »/<• -♦ i 

* <!!»•* 

/i/A , 

^ <in • 

V * 

4 ■»■/ ^ 


- •* ^ 


II 


8111 


\ /1 .i 4 / «/ 


^ •llx 


(,+ :r)y. 1 x-x.’ 

‘""'m. Tf/(rti?ns?ormation adoptod in the last Article is onorUTv^ 
of frequent application in Integration. It is, accordingly, 
worthy of tho student’s notice that when wo 

— wo have — --; and, in general, ^ ^ 7 * 

2 a? " * 


-• ^ 5 . 

nz _ 




Thoso results follow immediately from logai'ithmic differ- 
entiation, and often furnish a duo as to when an Tnfogration 

is facilitated hy such a tranaforniation. r 

For example, let us take tlio integral^ 

^ AT--A 




x{a •♦• bx^y 

1 


Hero, tlie suhstitution of - for x" gives 

s 




_ 1 f 

n 1 112 + h 


16 


Elementary Fonm of Integration. 


The value of which is obviously 


- ^ log ^'’®(;rrbi) 


Again, to integi-ate 


<lx 


X y/ajp + h 


assuiuo x'* = anil tho tvansfonued integral is 


<h 


” J v'''f + 

This is found by (/■) or (/) according as h is y.osilivo or 
negative. 

^ I 

fr.f* ^ V 

-J 15. Iiitoy;ra(ioii of --r-.* 




{if ^ 

Let X ~ - and tlio oxjirossioii becomes »■* a- - - --4 

2 - - 

Zifz 

“ 0 ^? + v)i 

tho integral of this is ovideiitly 

• I X 


, or 


a{(fz^ + c)i a {(I + 


Hence [ •— — = ——-—— 

J (rt + f.r^)* a {a + cr*)i 

eft > '16. To fiiitl the iiitesrat oT 


(m) 


lx 


{a H 2lu' h rj-*)*’ 

This can bo written in tho form 

ilx 


{ffc - fi* + (o.r + 

which is reduced to the preceding on mtddng cj- + !» = z. 


T i r t' 
Integration oj 
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C 


Hence, we get fv-<jr.-., c*--/'—• (^..r)<^^-t’^ 

(lx b cx 


I 

« 


{a + 2bx + cx'^)^ {ac- b^){a + 2bx-¥ ex’) 




(15) 


&.!. Again, if wo substitute - for a:, ; - 


T(lx 


becomes 


V ‘H 


- (fz 


(rtS- + 25s + c)*’ 


a + bx 


(i6) 


(rt + 2 b.c + 

and, accordingly, wo have 

J (rt + zbx + cx^)^ {ac - 5 *)(rt + zbx + cx / 

Combining these two results, wc got 

f {p + qx)(lx _ bf)-aq + {cp - bq)x 
J {^TTbx + €x‘)i {ac - b‘){a + 2bx + cx^ 

A Iv <10 , <f0 

y)^. I..<cs.a.lo.. of a...l „• 

It will to Bliowu ill a sutsequent clmptfr 
(ion of a numerous class of cxiucssious is reducible citlni W 

that of S^, or of ~ : wo accordingly proiioso to inves¬ 
tigate thok values here. For this puiiioso wo shall firs^ Cud 

, dO 

tho integral of 


Horo 


(10 

(lO _ COS-0 _ ^^(tan0) . 
^0cos0"tttu0 tanO 


consetiuently q ^.^,3 q 


1 = 


(10 


- log (tan 0). 

[ 2 ] 


( 17 ) 








Fornt-s of ^ *-** 

Next, to find the integral of J ^ J^ = 

sin O' 

Tliis can bo written in tho form / 




14 


2 sni - cu.s - 
2 2 


uiid, by the pieceding, wo have 


f ^ fi 

-= Ifijj tan - • 

siuO '"V 2/ 


(. 8 ) 


i) (■) Again, to dotcvmino the integral of sii^stitute 

- - rfi for 0 , and tlio exVTCSfiion becomes -r —~ : tlio integral 

2 * * 61U •/) 

of this, by {i8), is 

- log ^tan j, or log ^cot j, or log jcot Q ~ • 


Aerordingly, we have 


f 1 ( 

1 IllfT '0{ 

J COS 0 ^ ( 


, f W 0 i , / ( / TT ^ 1 , . 


- N 

Tins integral can also be easily obtained otheyivise, as 
billows:— 6 .•»- 

V 9^ . f ^ <4 ^1 

f >10 ^ ’oos0</0 fd(siuO) '*• 

J cos 0 cob b cos’O ’ ~ 


f cos 0 ilO f >{(sin 0 ) 


Ijot sin 0 - .r, and tlio integral becomes 



Tlie student will find no ditficuUy in ideutifvinc' this 

result with that coutaiued in (19b ‘ " ® 


1 


VT i'*-J r.f 

'll® <w-Ow>A InteaxAtii^i of — 

•A * ^ ^ 


A C ^ ak 


h COR i). 


19 


3C 




■'V L.-y «-^’V0 

^'^tS^iilcgratloii ol 


.'•:f , 


’^*1..* u'- 

" ^-iwtf.iiip-ft.— ”■ i rt + /^ cost;* G...y. j'?*^ 

^ 5^13 c^oTramediatcly Vritten in the form .r- 

' r/0 


C h . 


( 

V O'blc*^ 


f) ■ J' 

{a + &) cos^ - + (rt - ^') 7 


_t _ f. -, 

^nX' ^ 


.v 7 T% 


/« 

see*'- f(y 


or 


-I- /> + (r< - 0) tun 


7w- 


9 


on subsUtuUug a for tan - this bouonn-s 


2 <lz 


. • 


rt + 6 + (« - ^) =* 

Coiisoqueutly, by Kx. 6, Art. 2, we get 

(i) when « > i, 

- If 

To 


Oi 

tun -,. 


4tM 


I 

a 


(/O 


f __ = - 4 = tail"' I h —- - 4 

J(e + 6cos0 yn--lr [yjd + O 2 ) 

(2) when a < 0 , by formula (A), 

1 ^yoTTt + >/0 - (I tail - 


( 20 ) 




N 


- S - -^ log ^- y . 

+ ^ COS y T0‘ - I - a tun - J 


>■(^0 


^ If we assume u = i cos o^ wo deduce immediately fron, 
'^e latter integral \ ^ ^ 

I cos 

(10 * 


I 

m 


COS a + cos y t>iu « 


log 


COS 


a H 0 


y 

/ 


> »• 


TU.(.•> - “-‘,'7?,“:.,, 

"U _ __ _ C03'‘ I- 1 -■ /j(* ~iv- 

- 1 rtn tt / 1 /d (rt + 0 COS 0) 

a + 0 cos U y'f/’ - 6-* ' 

*■** [2 aj 


1 


• <v 


«« |i 

t - ? 




^ If - O 


20 ElcmcuUii'y Forms of Integration^ 

In a Bubseqiient chapter a more general class of integrals 

■which depend on the preceding will be discussed. 

19. McthoiU of Integration.—The reduction of the 
integration of functions to one or other of the fundamental 

^ • formuliB is usually effected by one of tlie following metliods: 

Transformation by the introduction of a now va- 

Y riable. 

.•(2). Integration by jiarls. 

I (3). Inlogralioii by rationalization. 

) ' (q). 8uceessivo reduction. 

iJccomposition into i»artial fractions. 

Two or more of tlicse methods can often bo combined 
with advantage. It may also bo observed that these dilfereut 
methods are not cs so ntiall.y distinct : thus the method of 
rationalization is a case of the first method, os it is alwa^’s 
effected hy the suhstitution of a new variable. 

We proceed to illustrate these processes hy a few clc* 
montary examples, reserving their fuller ticutmont for sub¬ 
sequent consideration. 

20. Integration by Traiisforniatioii. —Kxam]ilcS of 
this method have heen already given in Arts. 4) 10, &c. One 
or two more cases are here added. 

Kx. I. To find the integral of sinv- cosV</j-. 

Let ^in .r =_»/^ and the tiunsfurni'.d inlcgrul is 

./ ■ , \ ^ f f sinV sino- 

J J J 3 5 3 5 


Lx. 2. 


1 -I- .<(«“>•■ 


J'"'' 


Let c* = y, and we get 

f <i'/ 

—^ = tuu'’y = tan’Uc*). 

J I h y- '' ' 

21. Iiitogratiun by I»arts.—Wo have seen in Ail. m. 

Calc., that 

(/{Ki j ~ n</v + i(/u ; 

heuey We get 

~ f nUi' -1 J <(/«, 

»■ ».w, - A ]-’ -^4.. 


(2i) 


Integration hy Parte. 
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Consequently the integration of an expression of the form 
udv can always be made to depend on that of the expression 

*^”*The advantage of this method will be best exliihited by 
applying it to a few elementary cases. 

I . f xdx 

sbr^xdx = a;sin-‘j:-J 


T sin ‘a* 


• y i - 


Ex. 2. 


)^x\0Qxdx. 


Let 


u 


log Xy V = and we get 




1 

2 


Ex. 3 . 


Let 


I 


d^xdx. 


a; 1 = H, — = f, then 


a 



I 


xe 


ai 


(h 


. ?f!!. ff!! 

^ a ] a 
I si 




-a- 


sin mrdr. 

t4r» 

e"* 1 

sin mx 


I ff*’ sin mx m f 
sin mx dx - -^ J 

cos mx 

e“* COB mx dx -- - -+ 


COB mxdx. 




c"' sin mx dx. 


Similarly, 


a 


22 


Ehmeniary Forms o f Integration. 


Substituting, and solving for J sin mxdx, we obtain 


1 


c"'^ sin mxdx = 


c"' (a sin mx - m cos mx) 


o' + 


( 23 ) 


In like manner w© get 

(a cos mx + in sin mx) 


\ 


e" cos mxdx = 


a* + «i* 


( 24 ) 


Ex. 5. 


\y^FT7\ix. 


Let 


v^o’ + x’ = M, then 




V. %. 


jv/fl* + 


X* rfj =S X V^«* + X* - f 

J. //,« 


•v/o’ + x* 


Iwt ^‘l(:,^nlB0 v/o' + X’ r/x = «’ f — - + [ — 

J v/«’ + • V «’ + 


Hence, by addition, and dividing by 2 , 


Sx.J'-.j 


4 

I + x’ (/x - 


x\/i<f + x’ ' ^ - - 

-;-i 7b-*grx + vVd + x'). (25) 


j N «'• An i ^ ^ 

flog (x 4 \/x' ± ,r) tic. 


^ % H 


I loro 


l"g (x + v^x' ± u') lit = X log (x + -v/x^ i: a’)^ 

r xdx 

J v/a-' + 

- .rl.ig(x + y/? ± rt-=) _ 


126 } 


Integration by Rationalization. 
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Examples. 


jn^\ / I \ 

f X" log X rfx. ,777 y^S ^ „ 7, j • 


tan'*x</x. 


„ xtai»‘x--tog(i +x=) 


jxtaa^xrfx.^J ** xtanx+ log(cosx)-^. 

fsin 'xJx + 'log(. -^=). 

l^TTTia- " ^ 

Let X = Bin fj. and ibe Integral becomes 


■ii^ + 'log(. -x^). 

•1 ✓ ■ A T 


j ,/j, = J y d y) = i/ bin y t log (cos y), 


^ I 


e* dx. 


e* (x- - 2X + »)• 


“a;ft"“lfiS^rUns mctLoTOs been g.ven m 

•“K“SS “ a* “i—"" 

a fUlx 
(a + bx)'** 

where n_i8 ajjoeitivejntcfior.- Suppose « + ^ = =% tl>en 


2zdz , _ 

dx = —.—» ^ 

b 


c* - a 


making these substitutions, the expression becomes 


2{z^-aYdz 
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Ekmcntary Forms of Integration. 




; and the 


Expanding by 'Rinnmin. 1 TbftOTPTn a nd integrating the 
terms separately, the reejuired integral can bo immediately 

ci*t 

found. It is also evident that the expression -^ can 

(a + bx)i 

bft inff>grn.t.pd by n. similar subst itution. z 

23. IntegrnnoH of 7- 

whoro m is a png itivointeger. “V 

Let a + ex^ = z'; then xdx = - - 

~ - — c c 

transformed expression is 

(2’ - a)"* (ts 

■ 

This ran be integrated os before. It can be easily seen 

ffj. 

(fi^ that the expression -is immediately integrable by 

the s ame sub stitution. 

A eoiisiderabln number of integrals will bo found to bo 
rediieiblo to this form : a few examples are given for illustra- 




Exammes. 


1 . 




3 . 




j ■/ c - X* * 

r.^.. I,.. 

1 v/ I 4 x» 

J (.1 I cyy .. . . i \ 


Ana. - L _ (| - xSjl. 

3 


** 2rS __ 

• » Y-*■ ‘ ’ - ~ V • + 


-(20 • 3fx^) 


- JC't'J ! fx-)-‘ 

24- It is easily seen that tho more general oxpressiono^, 

' \/ rt*+ 

where /(j-'} is n rational algebraic function, can be ration¬ 
alized by the sanu; tru nsformatinn 
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Integration of p-+-7v2)(rt + 


«. 4 . 




^ Again, if we make :r = - the expression 

dx ' . P-' 

?(a + 

transforms into - 

, (fls" 4 ’ 

and is reducible to the preceding form when » is 


^ H • W 


transforms into 


^S'inthis case, the expression can^easily^inte^_a^ed_^_^ 

by the sabstitution ll±i f) "^ .^tbe inte^^rals discussed' 
Sm! is%CgrabTe by a simUar transforma,.on. ^ 


Examples. , . 

•5S r- ^ 

f ^ |i — 


{ 2 X * + I). 
3»* 


*• ) *«{I + »*)* a - - 'S' •♦'»■> 

. //'If 


^k' 25 . Integration of ^ ^ ^y(7T 

shall have . 


^ 0 


</aJ 

erfa: = sVar + a^r/z, or — = ^ _ g,. 


^ ^ . 

•** (a + cx')^ “ c - s* ’ 

and the transformed expression evidently rs 

dz _ 


(27) 
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Elementary Forms of Integration. 


This is redueihlo to tlie fundamental formula (A), or (/), 
accordintr as -is positive or negative. 


.1 

Hence, (i) if ^ 


— > o, the integral is easily seen to be 


l( !!> 


A{a + vF) + - Ca 

2 \/- C'l) \y.tia i r.r-) - - Ca, 

(2). If integral is 


(28) 


i 


^4-*' ft O 


yA{C,i-Ac) 

f —- ••h 

J I-* ic*- 71 


tan 


_^ 7 \/ Ca - Ac 

■i ex*) 



(29) 


7; 


o-. 2 i 


, j, Ex\Mru;‘». 

= k.vudT^-1 " ‘"" I 4 - 

[—Jt— 1 . ' 

)(i + j-)ii - 


\) 


1 . 


3 


v /2 ' •/. - j- 

( .u *7'-f 

f 


^ uK','7f—— 

Jv.t ' 4-f t- 


(4 3 ^-) (3 *■ 4 -f*)*’ 


« , J*/ 3 ' 4-f t- 

n •“ %_— • 

2Ki / 

2V \ ^ - 3-*^ 


26. Italioiiali'/alion liy Trisoiioiiictrieal Traim- 
rormatlon.— It t-an Ijo i-asily ^.■cn, as in Art. 6, that iho 

iiiatiDiial oxjire^^inii ■\/~ir f zlx' • tx^ e:iii he always truiis- 
furiued into one c.r uljier of tho thlluwiiig sliapes; 

(OK--',', (2) (3)ts'-a’)4; 

Moglohlint; constant nmlfiplirr in oaoli cqso* 

Aci'or.lin^ly, nny (iljjaiyLio in j, which con¬ 

tains,,,,,,, ,u„l hj^.nc^ s„..,l of n ,i,,a,l,atib fornj, is cpnl.le 

tho hi-.-t ot tl,o ,y ,n,,k|„g 5 = „ ,i,) 0 ■ the scfoinl, by 

—.third, by 3 =y, see 0 . ^ 


Rationalization b,j TntjonomcMcal Transfonnation 
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For, (0 when .= <. sin 0, we have (a’ - = « cos 0, an.l 

I 2 V me®n s = a tan 0, 
a,to 

cos^ Q . / I _ 2 \j - „ tan 0 , au ‘1 

(3). When s = a sec0, . . . • ^ 

dz = a tan 0 sec OdO, rt^^rformed hv aid of one 

amples. 


Examples. 


t. 


i 


dx 

inTT*^' 


Let * = tan ©, and the integral bccomea 


CM e_ f ^ 

"eiu*® J 8l“*® 


v/i + 


1. 


i 


dx 


(a» - ar»)3 


Let * = « ain 9, and we get 

(19 tan 9 ^ 


I f ^ ^ _ 

ThU 1... 1.™ i-tegmwa .,y an-th.-r tran.forn.a.io’:. iJ-Art .J 


f 

3. 

Let * = Bcc 0. and the integral bec.mcB 

sin 9 cos 0 £. 

J co 8 ® 0</0 ; «r, by (3) Art. 3, ^ 1* 

accordiagly, the valua of U.e integral in gnea.ion i. 

■/»' - J + 1 aeo-'*. 

2^ a 
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Elem('i\tai'y Forms of Integration. 


I 


dx 


(.+x«)« 


Let X 1 = tnn 0, nnd we get 


j eii 3 fl '/ff ; or by ( 13 ), 


€•* [a COB 0 + Bin 9) 


I + c’ 


IIODCd 


5 


r.ct 


a ^ X 


( dx e- • _ {« + *)?***"■ 
(1 +z^)« ''(. + fl^)(l+.«) 


= sin’9, or X = a tan’9, ond the integral beenmes 


o / 9 t/(ffin’9), or fl/flrf(6ec*9): (iince Bec’9 = i + tan’9). 

InlegTQting bj’ parts, we have 

f 9 rf («ee’ 9) = 9 eec* 9 - / eec* 9 <f9 = 9 Beo* 9 - tan 9; 
benco tho value of the proposed integral ii 

(o + *) tan-* ^ * - («)t. 

It ni'*y be obserred that the fundamental formul© (e) and (/) can he at once 
obtninerl by aid of tho tranaformntions of this Article. 

27. ReinnrkH on TnteKrnUoii.—The student must 
not, liowover, take for granted that wlionever one or other of 
tho preceding transformations is appUeahle, it furnislies the 
simplest metlindof mtegratinn. We have, in Arts, q and 13, 
already met with integrals of the class here dismissed, and 
have treated them hy otlier suhstitutions: all tlmt can ho 
stated IS that tlio motlio.l given in tlio preeoding Article will 
often ho found the most simplo and useful. Tho most suit- 
ahlo transforjuatm^m each caso can only he arrived at'after 
wnsiderahlo practico and fami]iarlty_ with the results intro¬ 
duced by such transformations. 

By employing different methods wo often obtain inteirrals 



Observfitions on Fundamcnfoi Forms. 


20 


28 Hiclier Traiiscendentul Fuiii-tlon!*. 'Whcuever 
tlio expression under tlie radical sign contains rovers of ^ 
Wond^the second, the integral cannot, unless m^ejitional 
“ ho Tcdnccd to any of the fundamental fShlio Tah^ 

callcTl ^tiQ ^ successive reduction is fai 

tions will he considered “ noxt^eh»r‘^';^^ F„..,„s.-rroni 

rvhafhas W Xad^t“ated tho^sign oHf 

,.ious l-noidnhjc of ihe 

tion , ^ iUncreni dasscs o/fundions, as 

(liffercnlial corj/iaait-^ 0 / J pakulas Tlio iiuniLer 
obtained by the aid of the 

of fuud aiuoi^ ilurnUu- of indcpcndoiit kinds of 

briefly classed as follows 

S' 

(3) TrigtmnStnAions. sin., tan. ^c., and their 
inverse functions; sin-., tan &c. 

This dassiheation -ay assht Uio s^d^t toi^ds^nnder- 

U:rrone‘‘or ot’h:r"f%rfuudaniental formulx. given in 
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Elanentanj Forms of Integration. 


this chapter. He will also soon find that tho olassos of in- 
toj^als wliich are so rofhicihlo are very limited, and that tlm 
larg ‘ 0 majo rity o f expressions can only be integrated the 
aid of infinite series. 

Tin- student must not ONpect to understand at once the 
vcaaou for each transformation which he finds given : as he, 
liowever, gains familiarity with tho subject he will find that 
most of the olomentary integrations which can bo perfoimed 
group themselves under a few heads; and that tho proper 
transformations aro in general simple, not numerous, and 
usually not diifieult to arrive at. Ho must often bo prepared 
to abandon the transformations which seemed at first sight 
tlio most Buitublo : such failures aro not, however, to be con¬ 
sidered as waste of time, for it is by the application of such 
prooesscs only tliat tho student is enabled gradually to arrive 
at the general principles according to which integrals may bo 
classified. 

Many expressions will bo found to admit of integration 
in two or more dilferent ways. 8uch modes of arriving at 
the same results mutually throw light on cacdi other, and will 
bo found an instructive excrei.so for tho beginner. 

31. lleliiiitc Integrals. —We now proceed to a brief 
consideration of iho proce.s'i of intyfira/ion regarded as a !<um^ 
Hiaf ion, reserving a more complete discussion for a eubseejuent 
chajilor. 

If wo suppose any magnitude, u, to vary coulinuoiusly by 
^ocssivo in cr ements, commencing with a value a, and termi- 
milmg wilii a vuluo its total i ju:rvi m-'iU is obviously repro- 
j=;ented by - «. But tliis total increjuout is equal to tho sum 
of its partial iuoroments; and this holds, howovor small wo 
consith'r each inerr-mont to be. 

J iiis ivsuU is denoted in tlio case of finite increments by 
the equation ^~ - — - 


^ =/3~a; 


and in Iho case of infinitely s mall increment^ by 
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Definite Integrals. 

in which /3 and a arc called the lifts of integration : the 
former hemg the superior and the latter tlic in/enoi hmit 
Now, supposeto bo ajunctioii^of anolher variable, 

represented by the equation 

« =/(-r): 

then, if wlien x = a, u becomes «, and when a. = i, » becomes 
S, we have 

u=/{a), 

Moreover, in the limit, we ha\o 

(In =J\^ ) 

ner^lccling* infinitely small quantities of the second order 

(See Dill'. Calc., Art. y)- 

Hence, formula (30) becomes 

(30 


j/(a-) ilx =/{4) -/(«); 


in wbicb i and « are styled the s„j.no,- and the m/cv /er li.nits 
of T, respectively. j-i ^ ^ 

It should bo observed that the erTpression /(-r, > 0 - 

presents bore the ti»,U of the sum denoted by 

when Ax is regarded as cvaneseciit. ..h.uivid /'{■') <U is 

In the preceding wo -Bourne Ik t each uk nt y U . 

infinitely small for all value, of ^ f Loth 

gration a and b ; and also that » 

general investigation of these 

found in a Bubscqueji t olmptO X • i e the integral 

“h' the definite integral 

■/Wr/a. is obtained by substituting each limit soi^.^y 

. In . sul,«,uc.nl cl,a„rcr on 7,',;"': 

will bo fouti.l of llio i.iopcrty hero lumiiiioJ, i.iii ^ tousciiuciillr 

.luonlilics of 11.0 socon.1 orderbcooo.oo y' ““ ' 

aiay be iicglctled. Coiiiiarc abw 39 , i'*/. Caic. 



32 Elemeniary Forms of Integration, 

instead of rr in/(a:), and snUraoting the value for the lowei 

limit from that for the upper. 

A few easy examples are added for illustration. 


Examples. 


• j : 


5 


2 . 


1 


Bill 0 

dx 

0 h X* 




Atis. 


n + I 


(I 




I. 


40 



6 . 


7 . 


8 . 


jy 3t 


-9 


10 . 


11 . 


“ \J(l^ 

J 0 

n 

J 0 

I sin^xdx. 

Joi -» v'i'^^-TT'.L 


f> 

Jo'" 


.« to 
cij^^xdx. 


1 , 




t9 




M 






IT I 

S 4 

w 


1 . 


3v/j 


^ 3 -; 3 . 

**</• = ^ + V + t T -1 


r* xdr 

)2 7+ X-' 

5 


»» r I'-e »• 






ft \/* - a)^ - i) 

8co Art. II. 


V ^ 


4-*J 




IT. 


(I . 

a« I X Bi 

J u 


11 


*3* 


M 


em X rfi:* * - » v. < ^ 
f» f/x p ‘‘’(to) 

1 rT’i —. wLoro 0 > 4. 

J ** c/x 4 ^ > ? A. 

.. rr 




>t 


t. 




.11 , ^ •=• 
) -v/a- - 4* 


2a coiX i* a* 


19 




t • A. 




I - «» 


Change of Linxil^- 
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«• w _Tf fihouM bo observed that it a. 

poStL^cTfor^o may regard x as dtcicaan^ uy 


etages, as well as increasing. 
Accordingly wo have 




jVW</-r =/(«) = ' I /W'/-'- 


(y-) 


"B . 

C 4 P-.'' 



That is, the cguiia en 

t>f suin_ of the dejinite in(cg> al. 

"^"Mso, it is obvious that 

and 60 on. j, i „ nnv function of a ne 

■ A 

1 th{x)(U = \ 

J A J 

where ^and are the values which a assumes when Z and 

r-„ arc suhstituted for r. respectively. 

For c-va mplc, if x = « tan a, the expression ^;;rr 7 )‘! 
conies : ami if Hm "t ^ I*” ° "’ 


( 33 ) 


E are o and Consoquontly 

4 


CO ilx f*C 0 SC(/ 3 ^-„ —■ 

Also, if we Buhstitute "O have 

r «(.)</.=- [_ - ==)* = j; 1 ’’" - 

[3] 


34 Elementary Forms of Integration. 

Since neither x nor z occurs in the result, this equation 
may evidently he written in the form 

f a fa 

6 (x)(lx = I <h{a - x)dx. (34) 




f <li{x)dx = [ (p{a ~ x)dx. (34) 

;• Jo 

For example, let ^ (:c) = 6in"a?, then ^ = oos"a;, and 

wo have ?- 


f Bin”ar dx = 

0 J 0 


oosTxdx. 


And, in gonornl, for any function, 


w * 

I= |/(co8a;)r/jr. 


(35) 


C ii - t > 


i.A TV*-, f^inco 


f' . ’ f' 

j. Valuer or Rinma*sinmull cos» 

. M»»* f 

t *\ fkX\ ♦ • ^ f • 


cosma'cosHrffj’l’^*** 


and 


2 sin nix sin nx = cos {tn - >1) a* - cos (wi + n) a*. 


2 cos mx cos nx = cos {ni - «) a; + cos (m + «) a*, 


wo have 


and 


{ . . , 8in(m-n)a? sint/u + iOa; 

sin tnx sin nxax -i- - -i-L- 

2 {m - n) 2 {m + n) 

f , sin (wi - H)a; sin (m + n)x 

cosmxcQsnxdx =—i- !— +- 

' 2 (m - /i) 2 {m + ;») 

llonoo, when tn an d n are unequa l integers, wo liave 

sin Hi.r sin nxdx = o, and | cos mx cos nxdx = o. (36) 


Whou m = «, wo liavo 


I p\n' nx tlx = wlien n is an intoirer 
10 2 


4 « 


Definite Integrals. 

In like manner, with the same condition, wo have 


35 


1 


" TT 

cos’ nxdx = 

0 ^ 


(37) 


Again, to find the value of 


Assume, as in Art. . .f. = « cos’ 0 . |3 sin’ fl ; then, when 
= o, we have a; = n; and when 0 = -, j* = P- 

Hence, as in the article roforrcd to, we have 

n 

f r5 

Also 2 j’sin’0cos’ 0./0 = i J ^sin’ 2 O.lO 


=. J j^sin’^(/<^> = g i 


(38) 
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Examplci. 


£XA 5 irLE 8 . 


1. 1 

^ (i + coa x) dx 


1 1 


1 (x -t bin *)* 

2 (x i sin x)^ 

7. 

1 X ain X dx. 

»> 

Bin X - X coa x« 

3* 

f * - f 

Ji+x'^ 'J •** 

M 

X log (! + «)- ^ 

4 . 

1 (a 4 lij’*)'"x"''dx. 


(a -4 

n(iM + 1 )^ 


r x=di 


2 I 

5* 

] ■(«' t x>)a‘ 

>1 

3 («3 + x^)* * 

nv*’ 

6 . 

[ ''' 

J ( 1 + «*) taa**J^ 

(I 

log (tan*‘x). 

7. 

f f *W 


. , U+ t 

2 Bin / —• 

)v^5 + 4--*> 


\ 6 


9. 


] ** 9 J* 

(__ 

J a* COS'* ..• . ■ -M^x * fli \o / 


/ -> 1 ^— 

-• , * M “71 -Io6(oco3’x+4em’x). 

fl^Alun•x -V 4-r*,c*_r> a'^ 

1 ' ' * ** ' 4 


11 


■ j 


cos (l(tp x) di 


(6 - a) 
„ sin (log*). 
dx 


II. Show llmt the integral of — can ho ohtained fn‘>m that of x^dx. 

~ a***' 

Write llic integral of i-dx in the form - ; and, l)y tho method of 

indelirinioalo form)*, Ex. 5, Ch. iv. Dili'. Cnlc., it tnn easily be seen that the 
truu Value of the fraetion when m + l = o ia log j, or leg x, omitting llio 
aihitiary constant. 

13. ft'’'flin mx L'oa fixf/x. * j * ^ . 

Tins is immediately reducildolo the integral t;iv< n in formula (23). 

1 mViu 7 *’j r. rr 4 3 I - — -)• 

t ... la. • • <.-.er 4 •* \ i / 

= ^ Tftr^ -T -3^ --T— 
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Examples. 

f. 


o/ 


15 


1 I •-e . ^(rtX - 0 

r 2^un tfiz \ c-.-g.* - —— - 

- ~i~'~J '»«■*- (lTfl*)(‘+^'/ 

J (i+x^)’* 4 

V -1 “ «• _ 7 -.—\ 3 /«**_ 




, 6 . + 


tf 


n 


f— 

J(a + 


a^ dx 
if*)* 


^ r>» 4 xjM-tJ - y*' 

n 

irt + if* 

I* 




/ Let rt + bx* = *^. 




/ 


(p 4- q co.^ x)dr^ 
+ b C 03 X 


- 

This is equivalent to 


{qdx pi - ?« f_ 

J ~b~ ^ b J '« + 

and accordingly can be integrated by Art. 18. 

S xc^dx ( («-»*>■*• 

{ Xdx x'e 4 

TT^- 

\e|.Hx«. le" f x'^dx _ ( —*'^ 

J (a + Ix^V *■ 


‘1L 

b cos X' 


A»»- 


‘9 


t» 


I + ■* 

l^M^^[x■‘). 


,3 


22 . 


r 2:^ 


ilx 

X*/ 

Let *»+«•= **• 
r dx ^ 

J xs/^' + < 

■ 34. Integrate a + * 

4 4. <» cos 0 . 

by aid of the assumption 

The expression transforms into 


/ ' i > * ^ 

(at - 

1. , /v/.n 2 i^\ 

” 3 W 1 ^ 


tl 


1 loK 


n 


y/ I + X" + • 


</0 


<r = 


«.Pt 




«4 

^ _ __ • • . 

rt + iCOS 0 »__ 


^ 4 « 


=^: ;. at - 


1 si„-i, ; and when fl < i, 
accordingly, when a > b, lU Integra is ^ 

r log(x + -/»^*)» 


s/l^-a 
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Mxnmpks. 


^ ^. Deduco Q rcpory’s oxpnn5ion for Um"'x from formula (/). 
i Wlicn X < 1, vrc Imve 


* + *■ 


I - X* + X* - *« h &c. ; 


. f f/x jr® X* x’ - 

tun > -c = I-= x-4- 4&c. 

J I + 3 5 7 

No constant is arldcd since tan*' x vanishes with x. 


V 


26 . Deduce in n similar manner iho expansions of log (i + x), ond sin'* x. 


G,;V3-. --iwf 


A'<-XL 27 . Find the integrol of 


j ' ^ 




a + 6 c<i 8 0 + f sin 9* ^ 


'i bis can lie reduced to the form in Art. iS, by aseunung - a oot a, Ac. 
X * 4 * / 1 - * _ - - -""1 - ^ ^ 

iS, 


i • - { 

i. f- .—£i \ '!nr) , ^ w _t*- ^ ^ ?M~). , 

' (o + Ax( I + x« 


Afi$. 


*y 


L^ioJ- .-. ■ ) 

j — ax 4 v/ (o’ 4- **) (» 4 x») j ■ 


Tills can bo integrated either by the niothod of Art. i j or bv that of Art. 23 

sec-'/x'V 


*9 


J; 


v/ 




JO 


1 : 


I sin T (is 


cos 


t 6 w i 


.. - log a- 


r.»r 


}.,v«ax >-'*\ 


M 


log (1 4 v"*’ 


(* _ 

3 ®(4 f XT J ‘ 


1-0 


ft 


> ' 33 


(4 ' ir ) 

{' A'o,’e«- -:-' '*-4^. i.j'''^_ 


I 

i" 


T<1‘ 


j“xvar,i„.(^) 
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(ix. 


4 

5 w(j* 


n 


rx ft 


27 “ f'__^l_ . 1 '. .J ' i I ■!“■;■»] 1 

Jo 4 4 Sflmx’ ■■.’ «.r-.»-.,k', - log 2 . 

-L> 3 


u 


«<• « 


36. j’ —i- 
Jo5 + 4Bmx ' 


*1 

I 


„ i«o-.(!). 
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CHArTEH II. 

.KTr,G.,VT.ON OK UVV.ONM. KKMn.OS., 

A fr.'iction wliosc ■uunevator 

3,. «all«..ai .,ul ^Igeloaio funcl.ons of 

and denonunator are ‘“'V**,[on. 
a variable is called a rati / tlio form 

Let tbe expression m question 

ax’" + 

„V + fcV-+ cV‘-= +’■Ve¬ 
in wbioli m and are positive integers, and «, ^ • • ■ « > ’ 

are oftf.rdUnii^at"p|vo^ 

greater than, or equal to, that ^ ^ ,To„o- 

Se can obtain a qoot'?’'*^ deereo than the douo 

Zlich tbe nuffiCEitar 

fr'” ^ 'Z ttegvaUon o" the latter part in general com 

^^^mnienee ivHb »'>« ' 

in which, d.euoth.| by ai^and xepresented by 

the expression to be luv « 



Assume 





Jntcfjrafion oj' liational Fractiom. 

MuKiplyiiig hy (x - a,){x - a,) wo get 

j) qx = - [AiOi + Azat) + (Aj + Ai)T. 

Ilonco, wo got for tlie delomiuntion of A, and A, tlm 
equations ' -- - 

P ~ ~ A^oz - Aid,, Q = Ai -i- Az; 
wbonco w© obtain 


Consequently 


A, = 111 Jill, A, = - PJ-im. 

“• O/ a, - a. 


(p 4 q.r) dx 


' jP^ 

, fli 


'J-n ^ P + Qaj r (h ;; + 

)(r-aj) ai - o: J - (T| o, - 


goj J i/x 


~\(p^ ?°.)log {x - a,) - {p + ga,) log {x- az )!. 


Ill like manner 


_ A, 

(.'•■ - a- .. or - 0,'^ 3-= - 


whore A, nil,I A, hiivu the eaiiio values as uhuvo ; Ijoiioe 


, ^^ujj f /' > '/a. ■ 
J (--«,)(-’-a,) . 

% 


i/.r 
- at 


t or^ot^of .i. 

th.-lorm ’ an e,j,,essiou of 


r 


{/• 4 yj -) (U 

a^y 


assume 


_ P • y '’ ^ rx'^ A 4 




EhmvnUu'H 
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*.™g I..., ir..!”; 

cq«ath,gtl>e coemc,cnUof^^,of^r.am^ 

of at l,c-F3Simy^^TV^'y ov^Vn'a.y 

SraTTOii^-ning the values of .1,. - torn.s 

of the given constants. 

By this means wo got 


^ yls 


(lx 

X - fl 


(/> + (/. r + rx^)^ -- 1 

We Bball illustrate those results hy a few sinq.le c.aru,.los. 


f* 


2* 


6 . 


f 

) (* - 3) (* + *) 

J xdx 
+ 1 * 

i dx 

^nrr* 

S rfx 

V -t 5 *’ +~ 4 * 
f arrfjj 

U - i’ 


f ( 3 ir’ - 2 ) 

f -» g - 0 ^^ 

3 + a:* — 6 g 


ExAMri.K9. 


I log (X - 3) ^ J >°g 


^iog(x + 3) + 4‘°e(^-‘)- 


»» 4 * ® 


^ log ?- - - - lai>-'x. 

** 4 ** X I I i 




I x"* - t 

.. ;'°Ejr 


X* + 1 


„ ^ log 

„ llog*+ 5 l'B(>^-^) + 5 ''' 8 (^ + 3 


W 23 fr + 3 ); ft"*! 

Here the denominator i. etinai to x(x - 2)(x 



7{z - + 3) 
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Intcgyation of liotionaI Fractions. 

X- + * - 1 = + z - 6) + Aiz^x + 3) + AiX[x - i ); 


hence 


the cquatinns fur det- rmining Ay, At and A) arc 

Ai + Ai i Ai- i, Ai f sAi - 2Ai = I, 
whence wo got 


6Ai = I 


.H. 


(Sr* t zjc'- . }- i) tfx 

s - -t X i I 




A9 = -, 

3 


jiru. X* + log (r^ + X + f). 


Wo now proceed to tlio consideration of tlie general 
motliod, and, as it is based on the decomposition of partial 
fractions, we begin witli the latter process. 

36 . Partial Fraetloim.—The method of decomposition 
of a fraction into its partial fractions is usually given in 
treatises on Algebra; ns, liowever, the process is intimately 
conttcrfc-d with the intoirratinn of a large class of expressions, 
a short sjmoo is dovnied to its consideration hero. 

For brevity, wo shall denote the fraction under con¬ 
sideration by- 


Let (II, ri„ 03 , . . . a„ denote the roots of tp(j ‘); then 
•p(jr) = (jr - (ii){j* - ai)(-r - a,) ... (j- - a„). 


(0 


J Ik r<‘ arc four cases to b(j considered, acconlinj^ as we 
hav.. (,) real and uneip.al ; ( 2 ) real equal; (3) 

nnai^inarv and unequal; (4) iniaginaiy and equal. 

”0 ... to diwuss eacii chisH si-paial.el^' 

37- UIMI KootH.-Ill this ease we nmv 

assume ^ 


<p{j‘) X ~ 




A9 


•r - a 


+ 


A9 


J* - a, 


+ • • . + 


T - a 


(^) 


n 


wIk tk .-I, ^1, . . A„ arc indopondent of x. For, if the 

equation he eleaivd Irom tractions by muUiplyiu-by Mx) 
on equating the coctricicnts of like ^lowers^f / on Voth 

determination of then 



Rea( and Unequal Rooffi 
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Moreover, 

and since, by l>yPf'f ^’j Y’\vf nm/Ubstilnte t^o " - 
identical for all values of 
throughout; this gives 

^ (a,-o, 

/■(cii) Vj-A f- '-*■•)''• P '’* 


or 


In like manner, wo have 


A^- 


/(ai) 


/(«,) A 


( 3 ) 


. ( 4 ) 


Hence, wLn’.« t>*o ^ 

/(X) 

^) ' f C«.) * - "■ 

Accordingly, in lUis case 
r/j£) ^ , m leg (X - a.) c - "■) - 

\W) V, , 

+ /^ log (x-a„). 
^ («n) 

integral, viz. 

log (*’"«)» 

/W ^ 


(5) 
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Integration of Hat ional FractioM. 


one wliic'h can always be found, whc-tlier the remaining routs 
are known or not; and wliether they are real or imaginary. 

38. Case \4l1crc tVumcrator is of liiglier Degree 
<lian Denomiiintor.—It should also Ito observed that even 
the degree of x in the numerator is greater than, or 
equal to, tliat in tljo denominator, the iiartial fraetiou cor¬ 
responding t(j any root (a) in the denominator is still of the 
j\>vni f ound almvo. 

Fur let 

tp{.r) f].{xy 


wliero Q and II ilonote tlie quotient and remainder, and lot 

X -tlio partial fraction of corresponding to a single 

root n; tlioii, by multiplying b^' «^(.r) and substituting a in¬ 
stead of .r, it is easily seen, ns before, that we get 



3 ’'or/ es^iiple^, let it be i»roposod to integrate the 
pression 


ex- 


_ J^</x 

^ - 2.r‘ - * 6* 

Here tlio factors of tlie deiiominalf'r are easilj' seen to bo 

•r - I, X + 2y and J* - 3 ; 
accordingly, wo may assume 


- 2J-- - 5r 4 6 


- x* e or + /I + 


B 


— + 


C 


X ~ I X 2 r-3 


"*tf’■ Jo find (j :nid /"J, wi-1 qiial*' tin. (.t„ llitionts of ' ami x-' to 
zero, allvr , l..iiuiig Ira. lions : tins gives, immoiliatelv 

« = nii.l !•; . •'* 


r cl I 


Again, since - 2r’ - sr -f 6, we have 

¥{^) = 3-^ -AX ~ 


C d 


(' » •? 


1 -II o 


45 


Itcai ami Uneqaal Hoofs. 

C -K. . •t *-**)• f 

. . .. ,1. orkA r ^ucr0ssivoly for #vi«- 

Accorditigly> substituting > 

in the fraction 

ar* 


3a:* - 4 ^‘ - 5 


we get 


, ^ , i 43 ; 

— - ^ in i 




and benco 


A^-i, -8 

0 5 i. - i 






I 32 243 

^ + 2 JM 9 ^ 77 ^' . i- / > .V ^ 10{j* 3 I 


6(j-- 1) 


•’• I a:* - 2 x^ - 5 -P + ^ 


X* fl.t^ 




1 X- I 9 -^ 


]i>c:(x 0 


6 
243 


,^log (x + 2) + ^log(-^-3)- 


Tf tl\o ntiTiioi'utor 

Case of Even Powers.—it tno n 

fraction becomes of the form 

/(g)_^ 

Accordingly, whenever ^thojoote of 

rd’';:'’aS”roo"w corresponds a f 

-L-. 

tp'{a) z ~ a 

The corresponding term in the integral 


,/x 


is obviously represented hy 
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Integration of Rational Fraetiona, 


This is of the form (/) or (A), according as a is a positive 
or neffative root. 

The case of imaginaiy roots in <p(z) will he considered in 
a subsequent part of the chapter, 

It may be observed that the integrals treated of in Art. 5 
axe simple eases of the method of partial fractions discussed 
ill this Article. 


Esauplss« 


I. 


f 


( zx + S)dx 
** + a* - 2x' 


Here the foetora of the donominntor evidently are x, x and # + 1* 
Qcconlingly assumo ^ 

+ j _ A ^ B O 
**+**- a* X — I ^ X + a* 

Again, a« ^ (x) = x* + ** - ax, we have <p'{x) = 31=^ + a* — 2; 


we 


• - ag + 3 

^(*) ^* + 2x — a* 


Uonco, by (3) wo have 


coDsoquently 

(ax + 3)<ix 


A = = 5 G=~li 

a 3 6’ 


f + i)dx 3 e I 

i)- 7 log(*+a). 


2. 

Here 


f efx 

J (x* + a*)(xa + 




(x» + n>)(xi + AJ) ^ 1 


honco tho value of tho required integral is 


f xdx 
) (** + o)(xa + i)* 


Multiple Real Roots. 


Snhatituto £ for x« and the trinsforraea integral i< 

dt 

2 (i + U) (S + *)* 




ConaequenUy the value of the rciuired integral is 




f (s»*- 

'* J »» - SJ' + * 

f (x- - 3) 

) X* - 7X V 


Atu. JX+ I* logC*- *) " 2 log(x-t). 

— ■ ', V- 1 ' ' 

2 1 


%9 


• S 


(ix + I)rfx 






x(x+ I)(x ^ a) 


js r x*«/x 
7- 

8e 


Let 


„ ! Ing'i: + log ■) -iloKC^ ' ’'■ 

.. ' i''"' 

e </x(a' + A'x") . ■» *’' . . ' Oi'a ‘‘ 


I 


/(•g) 

{x - a)’'i//(ar)‘ 

In this case we may assume 


/(•^) 


Mr 


3 f 2 


+ • • • ^ 


Jlfr 

X - <t 4* ("g) 


{x - aY^' (^) 

whore the Ust imolions, it is 

rellyZn that, on cquatingj^^m 

z:s.r.£ .. 

legit im^t^ one. 
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Integratioyi of Rational Practiona. 


In ortlor to detemiino the cooflicients, JI/ij .3/2, &o. • • • 
clear from fractious, and wo get 

f{.r) - -h J/'jCj: - a)i/. W t 3/;(x - a)YW + • (6) 

This gives, when a is substituted for 



Next, ditfereiitiato with respect to x, and substitute a 
instead of x in tlio resulting equation, and wo get 





wliicli doterminos 

l>v a second dilVerentiation, 3 /, c an bo determined; an<l 
sii im. 

It can bo rcjidily seen, llmt the series of equations thus 
arrived at may bo written a.s ft^Uuws— 


/•(a) = 

f\n) = + 2.A[.i,''i,) +■ 1.2.M4'h\ 

r'(«) + 3--iAr.o + 2-3-J^y^'f«) + 

r{a) = + + 2.3.q.3A^';u) 


+ I . 2.3. 4.3At/.(..., 


in wlii<‘li tho law of fonnatii'ii is obviouf*, and tbo cocllicionts 
«-iin ln' obiaiin'd in fumtssIoti. 

roi]';nl "f tin' iiili'gral uf 


ovidt'iilly is 
Mr h'g ( r - <i) - 


3 /.., 


- « 


f ix) ih’ 

{x - 

1 3/^_3 

2 (J'-Tr ‘ • ■ 


(r- i){x-a)-^' 



If have a so f. md sot of multiple roots, the cor¬ 

responding terms in tlio integral can bo obtained in like 
maanor. 


Imaijiitanj Roots. 
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41 . Imaginary Knots.— Tlie results arrived at in 
Alt apply to the case of imaginary, as well as to real 
ioo'&f towever, as the corresponding partial factions appear 
in thi SSSliHacr an imaginary form it is desirable o ho v 
that ennjn gato imaginarie s give rise to g roups in which the 

coef ficients are rcafi ^_ . . 

- a + b and rt - 6 to Le a pair of con- 

jiigato'^oots in tho equation = o; then the corresponding 
quadratic factor is 

{x - ay + 6*; wlilcli may bo written in tke form -f p-c ^ 7- 
We accordingly assume 

and lienco pk.-***'*- 

fjf) ^ + 

(f,{x) X’ + jjx + 7 ^ 

where | represents the portion arising from the reniainin 
roots, and 

a ± h y- I. 

Multiplying by wo get 

P 

f{x) = (Lx h M) (v) + (.^ -^ p-c + 1) Q 'P W- 

disappears i 
equation 

/(x) = + ■^)» 

it ultimately reduces to a simple equation m x: on ulontif^ 
aides of this equation, wo can detormmo the 

01 Id and AT. 


O 

o 


'■ "^TTT^anv cases wo can determine tbe coefficients,^ 

TTiorl oxneditiSsr^tber by cquatmg^coefficients^ffiic^. 

the other partial fractions first, and 

their sum from the given fraction. ^ 

It wuf also ho found tliat tho determination Oi many 

[4] 



r^Q Intc'jmtion of Hational Fractions. 

inlc^'ralfi of class cau be muoli siiiii-Ufied by a traiis- 
fonimlicjii to a now variable, or by some other suitable 

<jXpCiU0!lt. , , n r i1 

Some c leinoutary exam ples are added for tlio puriioso 
of illustration. 


I. 

\ ' •'line* 


) 


Exam ri.rs. 

X'h 
(' f 

./ 


j. - . J/ 

(I I ^)(l 4 4- ) 1 - • 14 J' 


• jiiliiir from fi.n-ti-'U-, this liC'Ctjiiifj 


T= A{l + J-) + (/-X ■* -1/K' < 


Kipinlc llic 

, and >vc 


A = 0 , 

11 ' m.e- 

T 

L -t , 

•4 

iiii'l >1 illiijjly 

X 

( 

1 1 j )(1 ' 

f 

X'ir 


I. : .1/ •= t, A • .V - o. 


T T T I ‘ T 

- - t - :-. 


(I 4 J'){1 4 4 


I 1 

(.Vx)- 


r - l.iir'x. 


1 . 


I.ll 


) I 


I 

I J 


J 

I -1 X J - X • Xl ’ 


I 'ii ' ‘jmiilly, . ( = |.y lui 111 Ilia (3}, tul'lh iitiiiy uii'l clu irinj; liuiii frai.lioui 

1' 0 ll.’lVC 

2-1 X V J- -J- 3 (/.X » M}(i 4 x); 

1 .'11'0, •livi.!iii- l.y 1 i X, %vi Itiivc 


2 - X = 3 (/.J f JI). 



Imagi^idf'y B.00U* 
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GonfiequcQtly 

(—= -f- 

Ji+*» 3 J» 


dx I r {i-x)dx 
■*■ » ) I - X + C* 


+ * 3 


I dx 

This can be got from tbo loat by ebaoging lb. sign of x. 


^ 106(1 +*) - ^ 1 %' ^^ v /1 ) 


xl«J. 7 


[Jt- 

}x-x*- 


In Uiis oaso wo buyo 


5 x' dx 
jr'i? - I 




Let r‘ = e, tbo integral becomes 


6 . 


Atisumo 


I f tdi 
4] c* - I 

f x’ dx 
j (X - lyn-f'+ 0* 

^ 4 JL ,- 
rri^VTi)-(--«)•' 


;; Si sis'S J- ssiJtf 

1= = {Lx + J/)Cx - 1 H- 
Tbib gives iuimeiliulcly /*=--» M -o. 

Aeain, by Art. 4°. "» 8“^ i.Mmcdi,ad)- A = -. 

T„ tod A, make ;. = o ta bAb .idc, of oa>- idootity, uod wo got 

I 

Q=,A-li-vM\ .’.1S = A^-. 
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Finallj 


II II 

+ - 




•I 


x*dx 


I 1 


‘ * J (* - !)’(«* + I) 


+ - log (» - i) - 7 log (r» + i). 
2 X — I 3 4 


7 


I dx 


Ilcrp tliii ili'nomin.jlor is cnsily seen to Lo x’(z - !)(*-♦ ')’(** + *)» 
oxprcbsioi) bt'CODica 


1 


dx 


X>(X- l)(x 1 l)M*’+ «)* 


ABsiime X = ~, itiid tho tranEfi'rmt'il ixitre-'sion U evidently 


I 


t*dz_ _ 

(V-l)(*+ 0* 


Tlio quotient is easily seen to bo s - i ; uml, by tbo nietbudof Art. 38, we may 
os.mmo 


(e- t)(i -i -f 1 ) 


= »- 1 + 


S 


-I ‘^ (* + l}» « f I e 


Z: + J/ 


+ I 


liciioo (Alla. 37, 40), wo Lave 


8 4 


Next, L and Af are found by uiakitig s- S5 - i, in tbf equation 


wliich gives 


r’ = (Zr+ i)(; -I- i)>; 

I = z{Lz 4 f 1 ) -= 2 {Zz’- + (Z + il)t + Af }, 


i+.V = o, L-M=-p 


J/ = i, Z = -i^ 
4 4 


In Older to find llio reuiaining covfliticiit C, wo luuko z = o, wLcn we 


get 


o s=- I -A 


.’+ if; 





Multiple Lnaginanj Rooti. 
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benoe we have 


(*- l)(t 4 i)Ms’+«) 


- =f-I + 


‘ 4 ^ 


t - I 


8(7^0 “ 4 (r 4 I)* J‘(:4l) 4 (£Mi) 




+ |log (»+')-^l‘>6 (i*4i)4ilan->r. 


Hence 


I 


dx 




■ 4 i log 1^'’ +log—t 

iT* 8 ® ■ t X' ‘’X 4 


8 . 


r isx 4 Qrf-g 
) (*- 0’(^ + 


3 )' 


I , X - I * 

Am. - log — - 7n 


43. Multiple Imaginary Kuots.—T o compk tfi—tki 
discussion o£ the decomposition of the fraction suppose 
the denominator ^(x) to contain ,• pairs of f 

roots, i.e. let the denommator contam a factor of the fo.n 

((a; - a)* 4 ^*1’’; suppose ^(x) = |(a; - n) + « ) 

In this caao we assume 


f (X) . -..I ^ _- - 

\{x-ay+bri^)’ + 


L^x •¥ Ml 


LiX Mi 


r -1 


LrX 4 Mr R . 

+ {x-ay-^ b' i>^{x) ’ 

the remaining partial fractions being obtained from the other 

There is no difficulty in seeing that wo sMl ' 
rm mflnv cQuatioDS as unknown quantities, Z.„ 
wlZ tL coefficients of like powers of 4- arc equated on hotl. 

““^'"to determine i., iV., £„ &o. ; let the factor {x - af + 
be represented by X, and multiply up by A % when wo got 

Z(?L = £,4;+J!f.+ (ihx+it>)X+ &o. + (ir» + ^t,)Z->+ ('•) 
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The coefUcleuta Xi and Mx are determined as m A^. 4 * 
To find Li and ; differentiate with respect to x, and sub 

slltnto rt f for ^ in the result, when it becomes 


P^Xf)_n = + 2 {xo - a)(L\X^ + 

dx L<i>»WJo 


whore A = . . . + 

llonco, enuating real an-l imaginary parts, wo get t^o 

for tlm do1«-riainalh>n of L- and M-. By a eccoiul 
dili'en-nfiafion, L, and iV, can bo dolevnunod, and ^ on 

It is uutit'C^'SHfiry to go into fiivllicrclotiXil^ nssuflicicnt lins 
been stated to sluiw that tho docompositiou into partial frac¬ 
tions is possihlo in aU eases, when tho roots of fp(x) == o are 

known. ^ . ,./>•, i . r 

The practical application is often s^i m plified by tr ansior- 

mation to a now vuriablo. ^ , 

-447 The preceding investigation shows that tho mtogra- 

tioii nf iMlioiiiil fra. tious is in all cases reducible to that of 
one f>r uioro Iractions of tho~following forms : 

.U dx (yl + B)dx {Lx + M)dx 

—’ {^. - «/■’ {.c - ay + { (x - ay 

a.y (•! »''' *• - 

I’lie methods of int'-gratiug tho first Ihioo forms have heen 
given alroa<ly. "Wo proceed to show tho mode of dealing 
with tlie lust. n.t - 7 . 

^ 45. In the first place it can ho divided into two others. 


L{x — a]dx {La + 2 f)dx 
fr - a\^ 1- />•;'■ ^ l(j^ - of -1 A'B* 


|(r - ay 1- />•}'■ [(j^ - of -1 try 

'I’bo integral of the first i>avt is ovidontly 

-L 

z{r- i){;x~ay + 

'^’‘5 deteiiuino the integral of the other ymrt, WO Bubstitulo 
: fur X - a, uinl, oiuilling the constant eoelliciont, it becomes 


Multiple Imagiiianj Roots. 
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Again 


I 


dz 


{f + by 


, r(s' +4’^.Lf_ 'iL _ 

“ V j J ' ■ 


s' dz _ 


But we get by integration by parts 


r sVs r --!—-f :</(, , 


r(r^T)(?+ 40 ’''''' 

Substituting in tbe preceding, wo obtain 


dz 




(•2) 


f dz 2^-3 f_- + —-rTTwlTT/Ji^"' 

)(y.^ + />Y " zir- 0^'J (g' + ^ 

This formula reduces the 

shape, in which the mula^O 

successive re petitious oi this foimula luc 

- , . ^ dz 

duced to depend on that of ^ //)■ 

The preceding is ^ 

mcceuke the next Cliaplev. 

of this method will ho ^ ^ fomnl morn yxpc'lLi 

aoJ^^iy ^e’y^lowinstn^^ — 

and tbe expression '-omes, ol.vioiisly. 


^■1 


CQZ^'-^ OdO. 


The discussion of this class of integrals will be found in 

the next Chapter. ^ f{.v-)d.t 

d6 We shaU next return to Iho iiitogradon o . 

^ * • 1 1 in A rf in tlio cuso 

\vUiob has been already eonsnlered in Ait. 39 
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Integration of Rational Fractions. 

where the roots of real. To a pair of imaginary 

roots, a ±h y/- I, correspond a partial fraction of the form 

{a/+ B) dx (A^ + B) d x 

{x* - fl)* + 6’* - 2ax* + c** 

where c* = a* + i*. 

In order to integrate this, we assume a « c cos 2^, when 
the fracti'ju becomes 

{Ax^ -k B) dx 

X* - 2X*C COS 2<p + C*’ 

The quadratic fnctoi*s of the jlej^minator are easily seen 
to he 


c cos </» 


+ r, and x* + 2x *>/c cos + e. 


Accordingly wo assume 


Ax^ + B 


Lx^M 


rx + 


_- 2x^0 cos 2^ + c’ ar’ - 2r y/c COS ^ + c ar* + 22 ;y^c cos^+ c* 

TV hence iTcan ho seen without ditficultv that ••‘ 

L • - L* • 4'*- ^ 

P..r fc--0. -• 




r r _ r' _ 


Ac-B 




a. . tA;4^aa + .5*Ulv^i 


4C^C08^ 2C ^ 


'V^nd after a few easy transformations, we find 


1 


(vlx’ + B)dx 


Ac ^ B , f x' - 2x y^ cos </i + r 


lo 


CT 


x^ - 2X- c COS 2 <p + c-^ 8 cos <j. r^ ^\a^+ 2 X cos ^ c 


Ac. + B 


4 Bin^ 


® tan-' ( Bin0 ^ 
\ c-x' )■ 


dx 


47. in.esratlon of 


#«4 


This expression can he easily transformed into a shape 
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dx 

Integration of -T)”* 


which ia immediately integrahle, by the following aubstitu- 
tion:— 


Assume g-a= (a? - gj then 

I - » I » 


I - a 


and the expreBaion transforms into 

( I - s)'"*'*“’'/3 

Eipundthapnmarator 

dx 

lx-ay{c^^' 

Here the transformed expression is 

f(i - zYdz 


5r4wl(i' -: ‘ ‘ 

su«.uu.g jei ■» -• •" •” 

terms of x. . 


48. Integration of ^ 

eKprossion becomes ^ , 

2c"*‘a'» ' 

. form which is immediately integrahle by aid of the Dine 
T pifl-1 Theorem* 
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Jntctjralion of Rational Ft'actions. 


It is ovi<l«.'nt that tlio expression is made iutograble by 
same I lurisj'onuution when ^is either a fractional or q noga- 
tivo index. *« «•- *'* 2i- 

fult may be also observed that the more general expression 

/* w (/u/ « 

~ -- cun be integrated by the same transformation, where 

/if) denotes an integral algi.braio function of x^. 


J:I\AMrf.i s. 


J-' 

lit 


- - 


Ah^. 

(«■ - 

zf 



ilr 

. .W J ^ ^ 

(n 1 


f 

* 

X 



(C 

if 

u 


~) ^ z 


6f2(„ , 


-—T-. + • i *)■ 

X‘ f I 4 {J- M)- » ® ' 


.{O. I iiU'arntioii of 


/.r 


" - I 


where ^is a [ msiti vi* inff^grr. 

Sii]i|>nso /^ an irnag inu ry r oot^of .r** - i = o, then it is o^d- 
d<-iit that /I ‘ is llie eenjugalo root: also, Ity '3), the [>artial 
frii« liou «;'-rri -ponding to llio root « is ‘•5) 


to< 


tt 


x - „) 


. “r 


a 


»/(.»’ - n) 


- If h-i tills tlio fme[ion arising from the root a*' ho added 

Wn Lo-t “ ■ — -’ 


Ar 


- " . 1 -'iLJ or - ‘ ~ ^ I 

" f “ - (» + » ^ iC 

^’3' tlu'ory of eipiation?, „ is of the forru 
cos-1 v/- J sin —. 


Integration of 


■where A; is any integer; 


ik- 


a + a 


-* = 2 COS 


Hence, if 0 eu 


bstUuted for tl.e vreceding fraction 


hecomeB 


2 X cos 0 - I_ 

7i * - 2-r ens () ' * 


The integral of tlii?, hy Art._2> 


.UU ^ --— /I 

fl 2sm« 

®.2L? log ( 1 - 22 : cos 0 + 2?'*) ‘ \ sill 0 / 

n _ 


Tfrle are to be considered, according as n Is 

tn tuts ca^ e.juatlon ^ - 

two rial rootlTm:: . i and - i , an.l 

• /cir s\ 


two real ruuco) ^ ^ 

r + i- s 003 log (. - 2 7 ^ 

brn - 17- ® a: + I 2'- 

^ / /‘A 

•■* / ». _ roa —• \ 


-l.V" / '‘A 

„ - S sin — tan I 7 ^ j 

r > \ sm — j 


(13) 


i 1 V oxtoiKls to nil integer 

where the «ltl^-I'r^^ 

(2). Let »^ 2' L ii-" , 2/.=r , ,.\ 

r logi£zi).-5-i;eos^log(^--^"“^7^ i 

J,wr;= ar.. 2,-.. . 

t X - cos — 7 '“ \ 

_J. S sintan-1 —^ ■ 

"2r+. \ ““TTTi / 


(‘•0 
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Integration of Rational FraetionB, 


wliero tlio siimmatio n represented hy 2 extends to all integer 
values of k from i up to r. 

50. Integration of where m Is less than n + i. 


jc" — I 




As before, let a be a root, and the corresponding partial 


fraction is 


a 


m^\ 


a 


III 


nr 


»n'“' {x - «) n (x - a) 
arising from ( he conjugate roots, o and a“*, is 


; hence the partial fraction 


1/ a"‘ g-** \ _ 2 r (g" + g-**) - (q""^ + 

m\^ - a d; - g“7 n JT* - (a + a"*)x + I 

2 X COB mO - 008 (m — 1)6 

n X* — 2 X cos 6+1 * 


whore 0 is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to bo 

- jeos ;n01og - 2x cosO + i) - 2 sin »j<?tap~’ ^ (iS-) 

siny ) 

By giving to k all values from 1 to ^ - i, when h is even, a nd 

from I to —^— whonji is odd, the integral required can be 
written down ns in the preceding Article. 




" Examples.^^^_ 


j 1 ^ 

*- J w^-t 


f-» ^c** 


f -L 4. ^ 


* A-t-r- u' 

01a - V* k. 




Exampi-ks. 


]i» + 6xT8' » + 


f 3 «fa „ 2 log(x -0 + H'(^ + >)* 

j**-*-a 


f t-^ 4- n^)dx d.los 

) x{a + ^**) " 


. j"- 

^ - d-Sog (g i ^xM. 

lao 


4 ^\r • # 

f x’<te iln<T^-^* (" 7 =V 

^ + + i 3 V*/ 


1 . *' + x\/2+V^_i_-iim-‘(^-^^ 

'''^- ^'-7 


■ ]»*+>. ’V * x-->V -' , .., 

’ , „ /*+.\,.-vs..-'‘-^:^',; 

■ ” SliTT)'^ 4 ‘”® 

. . / X* \ 


• \ 2\ 

A<t^^»-.f dx - - '— 7 rr^ + ’^^^‘^'^\i^^)' 

^ L-(^‘)»; :*-. <- *-i-‘ ^ *• 

- *'*■ '** r rfx ' - ' lii&r—+ — (a + l^y 


- 9 - ‘ 

A 


idJ 


Lct^'r&^'='®"^. aad the transfurmed expression is - 

i-jr'''}:£^\.^\„,. 1i„6(x 4+ .)-;l0B(4+ .) 4 iun-'z. 

»o- ^T^Trriu’^'" ^ M 


t-.. ., . __ . (^. + Xuu-'x- 

. *i:.xiA4YrA(ion of — vni' ft4 il^-• 


-•'I*. A^lytbomcthodolAn. 4 / - —- 

r.--^ (i + x)^ 

:ho Uan^I^cd expression is - ^j,..i^„ 


'*1 f_f!f?l-. ^'''‘ 8 (I -X*)* 'irii 

1 (i-x’)’J ^ fs ^^^l~.■>.-K'^ 

J t.*‘. to,., x.<« ‘*>*_L- 

I M .—. ♦ •“ .X' /«A ■! ^ 




I xo_tilJ_ ^ log 




G 2 


Examples. 


_ 14. I'rovo tlmt 

. ,i, fC. 


Irniisfornis into - J 


J - a-) 

• I-K 

I 7 

if we uiukv X = ^ ^ 


f _ -^logBin*- J-rlogcoa- 

) 8inx(a ^ b cost) ^ 


rt - i 


+-* lug (0 + cos x). 

— i* 


MuUiiily Ki"*. 


f ■> -ttW 

3 (I - H^)(a + I'f) *- 


T^‘ ►»> _I + log(j + a cus j) 

X Ein X -\ sin 3x 5 * * 

,»^v ( J 4 I »'J 


- .».. 


'’>■ )x(i + ^=^-^)‘ ^=^\/y 4 V ^ / 

: ^ . t -• f ‘A * > -a:' 

j *-J ^J*2*t.V*-* >. ' ''* 


l..tZ' = -. &C. 

•r 

I >1. I'r 'VO lliui 
ih 


J I + 2n 2d \ 


2 X COS 


(lA - 1) 


« . (zA - i)>f 

4 - i an --- 

u 2 u 


r (lA- 

I X - CU3- 

t ill*' V - . “ 





w l.i :< /. ^.^l^l^•l^ till ’Upli till inti g' I vuluts Uom \ to it, i'nlusive. 

, ,/j- l'.'(t II' I (:A- -\ 

. _'-^'LI_li_:'c<.3-i-loc( i-axcoa- ii-l 

■*' JI H i-"‘‘' z» i > jr» + J irj i I ® \ 2M 4 I / 

W It J 


V1.-I 


+ --StiUi 

2n t I ^ ^ 


/I ^ 

(lA - 1) 
z - cos- 

. (-'• - ')Z . ' 


. (lA ~ >)tr 

. Bin- 

L 2« + I 


wlieic I. ojjuiiiua all Lui'.g^;r values liuiu 1 to « iucluaivo. 
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CHAPTER HI- 

.ntkguation 1>V SUCCKSSIVK KUi>umoN. 
oussion of ilic iutcgral 

I sin”'0 cos"0(/y; 

,, tt .«■ 

Bions are readily rcduub . ^ whoiiover ( ////' '• 

■” S’fSSISi.w"' 

J Biu'” 0 cos - « M, or, I s-m'" 0 (cos’ 0/,/ (siu tf). 

If wo assume tUc iulogral trausforms iulo 

and as, '’y 'l'n’'a'’nnitc nun.lar ot 

bo expanded by t'‘.« ““‘X intotraled scparulcly. liLiiM 

"-^A^vtxamples are added for the pur-pose of makms Ibe 
Btudtut familiar rvitU this principle. 

- intfurols discussea in UiU 

»;i: RS ssSSiSi#™ ’=-■•= 

Ollier intcgToU of tlio • ^ distinct Cbaplcra. 

admaWo to BCparato tUo diacvwsiv 


2 ?w.a 


( 1 ) 
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JnteyFutiou by SucceMice Reduction. 


Examples. 


J 

Jcub® 


Qd 9 . 


AhS. -CO 80 . 

3 


2 . sin *0 

,, binO-bin’s T-■ 

*35 


bin’Wcoa’Sc/S.*- (6* •-'H 


cos'os ci-b-S 


[aiu’St/9 

J 


,. . ‘ .. cub’s 

_____ ,, - + 2 COsS-. 

*' cobO 3 


J-v/bi 


Bins tos-’yrfS. ~ II 


ibin^S 2 ainie 


]‘/^9 " 


2 Ki 




- 2 COS* 9 


„ 3 siu*t) - ^ein^e* 


iM'O 52. Again, wTinnovor m ± n is (in crcn^ nt’f/atiLC inicacf 
thu oxprossiou sin"’0 cos" 0 can Lo readily iutegrated. 

A For it' wo ussumo x - lau^, wo liav© 


*%' H 

-♦! 

3 


(I +x“) > 

lloucc, if i/i + « = — 2)y this becomes 


co 30 = — ■■ * , biuO = — ,_ ami dO = --j, 

v/i yi + .r’ ‘ 

and the expression truusi’orm.s into 


.(■"'( I I x‘'Y~\Uy 


a form which is immediately mlcgrahle, 



Caiei in which stn"'0 cns^'6 dO is immediately LitegraUe. G5 


(i) 


Take, for J 


Letic = tan 0 , and we get 


|a^(i +ar)rfj’. 


or 


tail'd tail’d 


(ii) Next, to find jgind cos’d* 

Making the same substitution, we obtain 

f(i + j')V-c 

J 

Hence, the value of the proposed integral is 

+ tau'd + log (tand). 

4 


clO 


C (le 

Hi) J sinSd cos^d* 

. • auJ ao- 

Hero the transformed expression is » 

cordbgly the value of the proposed integral ie 


In many caaes it ia mor^^onmiiS^to 

—rT7,i f A'’ 

For example, to nna j 

if cot d = ^, the transformed 

Since ^^(cotd) = -^. * 

integral is 

- (i + ai')tliCy or - cot 0 " 

The following examples are added for illustration-.- 

L®J 
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Integration hy Siicceiiive Reduction. 


Exampli^s. 




■♦'v fBin’erfd 

I. I - r-r-. •*“ C 

J C03* $ 


‘ 1 


tan*® 

An$. -. 

4 


- c 


- t* 


- X 


- 5 


• '< 


6 . 


*Jr 


r da _ f . 

*' J C03*®‘ ^ 


, f —^ . I l±c" 

JuinfipoBsa J r 


tkr 


J s\u^Oil0 f 
cob^ S 




fi 


2 Ian’a tau^e 
tan a f - + - 


Uin* a , . . 

M <*)• 


t» ■ lan^e. 




J 


do 


• {(115^^ 

" J t' '- 


— 8 cot 2 $ — cot’ la. 

-c(> = 

tan ® 


|» 


2 tanl 


"( 


f -f 


)• 


When iioitlior of the preceding methods is apjdicable, the 
inlogralion of the expression sin'^O cos"0r/0 can ho obtained 
only b y aid of successive reduotiou . 

Wo proceed to cstablisli tho formulro of reduotiou suitable 
to tliis case. 

^ 53* l‘'orimiln> of Itediiotioii for sin”0 cos”0rfO. 

I Bin*'‘0 cos’'0(/tf = Icos""’© sin*” O f/ (sin Q): 
oonsequontly, if we assume 


- , ^ sm"** 0 

« = coa"’’0, v= -, 


m+ i 


the formula for integration by parts (Art, 2 1) gives 


si 


sin^d C 08 ”d(/d = 


cos^ 'Oein”***/) « - i f 


tn + 


» 

* siu'"»^0cos”-*d(/0. (2) 

% 


m + I 
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Case of One Positive and One Kegaiive Index. 

In like manner, if the integral ho written in the lorm 


- I sin”*’' W oos" 0 d (cos 0), 


we ohtain 


(si 


sin"'0cos’'0t/0 


wi - I f . 

-- SI 

n + I J 


sin’'*’^0 cos"*'0'/0 - 


sin’’*-'0eos”*’0 


n f I 


(3) 


It may bo observed tl.at this latter formula can bo dc 


rived from (2) by substif utiuK - ■/. for d and interebangins 

th„ a».l ....c Voaa.lve in.i.:- 

fsin’-O,,, _8i^_ _’iiJLL (n''«• 

in wblob m and n are supposed to have positive* signs 

By Ibis formula tbo integral of is .nado to do- 

the now integral, and so on. „„„ression is integrakb 
^ILS^ by Art 

than^m, tbe method of Art 5 treated suhso- 

=?!£ rr«?t/.olrtegral .^bicos t^that of sia-»«d«. 

‘■'igam, if » bo oddr’and > t''® )cos"-'"H ’ 




aad applied by tho studoat. 
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Integration hy Successive Bcduction. 


1 jjjode of find- 

and if w < wj, it reduces to j ^ 

inrr these latter iutegrals wiU he conBidered suhsequently. 
^Again! if the index of sin 0 he negative, we got, by 

oliauging the sigu of m in (2), 


‘c 

b: 


cos" 0 
eiu^O 


f/0 = - 


cos”"^ 0 rt — 1 f COB 6 

(m - I) Bin*"^ ” w - IJ 0 


( 5 , 


Wo shall next coneider the case where the indices are 

both poBUh^^. .,.,41. roeHIvc.-If Bin-0 (. - COB-0) be 
writini instead of pin"*'-' 0 in formula ( 2 ), it becomes 


piir'’0 cos’*Wf/0 « 


cos”"' 0 sin’"*' 0 


m + I 


in + 


I 

^ I Biu’" 0 (cos""’ 0 - cos" 0) tio = 


cos”"' 0 sin”*' 0 


m + 1 


, ■ + ” f gin™ 0 cos""’ 0 flO - *-—- ( Bin"* 0 cos" 0 dd : 
m -y IJ w + I j 


hence; transposi ng the latter integral t^the_^ip^y©j and 
dividing bv-♦ we get 

° '' m 4 I 


I 


sin*" 0 cos" 0 it0 


„ COB-I^'O ^ !LrJ f Bin- 0 coB-- 0 rf 0 . (C) 


f.U t ft 


m -i it J 


In like manner, from ( 3 ), we get 


f sill'" y co:," —- f sill"’*- y cos" 0(/0 - 

I hi ^ n J 


sin*""' B co 8"*‘0 


m + » 


.(D) 


By aid of tlioso formidio the integral of sin*" B cos" 0 c/0 is 
made to depend on another in wliieh the index of either 
eiu 0, or of cos 0, is reduced bv two. By successive appli- 
cation of tlicso formulio thocomploto integral can always bo 
found when tho indices arc iH/< 77 c*r 6 -. 
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Indices both Hcgntive. 

56 Foriiiiilni of Ucliictiou for sin" 0 <10 and 
These inteerals are evidently cases of tlio general lormulce 

(C) and (i); however, they are so Irc^^tl^ 

the Vmulro of reduction sepSif^Ty m tTieir case, 

(4) 


V —- - 

J = sino^o 0<10. 


0,0 sin- 0 -/ 0 . 


(5) 


The former gives, when » is even, 




f 0-/0 = (cos-0.^ cos-0 " 

^-6 ^ ^ ^ cos"-* 6 + &o-) 




^ + __ H 9 + ^ 0 .) 

^ (n-2)(»-4) -V 

2 ! ' , V/ 


(n -_i){h ^3)(” " •'i) • ■ ■ * (^. 
"*■ n (« - 2)(« - 4) • • • 2 


( 6 ) 


A similar expression is readily oUmned for Ihe^or ^ ^ 
integral. ^ ^ fT^ ^ 

E^Aal•Ma, ‘ 


V< K . 


- 1 


6iu^0 


Am, - 


f 4 1 ^ 0 . 


2 . 


1 


008 

4. 


Biii0coae/8i«^»_«ilil^_ J.'\4 -1. 

)8*0 aiu*# »* 2 \ i >2 S/ 

flin9coa=>fl^^^^,g ^^Bin0co39+ ff j. 


$ “••--L^ I ^n„2S + - I + -; I sinecos® + ff 

, ,_»i«.iritilve._ It remains to considerJ< 

the *Jase‘”whrre“ the indices of sin 0 and cos 0 are both 

“'^WrTt’ing - m and - » instead of m and a. in formula ((7), 
it becomes 

— I rt + I f _ 

"W^^o * ^ J siir 0 CO8-0 ■’ 




r a V_ 

I ^-0 OO8"0 “ (m + n) 008""’ 
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Intcijration hy Sttccesske Reduction. 


or, trnnsposiug and multiplying by 


n + I 


ilO 


6in’''0cos"*'0 (n+ i) cos"*'0.“in'"'‘0 


m 4 « r n 
M 4 1 sin^i 


dO 


sm”'Ocos”0' 


Again, if wo substitute u for « 4 2 in this, it becomes 


1 


_dU _ _I 

6iu"*0cos"0 (/( - l) cos'*"'0 8111”“' 


m 4 « - 2 

n - 1 


dO 


siu"'0cos"~*0 


(E) 


linking alike transformation* in formula it beoomos 


1 


d^ 


- I 


8in"'0cos"0 (m - 1) sin*"’'© cos'“'0 


in I n - 2 


HI - I 


iO 


sin"’'0cos'‘0' 


(F) 

AIm as ^ 


lu oar*li of (lio.sr, oin t>f tlio iiiJicu.s is rcducoil by two 
ib'gna‘8, anil cnnsoijin-nlly, by siicoc^ivo appllcatimis of (lie 
^j^_^fijriuu!iP, tlio inli^grals.uiv rc-luoiblr uUinmtoly to those of 

... one or otlior of tin' iuijns —- nr —- • these have been 

C08 u bin 0 

already integrated in Aid. 17. 

Tlio formula of reduction for and are so 

. 6in"y oos"0 

important that they are added independently, as follows 


u uini iroin (.1), {C}, im<l (A;, by inUTL-hanging Uio Ictiere m nud fi, and 
6ub.lituUi.gj * f iuctuud JO. Fur, in U,L, u„», sinO.cusO, andrfo, UunJu™ 
into coi siti <Pf mid — ri>dpccli?ely. 





Application of Method of Differentiation. 
- A n - 2 f (l& 

J cos" 0 


.I**-'*. 


f (10 ^ 

J sin" 0 



sin0 

n - 2 
+- 

(« 

- i)cos”-'0 

n - I 


- cosO 

fj - 2 
-1--- 

in 

- i) sin'*"’ 0 

n - 1 
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(7) 


(8) 


It may l.o horo otsorvcd_tba^smco sm^^ + cos’B = -o 

lavo iramcdiatoly 

./t r ,^/i , V 

(9) 


f <10 

f 1 n - 

J 8ln'"0 cos"y 

Jsin'"‘"0cos"y J 


f (lO _ 

) sin"‘0 cos"'^ ’ 


Tid a similar process is applicable to too ihli 
:U 8 method is often useful in elementary cases. 

Examples. - 

fsinfff/fl 
8 in0co^0 ) 


d$ 


COS^fl 

®m 6 rf 0 ^ f 


+ f — = —^ + log tAO ^■ 

^ J sin cos 6 * 


de 


) “ S cos*® ■*■ ) Sinfleos^®* 

„d U accortlingly immediatay integrated by the last. A 

A 


i- 


0 • 




3 


.♦vqV do 
'• Jain*®’ 


4- 


d$ 


f a. J_ 

)bin’®coB^® •- 


I _ cos® ^ ^logtuu-. 

*’ C03® 2 sill'® * * 


!• SwiSy “'S-f 

Thus, for example, we have 

„6in«-’0 » . 

' ■^08^ COS"*‘0 




d /Bin*"0 


</0 \cos"0 

id, consequently, 


1 


sin^^’B . _ I _!!! [ Bfl 

|,is result is easily identiBed witlr formula {A). 


clO 


« 1 
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Integration hy Successive Reduction. 


Again, 

~ (sin^O cos''0) 


m cos"*’0 - n oob""‘0. 


If we eubstitulo forcos "*''0 its equivalent cob" ’0 (i —Bin* 0 j, 
we get 

(Bm’"0 co8’'0) = tn sin'"-’!? co8"-'fl - (m + n) oos”-’0; 

lienee wo get 

f8m'"*'0cos"-'0f/0 = - [8iu”-'0oos"‘‘0rf0, 

J m + n m + H J 

a result easily identified with (D). 

The other formulte of reduction can he readily obtained 
in like maimer. 

59. Integration of tan"fi(ffi and 

These integrals may bo regarded as cases of the preceding : 
tliey can, however, be arrived at in a simpler m anner, as 
follows: — 

Since tan’O “ BQC^f) - i, wo have 
I lan"0i/0 = I tun"’^0 (soe’O - i) dO = | tan''"'*0 (/(tun 0) 

ian '''^0 (IQ = ——~ - J tan "'*0 (/ 0 . (10) 


By aid of this formula we have, at once, 


I 


. ... tan''’'fi tan"'’0 

tnn"0 (19 - --+- 

»-i n -3 n ~ 5 



yt.y SI It — St T ij ILSV lUrM* in 111 10 OV^U Up 

(- iT'log (cos 6). 

( 2 .) If n - 2r, tlio two lost terms may be roprosontod 
by {- i)^*‘ (tan 0-0). 


Triijonometrival TranH/ormutions. 


In a similar manner wo liavo 


_d 0 

tan' 


) fscc’0</o [JL. _^-7,7. 

Fe = 1 " J tau--'0 -{«-■) tan ^ 

— I . !— — rT' —■ * . .»> _, 


e- (•) 


<k-' 


•ft 


Examples. 


i-'i ■ 


j. j lan^drf®. (*'l 


J,„. - ia„ a 7 a. 


- 1 


tan’ 9 ‘ 


(ft) 


_ _J_logCein 0 ). 

•» aUm^O 


- « , _L-'+iog(6iiie)- 

»’ 4 tasx'O i tftD-0 


, t^. (..IV* 

) tan*6 


( cot*0rffl. 0 ^* 


coi^d 


4 cot 9 + 6- 


it-u-nl Xiaiisfoimatloiis.—Many 

6o. „ immediately reducible to one or 

mentary integrati^ of reduction by aid of the 

rthiTS tbel?»g ?o" example, if Tve 71 

transformations gwen rn Ar ' ^ 


transformations gr.eu.. 

assume = « tan 0, the expression ^ 

Bm’"0coB'-"-’0dO '''■' 

In like manner, the Bi.r tf^W . ,, 

forms the expression —, >■> o 

..a see 0, the expression 0 j,trausformsinto * 

*?r:Xmatrn'S^^^^ in otb.e^. <-> 

For exampLetto ^“-1 ' 

J ^^<^iin;^-d. = 4«Bin0cos0d^^ 

and the transformed integral is 

2"*> a" J sin’^Orf^ ^ 

a- <»“* "".d-iio. i. a.- a-“» au 
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Iniegrution by jS'MCcm/i'e Hcduction. 


Examples. 


f x^dx 

jfTT? 


Z»)i’ 


Ans 


' • 3 • , 3-%/ I - 

.- tin-'z - 

. t. 


2 . 4 


(3 + «*)• 


f“IT; fs ^/r 

^ ^-^ 

r dx X x^ 

)(fl* + x’ji’*' *' " x')i ~ 3V(rt^i)i 


-v/ 


I - J- v/ I - 


f 

J (a*‘{ xY 






1 (iJ - .r=)t (^ + ^) + 3«*8in-'J-. 

. 1 ^ lb * % -t ^ < r- i e»> ^ ^ 

The iniorrmU coiisiflero.l in this Article admit also of' 

a^ro__diroet treatment. TVo shall commence with the 
loUo^Mng:— 

6 i t »s,.si.. „l.i..|. U lm,„c,liau-ly l,.»c. 

Kr»l»le. (// h rjr^y 

Wo Imv,. so..,,. i„ Alt. .|8, (liat (lio iirnposod oxiu-os.^ion is 
uili‘^M-aMu inimcdialely when m is an odd positive integer. 

q 11 . A^n"' if wo assume a v cx^ 

o.x,ir,.: ..i.,iou is >- 

- Ir - .) ’ dz 


*1 • . S 


^ c» 


a.-tK‘s 


»• M I 




C >0,/.., »v. 1 


This is iniraodiatoly integral,lo whon^n - m- , irevon 
ai ,1 positive, i.e wlion m is oitlior an err,, neffatire integer 
Of an even positive infrgrr, b^ss than n - i. ^ ' 




or exn!n].]r. --^ becomes - ^-- ~ 

(« -I rj-*)- !LI 


, and 







Binomial Diffcrcntiah. 
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Example?. 


f ‘‘J IT" c(a+«^)l' 

),^.U9 f xVr = ~'r- 

3 . j^.-J... ,.... 

( dx . . ^.fe.- V.‘ T-- ^ 

4 - \ ' -• ‘ ^ 

Tl.e difterentials considered •"“ “ 

-Egressions of the form 

aTja + hy'Yil^y 

In i.~ 

/s "_L'V 

(,). Let nr 6x" = s; tl,™ r = (^ j . 


-, I ) , . 

— vT" li c(a+«^)i 




and 


dx =■ 


I /2 - a\«"‘ 


«& 


rfs; 


m * I 


(5 ' ff) 

hence »^(« + 

, "‘ •* ' is ft owth'ic inleijci-, flm 

Consequently, rvl.cnover „ L- 

r d expression is immedifttely mtogrftble after 

";;j» if .Wa.«a 
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Integration by Successxre Reduction. 


(2). Again, if we substitute - for a;, the differential 

becomes _ 

_ + hydy. 


This is immediately integrable, as in the preceding 
ease, whenever is a positive integer; i. e. when 


n 


m + I 

n 


+ jj is a negative integer. In this latter case the inte¬ 


gration is effected by the substitution of s for ax''* + b. 


ExAurLss. 


I. 


f j®rfz 

) (iT?)i* 


Am . 


j (I +*>)«(*•-*) 


'» 3- 


j* dx S 

) ?(r+“T‘yr" 


-I 4 


( -. 
J xUl t x>)* 


*' (I + X»)*’ 
(I + X*)» 

X 

2 X^ 


Wlicn neither of the ]>roceding processes is applicable, the 
ONj'ivssion, ify/be a fnietional index, is, in general, iiieupublo 
of integration in a tinile number of terms. Before proceed¬ 
ing with tliis investigation we shall dis(ai&.s a few simi)lo 
fyiuia of intogratiuu by rodiictiun, i nvolving iransconclonta l 
functions. 


63. Rcdnctlon of 


where n is an integer. 

Integrating by parts, we have 


I x" dx, 


\ • i 


y' itx = 


__fWir 

tn m J 


e'"* dx. 


a 


(13) 


By successive applications of tliis formula the integral 

. .. ^ J - f M. V I * ( 


is made to depend on 


t'"-* dx, i. e. on 





Reduction of / {Jog x)" rir. 
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1 ^ 

K.B. Cf.i*vCO “ 


0 .:) 


.^■'' 9 '' -■„ and integrating by 

Assuming m * ^ _ i)x""' 

parts, "we have 

fr<”'rf;r -0”' (.4) 

" (n - i)x"-^ »* - 

By means of this the integral is reduced to depend on 

1 e’^*dx 


V 

Tho value of this integral Xr' ’"'- 

sst “ irz. »" 


k * .' 


. 111 lIlO 

i^tetrieT-for, »7an<iing'r- and integrating each term 

EGparately, we have 

fe^dir , ^ ^ _!?!!£_ +&c. (iS) 

j-^ =log* + T 1.2* I . 2 - 3’ 

'^to'tSce h?thf suUtitj^ 

SrX a fm in (.3) and (.4), we obtarn the torn.ulre 
of reduotion for 

ja*’x”(£r andj^rfx. 

In like manner we have immediately , r-"'-; -T 

64 Rcducllouof |*”(log*)”*.fi.- ..,3 

Let y - log 2., and the integral redueesto that diseuese 
“ rodnetion is 

(17) 


XliO XV***^^*” 

, (log x)- f ^ flop 3.)-i dx. 

f (log x^dx = —^77", m + I J 
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Integration by Sncces^ve deduction 


Ezauplss. 


I. \x^t"dx. 


3 3 • * 

Ans. — x> _ 2 x» + i—- x 
a \ a 


J. 


f 


3.2.1 


rt- 


r#*d!r 


*• I * * * ) * te*dx 

•> - 3 li 5 +i 7 . + «! + iTTTT]“r 


65. Rc«l«otioM of |j^C 03 ff.rrte. 

A\ Tr f , Ilf „ , . , 

I foro .r” 00s axtlr - -j”*' Pin ardr ; 

J a nj 


ngain 


f , . , y-’C 08 / 7 X M - I r „ , , 

y’-' sm ax (lx --+ - x"‘* C08 ax dx, 

j a a J 


hencG 


f . + «cosax) »(»—0f„, , 

,<•" cos r/J*(/r= , “ - --^^ .r"-*C0SffX(/x. 

/»* a* J 

Tlio formula of reduction for x" siu axdx can bo obtained 
in liko miinnor. 

A"ain, if wo substituto y for pin^'r, tbo integral 


transform.s into 


/ (sin'‘.r)'’t/jf 30 

/i/^cos.yjfy, 


and arcfu'dingly its valuo can bo found by the preceding 
formula. 


ExAMrr.Ks. 


. sin * +3*’ 


cos X - 3 . 2 . X sm X - 3.2 . i . ens X. 


J x' si 


sm xdx. 


Ant. - x* coax + 4X* sin * + 4.3.x- 


cos I - 4 . 3 . 2 . X sm X - 4.3 . 2 . I. cos X 


Reduction of\ si« 

66. neducUoii of fe" cos”xf£r. 
Integrating by parts, wo get 


”*j* sin nxdx. 
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1 c"* oos’'xrfa; = —-— aj ^ 


COS”"’^ sin xr/x. 


Again, 


I 


cos""‘x einx^fe 


1 • 


oos"~^x sinX _ - (n - 0 cos"-’xsmVl//x 

“ rt flJ 


**«*cos”‘'xsinx (» - 


a 




Rubstituting, and solving for Jf"‘ c 03 ’’J-dr, wo got 

gaz cos""'x (rt cos X + n sinj*) 


I 


C®* C03"Xf/x = 


a’ + n’ 

+ JlilfgM C03"'^X(/X. 

rt* + J 


^i8) 


Tlio form of reduction for r-'sin»x</x can l,o obtained in 
like manner. , , \ 

67 . Rc.I«.-aon«r -1 

I gating by varts, wo get t- 

- C 09 ’"a; cos ^ [ cos’"’’^ cos nx sin xdx : 

cos’"x sin nxdx = - „ J 

replacing cos «:r sin * by sin nx cos . - 

or two simple transformations wo get (.- t 


co8”* x COS nx 
m + n 


I cos^xsin nxdx = - 

^ f cos*"-* X sin (rt - I) 
m + nJ 


( 19 ) 
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Inf€grctioii by Succcisive Jteduciion. 


Examples. 


• 1 




^Ar gJJI X \ 


1 . I coa’jf rin 4 r<fct. ii — • 

4,1 s. - U« ♦ i.J'"* 


co9’xco9 4 JJ cofl »♦ ooa 3 J coa 

- 24 


la 


3 


1 r* c 


oa^xdx. 


„ -—{co8*x - #ini» + a) 

s 






68 . Ocductlon by Dld'creutlatlou. —We sliall now 
ix'turn to the discussion of the integrals already considered in 
Arts. 6o and 6i ; and commence with the reduction of the 

expression formula) of re¬ 

duction of the same type, is best investigated by the aid of a 

pjvivi Qiifl 4 U ll'eie ntiation. 

Thus wo have 


dx { ) 


= {in - {a + ftr *)4 + 


CJf* 


{a + cj:*)* 


(m - I) jf*'' {a + t\c^ ) + cjf* 

(fl + 

(») - i) flj-"*'* tncjf* 


(n + cj^)i {a + cx*)i* 

lionco, transposing and integrating, we obtain 
x^Ulx (m - Ot/f 


• dx 
(a + 


me 


me 


X"- 


or’)** 


( 20 ) 


^ By this formula the integral ia reduced to one or more 
■ dimensiena; and by repetition of the same process the ex- 
jiression (am bo always integrated when m is a positive 
integer , i-a, ' 

b'' The formula (20I evidently holds whether be positive 


af^dx 


f af'dx 
Reduction o/J 
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or nefiativ^ accordingly, if we change m into - (.» - we ^ _ 
obtaii"ntOT transposing and dividing, • • 

(a + cj *)4 (m-2)cr dx 



ca:*)S“ ('« 

More generally, we have 


- 2 ) cf __ <1 


+ cx‘)^ 


;ri- (2') 




c/a: 
Honoe 


(« + cxT-‘ ((m- 


r , a:"*' (« + cx*)" 

jx- (fl + cxT~^dx = ^ 2„ Sn'e 

_ 0 »- 0^- + exy^dx. (22) 

““ (m + 2 h - i)ej 

“n „ 1. ft. 

x”' </.« 


70. Rctliicllo'* of I , ^ 

m and » being both positive. 


Here 


» 

« 


x*" dx 


(a + ca:*) 


5 ^ " 




xt/a; 


(rt + cx’)"* 


f x</x 

Let x*”-^ =• «, and J ^ 


V, 


- I 


or ^ 2(rt- 1)0(0+ 

and wo got 


n*i 




-I 


r -T'^ + 


m - 1 f ^ 

(rt i)oj(o i- 


x*"*rfx 




(23) 



g2 Intigvfitioii hy Suca^snivc Riductiou* 

Bv supcossivo applications of this form the hite^al admits 
of heinj? reduced to another of a simpler shape. \Ve are not 
able, however, to find the cmnpletc? latoglflLhv this formula, 

unless when n is either an integer, or is of the form where 
r is an integer. 

r (h 

7 ,. «e.I...-«on of J ^ --iyj. 

By dilV' T' iitiatioij, wo have 

ilx 


- 1.,’“ Ha ■\ 2fu- 4 c,r)'-\ - {at - !).r"* ' (u + 2f>x + rr’)i 

{(/( - +J 2 »i - i) I mc B" 

(a + 2 bx- + c.i^) i 




{u-r2bx i- rx*)i 


hence 


f x^‘-^(a-i 2/ >r-f e.r ^)^ 

j (a (- 2b.r 4 ffic 


( 2 >a- l)bC x^'-H/.r 


(hi - \)a 




1 l^fi -i ZfKV t CA ')*^ 


}nc 


• (ir 


{^1 4 2 hx CX^j^ 




This furnislies the fortmila of rediicticju for tliis ease: hy 
sueec'^^ivo applications of it the integral depends ultimately 
(111 those of 


xibr 


and 


dx 


{<1 i 2b.f i (a i 2b.c-\ cx')^' 


Thes“ have hecii d‘-lerniln''d already in Arts. 9 and 12. 
A Uiiiii, the intt'gral of 


x*" {a + 2bx -i cx')^ 


tie oil i.i iliii'' f<>rm hv itijihincf a* = —, if 

1 O % O ^ 

72. The more ;;eiieral iii(e;;;ral 

f _ 

j {a -1 2fix H e.f')" 


-: can ho reduced to 


aUiiiHs ot' being freuteil In lllio iiiaiiiicr« 





f jf*dx 
(« + 2 bx + acr' 
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For a a + 2 bx + ca^ he represented by T, we have, by 
differentiation, 


d {»» - 0 ^“* _ 2 (h - 

^\T^V 2’«-x r» 

(m - I) (« + 2bx + cx'^) -2(h- t — 

m — ^ 


4 ««^ 

nii/j 


^- Y,. - •*- T" 2 "‘ 


Hence, we got the formula of reduction 


:^'dx 

J 2 '" 




-I 


( 2 »-»»-i)c 2 ”‘-' ( 2 » 


-m-!)<.•] i'" 


( 25 ) 

(2 « - W* - I) C J 1 


By aid of tins, tbo integral of —j,,, , when m is a positno 

xilx « A • 

integer, is made to depend on those ofj^and j;. Again, 
it is easUy seen that tho integral of is re;Wtothatoi 


dx 


2 'H 


, for 


(xdi i({b-\cx)d£ h[d^ 

J = cjr» 


- 1 




2(„. ikT'"* ejr" 
[6 


(26) 
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lutigration by Successive Reduction. 


73. RcducUou of 


f dx 

J (a + 2bx + 


cj^Y' 


In order to reduce 


d (h-^ ex'' 
d^\T^> 


r dx 


we have 


Uouco 


c 

2«(/» + ur)* «. 


ynn ' T’ 

C 

2 n{ac-b*) 2 nc 


'£n*t £•* 

dx 

h cx 

- —— 4* 

2^|M 

2 n{ac - 6’) T" 


T —“ 


T 


ri«l 


7'fi 


(in - i)c ( dx 


i)c I dx 

J T^' 


(27} 


dx 




By aid of this formula of reduction the integral of can 
ho found wlicuov er it is an iutoger, or when it is of the form 


- (r heiug au iuteger). 

2 

f dx ^ 

J (a + 6 cos x)" *o» ti*’ 

wliou H is a positivo integer. 

Lft a -t- h cos X, then - - = - 6 sin x, cos x 

dx 

Again, 1^' dilferenliation,^ 

d ^siiW| _ eos.r (n - i )h 6in*g 




COSX {u- l)b (» - 1)6 cos’® 
" ■* iri> ifT, 


ir-a 


suhstituto —5— for cos x in tho numerators of these fractions, 

o 

and wo got 

(/ jsiux| 1 a {n — i)b u-i 2(n— i)fl 

_ >i avv tK ^ » a w w _ ^ m 




U" 


hU"-' 


bU'-'- 


(n - i)id —{ 11 - 2 ) (2H - 3)a (»-i)(rt*-6*) 

627 " ^ Tlf^^ 6 ^^^ 


--.. A—r—rr\f ^ 

::r)* - e) ^-i-, 

^ i*- r (fo ' Rfi 

-^[y- <. J 

Hence, traneposing and ^ ^ ,^^- 

f^J iT” “ - '-’)^"■‘ (" - '^("' -^’>J ^"■' 

/ , . e-ilA*- ^ 

:“-rjU“r iL. (^8) 

"‘'' By thiTlrmula the proposcd| integral ean be reduce,1 to 
depend on ! 


C* A c«9f/ 


f.-^ 


b coS X* 


the l^tegraW^^^ If ^ 

//be found a ^mL om^Pn , wbeuever ^ ib greats 

than-^ *19 follows t— 


dx 


(fl + 6 cos x)^ + jj cos* ^+{a-b) sin 




I + tan* 


(a cos’ ^ 


+ //sin* - 


^ tan* ^ 


(where ^ = a + ^ ^ 


y^‘ 

' - ^ <j» H ^ i 




Next, assume tnn - - 


tant^i, then ly 


(, .tan’f)dr=2^(-+tanV)''« = 


Z» ^ 












■ f—^-- 

'-i~){ ^.t,-. j .jTirzrf 


Integration hy Successive RedttcHon, 


and we get 


I + tun’ - j (ir 


- 2 


\»-* 

I +^tanVj rf 0 


2(Poo9^tj, + yi pin’</»)"''r/^ 

^ (Jii/j'M • 

Honco, rcplaoing A and R hy a + l> and — i, we get 

f dx r (^ “ icos 2tl>)’*~^d<p 

(rt+^COSJ-)" (rt’ - 6’)"^ ' ' 


- _ g positive i.,..^. .,_^__ 

hand side can bo found by expanding {a - b cos 2^)"'*, and 
integrating each term separately by fonnula (^). ^ (.*«. 

Again, if in (29) we make b = «cosa, and 2<p - y, wo 
obtain 

ft - Vk ^ • A 1 [ (1 - 008 a cos (lo) 

(i 4 cos a COS Bin’""‘aJ ' ' 

where tan - «= tan - tan —. 

2^ 2 2 

Hence, if we toko o and — os limits for we have 


(29) 


liiT 


+ cos a 003 x) 


“6Tu^aJ!<‘ 


76. liitcgratlou or- / (j*) d.r 

#tt. i.'.n* 0 (‘^)v^2ij* + cj"* 

We shall conclude this Chapter with the dieoussion of the 
above form, whore/(r) and ^(.r) are suppr.sed rational alge¬ 
braic fimotions of x. 

If /\.r) be of liighor diraeneions than the fraotion 

nuiy bo written in the fom 
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00 


/{x)dx 

Integration of 

Again, since Q is of tlie iormp + jx + rf + &c., the into- X 

gration of - 7 =™=, ''' 

^ y a + ibx + cx^ 

•Ajt- 71- , , f w 

The fraction can be deconniosed by the method of It 

liavtial fractions (i^lmp. H-)- To any root winch is not a (• 

multiple root, corresponds a term of the form ^ 

con-espondiiig term in the oMnossioii under di.cussiou is 

A dx 

Xt to fmnltiSrroUoSond’'^ f-™ ' 

Bdx 

{x-aY^/a^zbx + cx^ 

This is reducible to the form of Art. 7> 

, . ^ Again, to a pair of imaginary roots corresponds 

an expression of the form 

{Ix + m) dx 

If . be substituted for x - the transformed expression 
may be written 

+ _^ 

(s’ 

— a=£tm^ «W 

indebted lo Cutm art 
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Integration by Successive Reduction. 


0 is a new variable, and y an arbitrary constant, and the 
transformed expression is 

(X /3 sin (0 + -y) + JITeoa (0 + 7)|rf0 _. 


' py/j ros’(0 + 7) + cos(0 -f 7) sin(0 f 7) + C'p* Fin’(0 + 7) 

Again, tlio oxjiression under the square root is ‘easily 
traust'orinod into 

11 ^ + C{y + {A - Op’) cos 2 (0 + 7) + 2/?/3 sii^ 2 (0 + 7) j 
= + Op’ + cos 20 {{A - Op’) cos 27 + 2Bft 81^27) 


+ sin 20 { 2 J 5 p COB 27 - - Op’) Bin . 

^ a 


hforeover, since 7 is perfect!}^ arbitrary, it may bo assumed 
so as to satisfy the equation ' 


2^p cos 2y - {A - 0 / 3 ’) sin 27 = o, or tan 27 = 


2i?P 


- 4 - Op* 




y and consequently the proposed expression is reducible to the 
form 

(V cos 0 + M' sin 0 )d 0 
■s/P ^ Q cos 20 

(in wliioli 7 a', , 1 /', P, and Q are constants), or 
_ h‘tl (sin 0) (cos 0) 

yv I 2Qco8’y’ 

each of which is immediately intograble. 


Examples, 


89 


Examples. 


f,,*. A** 

1 . 


f CO8*0 Bin iSdS. Jni. - - cos»0. 


A^.VI = 4 .M..-WA* 


ic.>i r ^ • 

2, j 9in"fl cos*® rffl* 


sin*® sin*® 


3 * 


5 si 


_, , I . ) 

^ J 1 2® + - C<^s* i®} • 

8m»0 cos«0rf0. M - 6^ j‘'°® ■ 3 5 i 

^ ^ -- 


i 4 ^\* 




_ S 2 ^+co 39 +l 0 |j(lan-) 

J sin 0 v * 3 


5 - 

t , *• , • “• y ■ * . r" “ T il»' ^ * ■ I 


<f.nr 

- 6 . 


wv.*, */-“=^^*^'^‘-‘'^(a + ix")»-M(;»+ 0**"-**}. 


i-'y ri: 




.7. j x»--‘(« + **•)”«'»• .» „(p + 1)(|> + *)i’ 


a.*o 

8 . 


• I 


r" C 06 *xrfir. 


d ( 3 ( 6 lOX-CO 8 X) + CO8*x(3BinX-C0SX)j. 

10 ( 


<‘3 i»==^;;isS' 

H^,.^^~c.~: i-- 9 f—^ ;:rr 

Jolor^ino the ,.IUC3 of .9 .«d a ky ■li'''-"''"**™' - <..»•». ' 5^,, ^ 


A^-'^o f (** - 

"*t© 


fkU^ *<• 


r sin’flrf® *‘''”1 


12. Provo 


. - .»,^lf-^^^i^^transronn8int0 2->-»' [' 

that the integral J + coe®)" 


S si n*"^ 


whore 9 *= 


'«r* 


ft, ^^^^^jExamples. 

q u^.^ r..t..u p.ifT ~ V'-*' 

M - «x. ^ » i*- . L /_ •. ^ I*. 


■V - ^ U*-- t ?^ - . 4 -« 

Tv 


A^.**** f rfr - :^ i-i*'+i 

.T;« J (<* + * <»9 *)•’ /^ ^ - T^ / ^ '‘^) 


f» 

•r »>'(Mi 


. -bixnx as ^ i(/<»-^\*. *) 

(a^ - b*){a + b cos z) f^'j _ ^t J ( \rt + 4 / a) 


i. f ^ ^fs. 

‘-‘t'»»»,«. '<¥ 

’■f coa fl '/d 

) (S • 4 «:f'ad)’ 


«■ IV % 


fi.it 


An$^ 


5 ._J"!l^_lt.n'(^). 

9 544 cos 0 17 \ 3 / 


l^-r.uv 


■ f 

5. I (fun'**)* dx = X {(ain-'i)* -4.3. (sin-’x)* + 4.3.1.!) 

+ 4v^I - X* 8in‘'x {(bui'**)* —3.2). 

ii_i .Va • f t. e /{t08x)rfx 

10. Trove by Art. 74, that any expression of Ibo form -r ^—:—■—la 

(o + 6 cosx)" 

capable of being integrated when /(cos x) consists of integral powers of coa x. 
(7» ShoW| in like niunncr, ibat tbo expression cf ^ t> 

/(co6x, sin z)Jx 
(a & cos z)^ 


can bo integrated when /(cosx sin x) consists only of integral powers of cos x 
im<l sin X. 


.0 It f + -Bz ^ Cx*)<ix _ , 

” ) ( TTfli ) (a Virr «>)“-^+ “’‘■8 (“ + ** + “'■>■ 


J o + 4x + 


ex' 


till'] tlio valuo.'i of P, (?, and It. 

ef0 


iq, 


I 


{a co'i’O I A a 
C->T U1 

wliero tan •p — I inn 0 . 

f| tA.tl 

JO. Find tho valiM-s of n for which 
terms. 

Vrt.tJU;. 

j I. L rove that 


_ 4 b)<p _ (<* - 4) sin 

dii-a)*' T(«4)* * 

‘(Up/. Krfer? ^ 4 ? rTTjz) 


f ^ 

I • __ — ifl integral'lo in finite 

J V - •r^*' 


)o (.‘V ■ . n..Hxj-. - (I (' - 40Sa C0sy}-Uy. 
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cnAPTEU IV. 


INTKnUATION liv RA l U.NAl.l/VTION. 


can 
n 


iNi ‘ ••" 

Intcgralio.. of 

jion contaia fractional a^'^nmiu" x = ^vlioro n 

evidently bo rendered rational by “ °.niua4tril-fte 

l3 the least common ans the integration ot 

several fractional powers. ^ ^ rational functions, 

such expressions is reduced to that ot latiou 

For example, to find 


! 


(i + 
j I + 

Let X = s', and the transformed expression is 

rs>(i + z)dz 


I +z 


Consequently the value of the integral is 

4^! + 2X1 - 4 sd + 4 tan-(x*) - 2 log (i + ^)- 

Th? : “5 itSafer, Snav u. 

y the substitution of s for o + bx. 


|« 




J 


x^dx 


Examples. 
is/* - 


*y X ~ ^ 

J xdr 
(a 1 bi)^ 


2v/g-> r ^ ^ Cxi + i?x + 16 ]. 
Ans. —-—;; LS* 

5 • / 


* { 2 a + bx) 


J dx 
ZJfy/x- 


fl 


log {x + \/* - >) ^ 
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Integration hy Rationalitation, 


78 . Rallonall*atIon of F{Xy ^/a + 2 hx + <^)dx. It 
has been observed (Art. 28) that the integration, in a finite 
form of irrational expressions containing powers of a? beyond 
the second, is in general impossible without introducing new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic fun ction containing 

a single radical of the form a ^ + ca?*, whore a, ft, c are 

any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Reduction (Art. 76). Wo shall discuss them here 
by tho method of rationalization. 


The expression* 


/(■r) ^ 

0 {^) 


can be made ra- 


tion a l in several w ays, which we propose to consider in 
order:— 


(i). Assume -Za + 2hx + = * - or (0 

Then a + ibz = s* - 2xz Z^ \ = 2^* - Z^o {xd% + 

or , c^(ft + s ./c) = rf2(s - a'-s/c) = rfz ^a+ zftar + cr*; 



dx 


d% 


+ 2lx + ex* ft + a 


X » 


s - a 


2 (ft + Z Z^ 


(2) 

(3) 


This .substitution obviously renders the proposed ex¬ 
pression rational; and its integration is reducible to that of 
tlio class considered in Chapter II. 


• It will bo 8ho\>Ti Bubsoqucntlj th»t the intomtion of all oxprcftsiona of 
{ho form 

Za + + ex*)d* 

IB P.-auciUo to thut of tho flhovo whon Fim rational algobraic function. 

It may iilso be obserrod that, in goneral, the most cipeditioua method of In. 
tt^^raiion iti practice u that of ^uocodbive Ro^ucBoq^^ST 
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Rationalization of F(x^ >/azhx ^ C 3 ^) dx. 

■When 6 = o, we get 


T**t:*.^*-»** 


dx 


(iz 


and X = 


e’ - ff 


(see Art. 9)- 


By aid of the preceding euhstitutiou the expression 

^ -- A. ^ ^ 

dx 


transforms into 


(x -i>v 7 « + 

dz 


- (Art. 13) 


- ~ • 

»* - 2zp v^c - fl - 2l>h 

dr 


For example , to find \ ^ qx) ^ \ + x’* 

«* - 1 -- ; 

Here , and ^^ 2;.= - ? 



qz + ;^ + •/■* 'Z 

men the 000 ^^^- 

introduces imagi nary. ^ 
in which they are ayw^. 


(2). Assume* ^TiTTh^TT? = 

Squaring both sides, we got immediately 

2h + cx = 2Z \/a + a-s’: 

a.(c - s’) = «) = /a-nisTsr 

dx ^ _ 2 dz ^ 

'a + 2hx + cx* c-z* 


( 4 ) 


Hence 


(5) 


. Thi. i. rci^ .iib^sccdiHS, tr changing * into . asd tl.on on.- 
ploying tbo fonnor triuufonnaUoD. 
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Integration hy Rationalization^ 


And 


X ~ 


2 {z\/a - b) 


c ~ s 


( 6 ) 


Tins eubstitiition also evidontlj rendera the proposed 

oxin'ossiou rational, provided a he positive. 

For examnlo. to find li'*- a**.. ( ^ ■•lju. 

“ \ J U ^ 






dx 


x*y I - »* 


Assuiiiu I - a:* = I - xZy and we get 

J;yT^ = = log. = log 


= 0 


(3). Again, wlioii (bo roots of « + ihx + oc’ are real, there 
is nnotlicr method of transformation. 

l(‘t a and /3 ho Iho roots, and the radical hecomes 
of the form 

_5f*'*ll*_ M 

\/<’(j- - a)(.f - or yc(x ~ a )(/3 - J-), 

O' f'f.irding as (bo coeOieient of is ]*ositiYo or negative. 

Ill tliu former case, nssnmo ^/.f - a = z - /3. and wo 
get ) 


« - - 0 ffj. 

,r =-- hence x - B ^ - 

* - = ^ 1 - z’' a- - 


2zdz 


ji 1-3 


3 * 


Accordingly 

__ dx 2 dz 

\/c{x-u){x~li) -v/ci-s’* 


( 7 ) 


In tho latter ease, lot y^a- - « ^ 2 yZ /j _ and we get 


and 


« + Bz' 

X --i—. 

1 + » 

d.r 


dz 


y c{x-u)[ii-x) yc 1 


+ s’ 


( 8 ) 
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Rationalization of F{-r, v^a + zOx + cx^)dj: 


For oxamplo, the iutegral c(. ts* 


transforms into 


1 

I 


(Ir 


(;> + <?•'•) 


2(lz 




on making -r = — 


s* - I 


Z* + I 


The student can compare tliis method of integrating the 
preceding examido witli that of Art. 13, and he will lind no 

difficulty in identifying the results. , tlm fore- n c 

It maybe observed that in the application of the lore 
going methods it is advisable that the student should 
case select whichever method the introduction of 

already observed, the first should bo em¬ 
ployed only when e is Positive: in like in.anncT, the sccom^ 
requires a to be positive; and the thud, th.it the 

nia easily seen that when a and c are botb^icgaliye, the 
roots must ho real; for tho oxx>ressiou 


\ 


is imaginary for all real values of ir unless V - ac is positive; 

reeordi 5 lyTtho"lhh^^ is always ajiidiea ble w hen j 

‘’““CmYhVSMeding investigation it follows that thee, 
expression 

F{oey ^/a+2hx^c^) dx 

can be always rationali sed; F deno ting a rational algebraic 
function of x and oi ^/a + zhx-^ cx\ 
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ZntegralioH by Ratwiialimtion. 


Exauples. 


■Jl-n - ? 

r dx 

J (2 + 3 x)v /4 




——M—- rAta. yz log - — ,-• 

_ 19 -^)^ 6 ,\/X \/ 4 +*^ + V*“* 


( r » >> L 

)[(a^ + ^»)* +2r]l''J 2^% 

Aeaumo z = (a^ + z*;k 4 z, and we get for tho value of Ibo proposed integral 






t ♦»< 


mS'I 


2 .^ f Xi^-— / ^ 1 

IfV'-- 3 S.V ^ 

"* * Vk^*" ■ A»i « *_!. 

f. /-2I» 4 xv/rr^’-a 

3. ‘/.r •/*• + ■✓ 2+ »*.. 2ns.~ -/- 'y^= ' 


—- - : 

3 V» + ^2 + *’ 


j X"' ({a* + x’)t 4 x}"<fx. 


2 ♦ 


Malang ibu same a^dumption as in Kx. 2, tho ttandformoil expression is 

(c' -* a*)*" (^5 ^ gij fji 
.rn-n*? ^ 

^Yllicb U immciliatoly integraUc when m is a integer. 

f_ [(■ -I [(» 4 2-»)t 1- x]-»-> 

^T'S _ J {(i-H-)‘-xl-■ 2(»i+i) a(f»-i) 


- -ri (_!!£_ 10-■ + 

-Tji;j {(i-ix5)i-x|-2(»i + I) 

* la’ 

*•* )* f^ J (i + x’jU * k>!Jc H ' * 


( „ . . _ _ 

.* \/ <1 4 2/'X + Cl'^ (\/ (t + ibx 


4 - fJ* * t T 


v/?)- 


Lei v^a + lix j ex* + x \/« = r, then, as in Art. 78, we get 

dx dz 

v/4 2bx 4- rx* A ^ 5 \/c 

heaco the proposed oxpreasiuD Iransforoa into 


If ^ 

-__ ; ... 4 c. 

£'*(A + Sy/ e) 


r ^ 


Qawal Lavadifidion. 


\)1 


7Q. Goiicrnl iMVcstisatioii.— Tlio following more 
general iuvestigiition may bo worthy of tlte notice of the 

student. . . 1 , .^3. 

Let li deiioto the quadratic jixpressiun a + zbx ^ tx , 

then, since the even powers of U me* rational, and tho odd 

contain -/li as a factor. an^r^aitiquoLi^^ l uncUm i-oJ £ 

and of \/li can evidently bo reduced to the form 

^^yii 

where P Q, P', rational algchraio functions of x. 

On multiplying the numerator and denominator of this 

fraction by the complementary sui-d P' - Q' vPy deno¬ 
minator becomes rational, and tho resulting expression iua> 

bo written in the form _ 

d/+iVv/P, 

whore Jl/ and iV” are rational functions. n i ? 

Tlio iutogrutlou of JW.r is olfoeted by the metliodb 
Chapter II. _ 

\NyiUU = \^’ 

which ifl of tho form 


Also 


I 


{x) -/a + 2hx + cx 


(0 tl 

:o 


A 


X y r r 

f(x)dx (<■' '»*' * * 

. AeA »C- O 


and S 


Let, as hef’e^’ + 2 

substitute 

A i’ZuZ’rP** 


.Au' -ox'-t-gQ*- 


aM'»r-'Kv-iA ' - 

aTTIm's + vV. 


\ *r, ^hfi ouadratio factors under this radical ho made 

rational. 
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Integration hij Raiiomlization. 

The Bimplest method of fulfilling these conditions is by 
reducing one factor to a constant, and the other to the term 
containing 2®. 

Accordingly, lot 

X - aX' = o, ^ — <ijL^= o, - / 3 /i^ = 0, V — / 3 i'' = o ; 
or ^ = o, // = o, X = «X^, V = / 3 v. 


On mating these substitutions the e^cpression (9) becomes 

(,i - „) = s/r 7 ^'_ 

y 1 X ^ V 2 


In order that •</'- rX'i-'should bo real , X'and v' must have 
opposite signs wh^n c is positive, and tlio same sign when r 
is negative. 

It is also easily seen tliat witliout loss* of generality wo 
may assume X' - i, and i'' = ± i. 

« ~ He’ 

llonco, when c is positive, wo get x --and when 

1 ~ c 


a / 32 ’ 

c is negative, x =- 

\ z 

Those agree with the tliird transformation in the preced¬ 
ing Article. 

XLoro generally, when the factors in (9) are each squares, 
wo must havo 


(/u — afly - (X — aX')(i» — ai'^) = O, 
or - XiM (Xi'^ + i»X' - — XV^) a* = O, 

and a similar equation with /5 instead of «. 

Moreover, by hypotliesis, a satisfies tho equation 

a + zha + ra* = o. 


vz^ 

• i‘ur iLc 8ub$litutioii of fur trar.firorms 

A 

oA' t tiy . a 

*hIo — ; ; &c, 

A 1 V c- I -4 y* 


1 
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ratisfied if we asBumo the constants 
X, /i, &o., so as to satisfy the equations 

^^-\v = a, X'v + \v-2fifi=2b, = (ii) 

Again, solving for s from the equation 

X{X + 2 fJ.'z + vV) = X + 2 /iS + (‘2) 

wo obtain ___ 

(. - ^ - V = ^ + Oi'^ - XV'J 

= f 2f>X f 

Also, by differentiation, we get from (12), 

{X + 2 ,/z + 2 |,i + .*£ -x(// ^ 

= 2 \/« + 2I1J: I <i ‘; 

tlx _5^3__ (,.,) 

■'■ y^vzhx t-c? A' + 2/“= 

X, 

"'%o proceed to ooueider U^simElesLfiases for reel trans- 

formations. _ -„,i 

(,). Let rbVpositivo, and we may assume ami 

^=0; this gives 

^ = yS, \v “ 2h, Xv °-c. 

Again, without loss of generality, wo may assume 
which gives 

(E> 2izya - 0) 

X = - 26, y = gj whence x = — 


d® 


dx ^ 2dz 

a + 2 hx + - s* 

r(i) 


These agree with the results in (5) and (6). 

[7 aj 


jQy hy llaixoiKihzntxon. 

(2). In HUo mnnncr, if c_bo x^ositive wo may assume 




which gives 


o, ^ = o, and v = i> 


= y~c, A = - ff, and X = 2h\ 

(/.r 


z- - <1 


<h 


» • 


r - 


: -and . —- * "— » 

2 {h 4 2^/c) + 2bx + ta- 6 4 c^/c 


"lUnaTbo^oLei'vod that since these r.'sultsdo not contain 
tho roots‘« and |3, they hold whether these roots be ro^d or 

imaginary; as already shown in Art. 78. ^ 

O) It is easily seen that if we make ji^ o, and we 

m l the third transformation. 

So. If the o:ii'r*'.s.sion to b*^ infegvaled ho of the form 


wliiTo /■(./•) is a ahjihruic fuiiolion of .r, it is often 

iii.U'- c i.iivi'i ut'nl to proceed as follows: 

Thu bubslitutiuu of c - - for a* traiisfoinis tho proposed 

c 




into 


<• 




+1 




where li¬ 


ne - 6 * 


If tho oven and o dd powers b o separated in the expan¬ 
sion of / ^2 --j, it can iduinly bo written in the form 

<p{z-) + si/-(s'), 

and tho proposed int(‘gral becomes 

f ^ r z\b (s') dz 

J ^a' + rz^ J + os’ 

ti 

The former of these is rationalized (Art. 24) , by making 
a 1 ca' = yz, and tho latter by making -v /a ■+ ex'- - y. 


lUl 




Case of a Mccurriixj Biquadmiic under (he Itndm:! Sujn 
It may he observed Ibnt in general the expression 

is also made rational by Ibe transformation 

+ ex'- = X!/. 

81 Case of a Kccurri..« 

Riidic'il sicn.—As tbo solution of a recurnug cqualion o! 
tho fourth d^egree is immediately reducible to ^ 

/quadratic ^is natural^^iC^^^ 

%curiy;|4^,by, ‘Ije^con^spou 

stitution* ^ 

Writing tho expression in the term 


<ft{x)dx 


y/fl + 2 bx + cx^ + 2 b 2 f-^ ax* 


or 



(i) (ji »f 


and, as6uminga: + - = z,theradicalbecomosV^ac' + 26 sH c-:« 

and also 


Consequently, in order that the 
ohould bo of the required typo, it is obvious that^(.r) m . 

be reducible to the form 
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(m) 

rr*- ‘-'j 


In like manner, the expression 


transforms intu 


ya \ 2h£ + ex' -zhj^^ rtJ* 

/(a) f/- ^ assumption 


yaz* - ibz + 2a — e 

x-i = a. 

(»«) 'Wh'-n b o tlio expression can in some coses bo reduced 
by assuming eitlier 

X* f ^ or iT* - ^ =s a. 

x* a:’ 


fc* “ 

Examples.-*. 


[ t -) log 

•’ xv/l = x« i 


I + *• + v /1 4 X* 


J ;r\/l 1 r* 


2 . 


- 3 


-1 + y 1 4 X* 


y' 

f I - x’ rfx 
j 1 f X* 1 4 


>*♦* It 


t»*' 


. t . 1 •« A » -;—1 txy 

9 •> t 




- 4 « 


v/fTH- " v/^ 


1 4 X 


f I f x« rfx ~ ^ 4;:_i 

1 1 


4 X* 4 «V*^ , 
I -x» 


This And tlic i»ro< ^^c•re ^^ivcn liy Enli r /f/f., tom. 4): tbu 

<.>nnrxir>n, hnwoTor, <»f I • m* with tlio nK lliod of rconrring equations 

d<jc4 not Api»c ir to have hvKw ijuiutcd nut ]»y him 


>• 

Let 

- 6 . 


[ j>?>= 


1 


An$. 


y X* -t x» 4 i. 


AO. 


x= 4 ^ &C, 




(x’ - l).fx 


- _. f »> •>) <x 

-• ij(x* t /3-r I 0 J^K ■•i i 


y \^- 


i --. J . 


4 a. 


i . 


ox 4 1 


2 log 


v/x^ 4 ox + I + 1 /X* + iSi: 4 


. > 


f (i - x'j /x f ^ ^ • 1 / ^ \ 

1 (r » X*) v/i f + X* '• ■ ’ * Vi + »*/ 


Examples 
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„ 4 . -J- 

)l - + ^ ^ 


lOi- 


« ^ 


y,. f x‘ +_* V 


v/ 


I - i* 




( _,- .• “"'((Trx'ii)-*'* ^‘, 

= (i +x‘)‘6mff, &o-p ■ .-*•- • ' _ ^ 

, V . . (i- ' - 

n:>r ^L ———-• •■ ®*”‘‘- ') '' 

J ^-'- 


Aesume 


^(•«» f 




1 (1 + xiH- C‘ +*)* 


Assume • + ^ 

z^dx 


13 


• !(- 


X*){ 


+ ar S= r*. * : v-‘ 


I , ( 

Ant. —7: log 
4 V'a 


I + jc«)» + x\/* 

rrs ^ 4 v /2 


I 4 -. + 

tan --7=^* 

x\/ a 




Ans. 


X 

(1 - **)‘ 


f (1 +z*)‘* 

‘ 5 * )-|-?^ 


, f-V \ \ J. _!— tan-' -7== ■ 

log 1^^-;—;; ] yt + x 


A- 

16 


Ant 


dx 


f < ~ 2" 

1 ,+ax’ + _ 

, n75_tv!^±—--’ ^. »■ 

■ ■ - -1^ lrkO» '• 


hen c> f> 


Ant. 


I f rt* 


v/xlc^) " _ 

I . , when <1 > *. 

H - 7=7 ^'TT^ I 

y/j {a - <) 
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CilArXER V. 


M1S( KI.I.ANEOUS EXAMPLES OF INTlifiRATION. 


8 ^. liitesralioii of 


(A cos.r + Jl sin a* + C) dx 
a C03 X + b siu a? + cf 


Ijot a COST + h sill j- + c = f/, tlion - a sin a- + A cost ^ 

^ -- - dx 

Next assume 

A cosa- s B siua- 4 C = A« + it — + v, <. .-r., 

dx , ’ 

and, eciimtiii" cocfficiouts, %vo have 

A = \a (.iby B - \b — /irt, (7 * Ac 4 »/. 

Solving for A, /<, i', we got 

Au 4 Bb Ah - Ba ^ (An + Bb) c 


llunco 


f {A cos .r 4 7 > sin a* -» C)dx 
a cos a- 4 ^ sin a* 4 c 


(Aa^nf>)x Ah-Bn^ , 

+ h-^ cos a-4 6 siuar 4 c) 


(rr ^ /r) n- 4 Bb) c 


a- 4 b^ 


f_^ 

J a cos a: 4 ^ bi 


bin a* 4 c 


The hdlor iiiff.gral rnn bo rcadily^fouud; for, if we mak 
= r cos a, b - r f^in wo got 

(I cos.r ^ b sin a- ^ r (oosa cos a 4 sin a sin a) = r cos (a - o) 


1 


ficos T, am -r) dx 

l„Ugralian of ; 


io:> 


On making x - tt = 0, t bo integral reduces to the form cou 

Bidered in Art. i8. \ 

As a simple exam pie, y et iis take 

{A + tan x) dx 


a^i\l tan r 

A + JMaDx\ xl cos-r < 

a cos X + ^ sin x 


s 

\ 


( 


a h tan x 

and wo evidently have 

K 

(yl + /?tan.r)f('x {A(< h i hsinx). 

/‘(cosx;'siux)</x ^ 

83. .Intc(sraUo.i of 7;;^ t sin r 4 c ’ 

.vhero/isaratlonnl algebraic funotiot^. not involving frac- 

‘‘”"a 8 in the preceding Article, ar8umi>A^_±J!, 
expression becomes of the form 

^(cos 0, si n 0) dd 

A cos 0 + B 

. . . = , -cosM> any integral function of sin 0 

and cfs":;';r:bo ^formed into another of the fo.m 

./..(cosO) + sinO^iloosO). 

Accordingly, the proposed expression is redueildcip 

^,(cos0)d0 ,/^(eo9 H) sni «<« 

A cosTTzi Aco6»4 i) _ 

The latter intograblc, by assuming 

A cos 0 + ^ 

To integrate tl^Tormer we divide by A cos 0 4 A. and 
integrate each term separately. 
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Miscellaneous Examples of Integration. 


84. liitogratloii or 


/(cos r)<lx 


(rti + bx cos x){ai + cos j-) . ,. . (^ 7 „ + bn cos x)* 

wliere/, as before, denotos a rational algebraic function. 
Substitute 2 for cos x and docomT)Ose 

_/_(s)_ 

{ux + hxz){ai + h,z). .. ,{an f bnz) 

by tlic motliod of partial fractions : then the expression to be 
integrated reduces toTIie sum of a number of terms of the form 

dx 


A ^ li cos 

each of which can bo iiumcMliatoly into^ra^ed. 


I* 


2* 


KxAUPLES.a.. A'' 


^tan ■ [- 

\ 


X' 

lau ^ 
2 


It 


/A + adt 5 ;i^^ 

-C 08 '> [-1. 

' rt + A coa x / 




4 — a coa X 


(<i^ - A') Pin X (d* - A’)J 


f . tanr x\ r 

Jro,V(., -,T 7 SF- ' ■ 


dx 

a + b c<wx’ 


85. InlCKratloii of \ f(x) + r{x)\e^dx. 

Tlio expression ^d.r is immediately integrable whenever 
^ can b.‘ divided iiiTTrtlie sum of two functions, one of which 
18 the derived of the other. 


For, lot 
then 


p-Ax) 

/ e'Pdx = J e^/ix) dx + / e^f{x) dx. 


Diprentiafion under the Sign of Integration. 
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Again, integrating by parts, we have 

I (f fix) dx =/ {x)(f - I c^f W 


Accordingly, 

\\f{x)^fix)\^dx = eff{x). 

For instance, to find 

/*• 

dx. 




(i -t 

I 


Ilere 


(i + t)’ ' 1 + ^ (> + 


consequently the value of the proposed integral is _ ^ 


Examples. 


I. I (cos* + sin*)"*' 




s. 




II 


e*log *. 


i 




aj - I 




II 


J+ t 


where ” 

‘I*® to he denoted by 

F{x,a) ^j<t>{x,a)dx, 






tben 


^ I J(x,a)| = ■p{^, “)• 
or 


2 Ii'<reIlancou!i Examples of lulegratioji. 


Again, (liircrcntiating both sitlos with respect to o, wo 
have, since x and a are independent, 

d'. F(j-^ a) d . <li{x, a) 


da d.r 


da 


or (Art. I 19, (Jale.), 

(1^ A/. a)\ d . 1}/ (x, «) 

dx\ da / dn 


Cuiisequeutly, integrating witli rospoet to Xy wo got 


d . F{xy «) Cd . <f,{x, a) 


ffn 


■ 


da 


dr, 


• f / \ / f ") j 

.,e. - J ,, (., „) = J rf.r. 


(>) 


In other words, if 


• ^.4. ^ w.r C, > 1 ^ 

X ^.4« •• m 


then 


U = f tp{x, a)dx. 
du f d<p , 

T. = J , 7 „ '''> 


jtrovided a b(' iinh jM inhjjj of y ; in lii'b ease, nei-ordingly, it 
is p'-nniiri-d to dijh lu ud.ifr auder (he of' iideiinifinti. 

J>y eoutiinhng tlir proeess of rea-'-oning we obviously 

jret -.-t w .f ^.■r.C. 




• ? ‘ 


k ': 4 • 


K. 


d''u 

da*' 


' d*'<}>{x, a) 
da" 


dx. 


( 2 ) 


wlierc a A;.(r, a) d.r, a being imlopendont of x. 


For example, if the eijuatiou 


109 


Inlegvation under the Sign of Integration. 
■ -be differentiated n times with respect te we fret 


!' 


x'* dx = 


;/(!/ V u 


d N’V I 


= ‘"‘ s-JU 


^Sg 0 Art. 4Qt Ditf. Cftlc.). 

(i-O Again, m Art. 2 1 wo have seen that 


(h) 


sin inxdx- 


(a sin n\x - »f cos ;»x) 


vi^ + u' 


Accordingly, 


f x” si 


sin mx dx - 


(a sin »ix - 


iir ■« «' 


Wo now proceed to consider 
the metl.od of integration unde 

87. liitegmittoo uiiUer »lie A derived 

If in tho last Article wo suppose ^(r, o 
“th respect to a of another function e, i.e. if 

• '■ *' dv 


then 


f,:=j<p{x, a) da 


Also by the preceding Aiticlo we 


have 




= J’V, u) 


Ilonco 


vdx 


= 17 ^( 2 :, a)da. 


I 


In other words, if 
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Miscellaneous Examples of Integration. 


then 


J F{x, a) da = I [ J ^ a) rfa] dx. 


( 3 ) 


It may be remarked that the results established in this 
and ill tlio preceding Article are chiefly of iinpnrtance in 
connexion wi th d efinite integrals. Some examples of such 
application will bo given in the next Chapter. 

SS. Iiitegrutioii by Iiitiiitte ^erien.— It has been 
already observed that in most coses we fail in exhibiting the 
integral of any proposed expression in finite torms. In such 
cases, however, wo can often represent the integral in tho 
form of a series containing an infinite number of terms. 

An example of an integral exhibited in such a form has 
br.'eti given in Art. 63. 

Tho sim])lost mode of seeking tho integral of/(r)<'/.rin tho 
form of an infinito series consists in expanding f{x) in a 
series of ascending powers of j*, and integrating each term 
separately: then if tho series thus obtained bo convergent, it 
represents tho integral proposocl. 

It can bo easily seen that if tho expansion of/(.r) bo a 
convergent series, that of \ f[x)dx is also convergent. 

For let ^ 


/(.r) = (tf, ^ rt.jj + rtjjT* + . . . + 1^0., 


tlion 


I 


,/ (x) d.V = OjX t- - + - + . . . + --- 

2 3 n ^ I 


+ • • • 


Now (DilF. Calc., Art. 73), tho expression for f(x) is 
convergent whonovor is less than unity for all values 
of /i h‘yon'1 n certain number; and tho latter series is con- 


vcrg.uit provi.lcd ho less than unity, under the same 

coudilions. 

Aici.rdingly, tlio latter series is oonvorgont whonover the 
former is so. 




Integration by Infinite Series. 


Ill 




* I »6 2.4«» 1.4-6 lO 


yx - I 1 6 2- 4 «» 1 . 4 .6 lO X 

= f ^ .-i) «» " ) 

- 'I I s5„?x. I . 5 sm‘z , ^ 

\/ 2 f . == 2 y/sin X ( I 4-+- 4...1. 

V a 5 *-4 9 ‘ 


c t ( ^ , ;>(/ > - ^ i.. \ 

1. j (I + w‘) 4 x"‘ = ^’'‘ \;;i' 7 ,„ + H ^ 1.1. r »• ^ =" f 

8 o. K»|.aiiHio.i of I log (1 4 2 mcos.r i 
Wo shall concliule hy sltowing that tho integral 


I log (i + 2 m cos X + m^) tlx 


can be exhibited in the form of an infinite series. 
For we have 


1 4 2m C 032 ; 


4- m* “ (i + mtf*^“‘)(* + ’)• 


Hence _ 

log (I + 2moos:r + m') = log(. + me-'-') + log (. + me-'-') 

(U^ o'* ^ ) A 

- m 4- - Y + e*^') + 

= 2 fm cosiP - Y y 


Accordingly , . 

/ . sin 2a; , sin 3a; ^ ^ ^ ^ 

log(i+2mco82: + m’)<fa=2(^msmx-»< -^ + ’" — "j- W 

Tins series becomes divergent when m is greater than 
inity In that case, however, the corresponding senes can he 

iasily obtained. 


(4) 
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2IisceUaneon8 Examples of Integration, 




For 


I + 2 m cos X + = nt'-i i + 


.^*-1 


m 




I + 


m 


an'l accordingly 

^ , /cosjr cos 2x cos 3 

lo"(i -v 2//icosu; t uv) = 2 logwi + 2-T- +- 

' ° \ in zm^ 3//i 

Conscfiuciill}’', wlicii m > i, wo have 




, , , 1 5 in 2 j- 811132; 

lofff \ f 2 w cos 2? ^ dlx-2x\0^m + 2 - 

o . . ° \ W» 


sin 22* sin 32; \ 

Z'n^ ^ 3 *w** '*-j‘ 


From llio above it is easily scon that the integral 

J + n cos x) itx 

can bo exhibited in tlio form of an infinito series when a is 


less ihiui unity : for making ti = 


2/n 


1 ^ tu^ 


wo have 


log (i i- acos.r) ^ h>g(i t 2/n cos 2? 1 nr) - log (i + wd). 
Tlie rolation between m ainl a admits of being exhibited 
in a simple form ; for lot a = sin a, and wo get rn = tan 


leaking this substitution in (4), we get | 

J log (I + bin a cos .r) dx = log ( cos 

- \ Zy 




, , a . . , «22* » , 

+ 2 1 tan-Rin2’ - tan^-. i Sic. ). 

2 2 2- 


( 5 ) 


Examplea. 
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x*i "ft - 2 

- ( 2 C 0 SX + 3 8 ln.r)rfx IH _ A. log (3 cos jr + 2 sin x). 

* • J » roa X + 2 sin X »3 ‘3 


3 cosx + 2 sin X 

f 

) I - sin* d 
C e* { 3 ^ + g + 0*^^ 


itADd + ^7:.Uq*‘ (ton^v/ «)• 
2 2 V 1 




, *M^c 75 z^ • J^rr^ ^ '-v* ^ 2 

f </9 :^ *_Ii /, + cos 9 ) +- log ( 1 -cos 9)- - log (I 

l6m29-.i^9 6 . i (-1- Tkrr) 

r., /yrsi„? 


- 2 COi 0). 


ein ^ tan -dO 
2 2 

eos -0 


0 


TU-. 6 . When x» < i, prove that 


1 


dx _ i _ i£! + ' 

\/r+T‘ * 


3^' 


S g 


11 


as *-49 a. 4 . 6 13 


+ • # * } 



rfx__ _ i + i _L _ * • 3 _L + I 

Jyr+T‘" X 2 5*’ * 4 9 ** * 


4 . 6 13 X'* 


7 . Prove that 


r ( ab^z ^ ^ 0 ! + ! 

= jloB(A + x) 4 -—+ 771 — +■■•)• 

and determine when the scries U convergent, and when divergent. 

8 . Provo that 


1 


.1. , 6m^**w ^ 

--- BlU^ <M>d<J - -- + 


\* + I* sm « 




^^ 4 .» -v 

vl 


{\ t \ ir)( \» + 3 ^) sm_« ^ ^ ^ 


I . 2 . 3 . 4 


1 

Substilulo fox Biu-'x in Iho cxpaiiaion of t 
r ^ . iA , ^ 

I • «»>9* ,^nf^ 9 

9 




M t 5 

«9 H“ 


(Xti^. Ca/tf., Art. 87). &c. 


, >«■* 'Aw A A (a* -f 2*) sill _ 

J—^^ 1 . 2.3 /* + + 

A(A» + 2-)fA^ + 4^) ^ 

'*’ I . 2 . 3 • 4 • 5 M + 6 

[8] 






■5. 







( 114 ) 


ClIArTEU VI. 

IJ r. F I N 1 T1-: 1 N T r C U A L8. 


■ ,i). I ii(cgra(ioii regarded as INuiiiiuailloii.— We liuvc ill 
(lio cemnK'iH'Oincnt observed that the process of iutogration 
may bo regarded as that of finding tho limit of tho sum of 
llio series of values of a difTcrential J' (x) d x, when x varies by 
indofinitcly small increments from any ono^ssigned value to 
anotlier. 

It is in this aspect that the i »raetica l importance of inte¬ 
gration chirfiy coushts. E<u* exjuiipte, Tn^celving tho area of 
I curve, we c''nt'«.‘ive il dlvidfl into an mdefinito number of 
'titable ch tm utary urciH, of wliieli wo 4ec1v t'* di/lerinino tho 
•uiii by a of int'-gnition. Apiilieatioiis of finding 

.m as Ijy lliis iii' lliinl will bo giveiy in tho next Ciiajdor. 

A\b' n'>\v pmci-'.d to show luoiy fully than in (Jhiipter I. 
ibf c<uiin\I(,Mi botwv'-n llio I'Votoss of int'-gratiuii regarded 
iri'in Ibis jnunt of view and that from which we have hitherto 
* oiisidciad it. ....t " ' 


»Suj')>o5-y (j) to lujuvscut a function of .r which is^fiuifc 

(iiiii cotidintiiuii b-r all values of .r between the limits X and j'o ; 
bupposo also Ihul A' - Xo is divided into n i nt ervals x, - x,,, 
■>'-} - Xi, .ej - ;r, ... A' - Xfl.i; then by delinilion (l)ifi'. (laic., 
Art. 0 ), we have 





m (bf limit wbi-n 


iot'ordingly 


We b:iV0 


- <p ,0; (./, - .r„;'<//(x,.) < t„), 


* * 


Limits of InUgration. 11 ^ 

whoro Co becomes infinitely small along with x, - x^. Hence 
we may write 

0 («l) - + fo), 

0 W *■ 0 (^0 = (®* “ ^>) ( 0 '(^‘) ■*■*')» 

0 {Xa) - 0 (a^) = (^ - ^i) l 0 '(-’^a) + til. 


0(X) - 0(2-,^i) = (X ^ 

whoro €o, El . . . En-i become ovancsceut when the intervals aie 

taken as infinitely small. 

By addition, wo have 

^ (X) - 0 (n) = (a^i - 0'(^o) + ^ ■ • 

+ (X- T„,,) <p'{Xn.i) + (jT- To) Co + (a-, -3-,) E, + . . . + (X - -r,,.,) fn-i. 

Now if JJ denote thegr^s^thoquaiititiesc^iij..^^^ 

the l atter Torliou eviiCTy 

tliau (X - a-j i/ i andraccordingly becomes qvanescci^ ulU 

matoly (compare Diff. Gale., Art. 39). 

llcuco 

^ (X) - 0 (a-o) = limit of [(^‘ " ^ ■ 

+ (X -ir„_i) <ji (0 


wliou « is increased indcnnilcly. _ 

This result can also be written m the iorm 

0(X) - 0(a) = 

whoro the sign of summation Sis eupposed tooxlcnd through 

all values of a; between the limits a‘o and A. 

01. IK'lliiite IiiH-sruls, lAuiiis ol IiiU'siiitioii. 

Tho result just arrived at, as already stated lu Ail. 3 ‘. 
written in tho form 

/(X)-/(r,) = [ /W*, ( 2 ) 


whoro X is callod tho superior, and a-, tho lu/erlor limit of tho 
integral. 
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Definite Iniegrah, 


Again, the expression 



is called the definite iniegral of f^{x)dx between the limiU x, 
and X, and represents the limit of the sum of the infinitely 
small elements fi>{x)dry taken between the proposed limits. 
From equation (i) we see that the limit of 


{xi - x^)/'{x^) + {xi - Xt)/'{xi) + . . . + (X - 


when .T, - To, a*, - a-,, ... X - Xn~\ become evanescent, is got 
by finding the integral oif{x)dx (i. e. the function of which 
/■'(t) is the derived), and substituting the limits To, X for x in 
it, au'l subl meting the value for the lower limit from that for 
the njiper. 

It wo write T instead of X in (2) w’o have 


/(t) - f{xo) = 



ill which the nj»por limit* x may bo regarded ns variable. 
Again, a-' the lower limit .r„ maybe assumed arbitraril3’-,/(To) 
ma\' Ijuyo any viilue, and may be regarded ns an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
a]'|)lied to integrals such as have been considered in the pre- 
vifius (hai'ters, in which the form of the function is merely 
taken into account, wdlhout regard to any assigned limits. 

Ar already observed, the detinite integral of any exiu'cs- 
sioii between assigned limits can be at once found whenever 
till' imh linile iiit»-gral is known. 

A few easy examples are added for illustration. 


• 'J 

. ‘ I' y\‘ V I 
« :,lu» Iv *1 
I •nxluti i:. 


.'1 . 1' T.t ^I;• 
irui* nu‘\ thf 


!•] (.•Ii.crvc ihut in (3) llio loiter x IjIlIj “tanJa fur llio 
-f in \\k*' f\x)tii nm&t bo cun<idcrc»l as being 

want Ml altoiiU»>n to ibb di^tinctioD often causes much 


in tliv luiibl of the beginner. 


Elementary Example*. 
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Exampi.rs. 


• s: 




f ( Bin Ode 
J 0 C03- # 

! « dx _ 

0 ^* + a + 

f- dx 

Jo 0 » + *»’ 

5 * <f!g 

0 ,/srr^' 

6 , I r*" (Ji (a positiw). 

el _ ds 

1' I + J* cos^. + ^ 

J * _ 

J I + J* cos ^ + s* 




gin mxds* 


p cos mt dti 




n + I ' 


„ vA-i. 


» 1* 




•• j fin 0 


7 "^* 


sm ^ 


a* + w* 


” a* 4 »«» 


f *• when ae - i* U positive, 

).« « 4 24* ^ w* s/ 


. To prove that 




I . 2 ,3 • ♦ • ”i) .>ry 


n(n4-i)..(« + "*- 0 


ri V 1 » 

f ' n(n+ i).. (« + - O' 

,f/,«. m ani n a«po«(.«, «« anjsMm. 




1.1. J . I. 1. y *>♦ ar_ 

^•‘•'■■rrr^ ' A.«»- t.i.p.^. 
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i \-y 

The first relation is evident from (34), Art. 32. 
Again, integrating by parts, we have 


w I r 

x**-' (i - = — (i + --1 

Moreover, sinco » and m - i ore positive, the terra 
j^‘(i - r)*""’ vanishes for both limits ; 

(»%-1) 

The repeated application of this formula reduces the in- 

r , I 

togral to depend on the value of which is-. 

® Jo m +»— I 


Hence we have 


x^^{i -x)*^-^dx = 


1 .2.3-('w - 0 


( 4 ) 


Jo" n(« f- !)....(«+ m-i)‘ 

This formula, combined with the equation 

I -x)^'-Uix= I ~ xf~Uix^ 

shows tliat when either m or n is an ihtogor the definite 
integral 

[ -xy^-^dx 
J 0 

i.an bo easily evaluated. 

Wlioii tn a nd ti are both f ractional, the preceding is one 
•'f tlio most im portant defin ite iiili-gmlM in analysis. 

Wo purpose in a suljsoquent port of the Chapter to give 
an iuve.':tigiitiou of eomo of its simplest proporties. 

KxaMI’LM. 

" 3.7.u..3 

j x.(. - r —, 

^ >/;i. o.. ! .:vi’ 


1 


IVJ 


Elementary Exampk&. 

^^•'^:VaIue* of and 

One o£ the simplest ““®o(“fue“l;“cuL integrals 

We begin with the simple oa=o o£ 


f 


ein” 


If in the equatioM^t 


jsi 


cos -f sin" * X ^ 

sin" a; 


*1 _ 


cos vauhhes 

we take o and ^ for Umits, the term - „ 


for both Umits, and wo have 


j-“■‘♦(■’’V)., joJiiiito iutccial can ho 
„ J;:uI^%:-^wevor. depends on whether the 

's^v^oZ^ Mo. oven, and represented hy .m, 

then _ ' 


Similarly, 


!>‘ 




= ^ULLl (‘si 
zm Jo 


gin^"‘'V(/x. 






2 m - 
zm 




,„d by successive appUcation of the formula, wo get 
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(2). Suppose the index odd, and represented by zm + i 


then 


r . . , 2 in 

-- 

2//I + 


+ iJo 


Hence, it is easily seen that 


f’sin’'"*' 

I A 


xdx ^ 


2 fft 

3 . 5 • 7 • • • • (2W< + 0 


( 6 ) 


Again, it is evident from ^ 35 )* Art. 32, that 


ir ^ 

j* cos"*^^ = 


and consequently (5) and (6) hold when cos x is substituted 
for sin x. 


94 . Iiivcfitiffntlon of 


f sin^a? 


C06"arrfx. 


r{ ^') 


From Art. 55, when m and n are positive, we have 


w 

I sin*" 


X cos" X (lx 


n “ I fs . 

-- 81 

tn 4 « 1 0 


Bin"*^ cos"’* xdXf 


and 


Piu"j* onf\*x(lx = - 

n tn + 


” * f* • m * 

— sin”’"* 

+ « r. 


"*3* C0S"J* (lx. 


' Uoncc, when one of the incHo^is an odd integer, the 
value of tlio definite* intogr^ is easily found. 


• Tlio rc -uU in thit^ ertfo follow® also immediately from Art. 92, by making 
= 2; fur lliii bub^lilulion tramfonus tho integr^ into 


Ekmentartj Examples. 
For, writing zm + i instead of nu 

9 

[’"sm—xcosV,/^ = 
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Hence 


I.’" 


Bin*'"*‘a•eoB’‘a?^/J 


2m{2m - 2)_^. _ _ f%in.r cos’'j-rfj- 

{2m + n + \){2Tn + n- i) . . . . (»‘+ 3 )Jo 


2.4.6 ... _ 

In like manner, 


( 7 ) 


|i() 


* . 
B1 

. « 


Bin*"a!C 08 ’''aj(/a: 


2 n - I f* • 

-_- 81 

2 (m + n) J 0 




Hence 


fi . . ... , I . . -S • ■ ■ ~ 0__ f 

sm'"* C08“X * = j-zm + 2 ) • • • ( 2 ''* + J» 

J. ' ' , , 

■ ( 8 ) 

"- 6 -! ! ! • (2W+ 2n) 2 


r_A-= poo8-0rf0=• I- 
J.(l+*“)" Jo 2.4-0.--(2" ) 

Similarly,by» = « sinO, JV(a' - *■)’* transforms into 


I . 3 ■ 5 • • • !i: 


( 9 ) 




Bin”0oo8"*‘0c/6. 
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f T 

In like manner 1 {zax - dx, 

0 

on making j; = a (i - CO8 0 ), becomes 


^tn*i 

. « 


OdO. 


The oxpresaions for those integrals, when m and n are 
fractional m form, will bo given in a aubsoqiiont Ajticlo. 


Examples. 


I. 






J-. T • 1- 'r 


Att*. 


j . 5 . 7 . II 




. K slu’x C03-.P rfX, 

J 0 


{ ’ sin*"' ‘ T eos*" ' x dx. 
f' 

J (l - x'*)-dx. < 


L 

0 


I t« 


' 0 I - ** ^ 

/ fi. j 

/ )oy,/i-T 

.JV B w X 

\ 7. l)c«lui 0 W.ilUb’d value for x hy nv 

nt<y^ , 9 




5 

0 

• 

0 

• 

30 . lO 

9 

. 19 29 

■ 49* 

1 

* 2*3 • * 

. (hi — 

n 

. (rn- I) . 

..(»»-♦ HI 

2 . 

4 • 6 • • » 

(2H) 

jT 

S- 7 -- 

(2H f 1)* 

1 

♦ 3 • .5 • • 

. (»• - <) 

■> 

« 4.6 . • 

2M 

2 

• 4 * ^ ' 

3n 




I - x'J 3 . 5 . 7 ... ( 2 »» + I) 

»c.lii. 0 W.illia’a value for x hy ai'l of the two preceding deUmlo integrals. 


r . [' ly) ^ ^ 

J„(.nixr‘ 3.<5.7.... 


2 , 4 . 6 . , . (m - IJ I 

3,57.... » «*"■* 


when u i« au w/t/ intcj^cr* 




Elementary Examples. 
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of «l>e.. ««* « 

In Ai-t. 63 -wo have seen that 


1^' 


'•x^dx = - -‘- 


n\^e-’J..“' 


dx. 


Again, the expression ~ vanishes when x ' o, and aho 


wken :r = 00 (Diff. Calo., Art. 94. 2). 




Uenoe 


1: 


^ >rL 


e^^dx 


I w 

Jo 


(10) 


Siently [= ■ • -3 • • •»• 


(>■)■ 


Aw- ♦- f 

Many ether fon aa. are 


imraediately reduclhlo.tAillgJ?'^-^' 


ccdinff definiteintcgral. 

example, if wo make x^azviQ ^et 


(I) 


I 


I . 2 . 3 • • • ^ 

g^t s" dz -- '» 


(•2) 


a 




in which a is supposed to be positive. 

Again, to End J' ^ (log i ° ^ 

tegral becomes 


(- 0 



{m 1 •/' 


Slncolog* = - log 


form 


I 


» / lyi » ♦ ^ • 3 ♦ » ♦ ” 

(m + ir* 


(‘ 3 ) 
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Definite IntegraU. 


Tho definite integral J is Bometimes known as 

Tlio S econd* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function 
of u, it is denoted by the symbol r(n), and is styled the 
Gamma-Function. 

It follows from (lo) that 

r(n + i) = nr(n). (14) 

Also, when is an integer wo have 

r(n + 1) = I . 2.3 (* 5 ) 


^ ^gain, when x is lesa than unity, we have 

-- I + x + x* + ir* + &o; 

1 - 2 ! 



1 1t 


fby a well-known result in Trigonometry), , , 

In like manner wo got ^ 


f 


log X lix 

I + X 


TT* 

12 


- )» “ 5 : 


An account of th^i^re elementary pr oper ties of Gamma- 
Functions will bo given affhe on^of this Chapter. 


• The integral | (i - x)** • rfx, considered in Art. 91, is sometitnei called 

the First Eulerian lutogml; wo shall show eubeequentlj how it bo ex- 
proved in terms of Oaaxma^FuQCtionfl* 


Ecsamplei. 
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, EXA»n>LF.8. 

-*•*''•* 

f*C, ^ r(-»0 jfM. I . 2.3 • • •"• 

., rf..- 


f* j ^1 rt..K(*0 

». \a- 3 ^dx. =)* 


1.1 • ■ • " 
*» (loga)-‘ 


Are-*** 


V# .1 /1a^ -.\2r*1 - -VI 1-1 - ^ —-— +•••!• 


-- r-'* , , 1 

f » * 025 ^) 11 * =.,. 2 .}...( 2»-0 ' «•••]• 
4 - )o .-X L 


j *> 


. v«,■«.><-«. n x, .. — »■ 


•#Y pY 

/* •>'< 


(X 

I t' rf.P, 

Jxa 


Cf C*'. 


fr « .omMmntih^ co,.prkcd 
„, and wo sliall have, when e is positive, 


jiv > tft’ > Bv\ 


when V is negative, 


< «p < Bv. 


Consequently, for all valno^^o^.^hotwcon.^ 

LXrif “ho'sign of a tos not change holween the limits. 


s I* A* 

uvd. lies hotween A j^dx and B J 
Jxo 


w w 

which estahUshes the theorem proposed. 
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Cor. If f{x) ho finitr and continuous for all values of x 
between Ibo finite limits and Xy then tlio integral 

r 

will albu have a finite value, 

For, let A bo the greatest value of f[x)y and B tbe least, 

tuuii r 

A f dx and 2i f dx ; 

Jig i*a 



p /[x] dx > B {X - X,) and < A {X - .r,). 

TIioi»i'Oiii.—The method of d^ulto iiito- 
grat iun coiiihinetl with that of iiiU;gration by ixirts furuisLes 
g bi ii n»h; |ir>iof of Taylor’s series. 

For, if ill tlie Ctjuatiou 


( .\fA 

r[x)dx 

s ' ' 


We nsbiiiiio .r - A' h /i - r, ^Ye got dx = - dz, and also 

f.v^A n, 

I dx = I /'(A' ^ h - z)dz ; 

• Jo 

,/(A -i hj ~ J\X] - j" f\X \ h - z]dz. 

J n 


Again, in(«grat i 


liavo 


f'\x !■ ijf/c ::/'(A' (/<-=_, H j zr\X + /i - 


tz 


llencv, suhirlitnling the Uiuils, wc Imve 



/ IA 





2/ \X \ h - cj dz. 



Tai/lor's Theorem. 
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In like manner, 


-z) , [y"(^ 

w • 


^h-z)dz, 


wliich gives 


and 60 on. ,, 

Accordingly, we liavo finally 


.n-l 


f{x + h) =/(X) {f{X) + —2 ^ ^ L'ixi 




I /'"'(X 


+ /< - z) 


Lliz 


(i6; 


&1.J 


Tl,is is Taylor’s 'VoU;kuo«u oxi.an«o..J 

98. Kc...a...dc..- I. * „,„„t (iio romai.uUi- 

r , >'■• —‘"= 

WO have 

(• 7 ) 


(I. , c'‘-‘ i /2 


There is uo dilfieulty iu deauoiug 
the romuiuder from this result. 

Tor, hy Ait. 96. l^avo 

('• s"' ' d: ^ ii — - -, 

rrhero U lies hetweeu the Seeu'raud''i‘ 

/l«)(X + A - z) asbumes while - ^aues 

• ThoBtudonlwill observe ^>---* fH)" 

Compare Articles S4 ““'I 7a» 


ini 


-b . .. . 


/ r 6 
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Definite Integral*. 


Hence, as in Art. 75, Hiff. Calc, (einoe any value of % between 
o and h may be represented by (i — 0) A, where 0 > o and < 1)} 
we have 


i?n = 




I . 2 .. .n 


/ 1 '*)(X + Bh) 


where 0 is some ^anlity between the limits zero and unity, 
js'*' Series.—If we apply the method of 

\ integrtenVy ports to the expression/(a‘)rfx we get 

j f{x) dx = x/{x) - I xf{x)dx ; 

jV(^) "1 /'W 

In like manner, 

- 1>'"W 7^- 


nn'l so on. 

Hence, we got finally 




(18) 


Coinpaiv Art 66, IjUI. Calc., whore the result was obtained 
directly from Taylor’s expansion. 

100. ICxi’CiUioiinl I'ascN in Definite Integrals.— 
In the foregoing discussion of definite integrals we havesup- 
— posed that Uio function ./'(r), under the sign of integration, 
lias a fiiiito value for oTl values of x between the limits. We 
have also Rupposod that the limits are finite. Wo purpose now 
to give a sliorl discussion of the exceptional cases." They may 


• Tho conij'lcto invcstigiiliou of dofinitt integraU in llicso oiocptional cases 
is duo to Caui'liy. For u more general dlsciiasion llio student is referrod to 
M. Muiguo's Ci'hti! ijiOyr.i/, as also to tlicso of M. Serret and M. Bertrand. 



Exceptional Cam in DcJinU‘ I»tc,jrah. 


12 'J 


- 11 (j\ Whfn fix) becomes infinite at 

cases winch becomes i.iiinitc at o.ic ot 

101 . Case lit .H ) .g for all values ot ^ 

the hat it bcLmes iuCuito wheu^ = i- 

eL“u.at avisos is whovo/W .s 

thoi:;;;:^^^.. whirls fiauo .v .1 va.,.es 

LoT a'be '‘assumcTto?'S!i- 
botwoen the limits ajmL^thcQ 


/VF I'li 


i; 


X Mclx f“ J(^ ., f 

(^'•^ijx-xr i 



The fo-mv^f«;Sm-ati “of lattev vesolves 

f.:rtli^-ovdingasam^ 

bv Art. 96, tbc integral 

fxY (lx 1 Ti - 

flies between .4 I Ja(A-^-)’' 


1 .. 


Moreover, since » < ., ^e to? <i£Wonlly 

- - /VJ^ 

(ix — 


I 


X 

.(X 




I - » 


,„d consequently, in this case, the proposed integral has ^ 

fi nite valug- j-0] 
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(2). Lot n > I, and, as before, suppose A and B the 
greatest and loast values of i/;(ir) between a and X; then 


j 


Ues hZoen A and 2 ? 


Again, we have 


dx 

J-(X-ic)' 


j 


dx 


(Z-jr)« («- i)(X-ar)»-»* 


Now becomes infinite wbon ar = X, but has a 

(A - .r) 

fiuilo valuo when t = a; oousequoiitly tbo definite integial 
proposed Las an infinite valuo in this case. 

( djc 

{X - x) ^ ~ ~ This becomes 

infinite when x = X \ and consequently in this case also the 
proposed integral becomes infinite. 

The investigation when/(a?) becomes infinite for a; = a-® 
follows from the i^rccoding by interchanging the limits. 

102. Cu!»c Mlicre /{x) becomes Infinite between 
tlie IjiiullN.—Suppose /(x) becomes infinite when x = o, 
whore a lio^ between the limits x^ aud X; thou since 




the investigation is reduced tp two integrals, each of which 
may bo treated as in the preceding Article. 

Hence, if we suppose f{x) = 73 ^ 5 ^ it foUowe, os in 

fX ' 

tho last Articlo, that /{x)dT has a finite or an infinite 

J *0 

valuo according as n is less or not less than unity 

Tho case in which/(a-) becomes infinite for two or more 
values botwoon tho limits is treated in a similar manner. 


Case of Infinite Litnits. 
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For example, if 

/(ai) = 00, /{at) = oo, . . . /(rt„) = co, 
where He between the limits X and a-,; then 

j f{x)dx=y f{x)dx-\rYy{x)dz \ ko. \^^ f{x)dz, 

each of which can be treated separately. 

lov Case of Inliiiite Limits.— Suppose the superior 

limit X to be infinite, and, as in the preceding discussion, let 

f{x) bo of the form whore^irUs 

oi'x. 

As before, wo have 

.X /■“ 

1 /{x)dxA /(i)*+ 

J *0 •’*0 ^ - 

Tho integral between the finite limits ami ^has a t^o 
value as bofL. Tho investigation of tho other uitegranKm- 

sists again of two cases. ^ „ni„« nf 

(i) Let _»> 1. and let A bo 
between the limits a and oo, then 


ix - (()'*' 


But 


r ^p{x)dx . ^ I" 

[■■» dx I r_ I 

Ja(^-a)"” ” - ‘ L(“"' 


- a)”-']’ 


fl)"-' (Z - a) 

The latter term becomes evanescent when * Jiccord* 

inffly in this cose the proposed integral has ft fini t e val ^. 
frf In liko manner it is easily aeon that if » bo not greater than 

unity, the definite integral 


i: 


dx 


{x - aY 
[9 a] 



132 


Definite Integrah. 


has an infinite value ; and consequently 


i; 


\P[x) dx 


is (tlso infinite, prov ided i/.(.r) does ^become evanoBcontj or 

iiilinito values of .»*. 

lienee, the definite integral 

r" '^(.r)rf.r 

- ar 

hri-i, ill s.'iioii.l, a (iuito or im inliullo value according fifl is 
givalcror not great.u tturn unity ; i(.v) being Pupiiosod l.iiito, 

and J-„ being gi. atcr tlmii <1. ^ r 

If A' l.ecome - CO, a similar mvestigatiou is applicable; for 
on c hanging x into - x, wo have 


[ /'t^)(/.r = -[ /{-x)dx, 

J J •'o 


in which the superior limit becomes co. 

104. Ps iiu ipal aiul €jJciier;il Volues of a neriiilte 

IsilcKcal. -We shall cunoludo this discussion with a short 
jucouut of Caiiehy’s' method of investigation. 

Suppose /‘(x) t o ho infinite when x = a, where a lies bc^ 

tween the Uinits x^ and AT; then the integral | /(x)dx is re- 

gavdi-d as the limit towards which the sum 


* 


/(x)</x + 


f (a?) dx 


a«v« 


apj>roachos when t becomes evanescent; ^ and n being any 
arbitrary eonstants. 


’ Tliiti aivl th(' four f.tllowinR Articles hflTp been taken, with pumo modifica- 
tiou^j fr^iu Moigin’d (\r/rul /ufVyni/* 
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Principal Value of a I)<finite In(v»jral. 

This value depouds ou the naluic of ,/(x), ami may be 
finite and determinate, or infinite, or iiuletcrminate. 

If we suppose p^v, the Imiitnig value of the picccdn g 
sum is called the vrincipal rahic of the proposed integral; 
while that given above is called its ffeneral ^ 

For example, let us consider the inlegral —. ^ 


Here 


-V 




y -f ri''''-" . [■'"-1 




t 

f 7 

AlflO,[jnakiug ^ ” *>J 

):f=rT--‘(£) 

Accordingly, the principal value of is log(^): 

its general value is log g) ^ log If)- 
eion is perfectly arhit ruiy and indeterminate. 

Again, let US take -j* , !l q.c,. W 

rX (/j. r (l.r f »** «/r1 

As before, L ^ ' 1-. ^-l' 


But 




J^o 


pt Xit 


.,r $=iimitri.-!--^-;;-l. 

Consequently, both the principal and the general value of the 
integral are infinite in this case. 
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(ViO In like manner, 

r '4' = limit of i f ^ - 4, . i 
ITonoo the ponoral value of Iho integral is infinite, while 

I / I I \ 4^-^ V0.4. Ktmc. . 

its pn’nfii'al value is - I —: - -rr- . ■ 

► It may be ons^^rved fliat tlio principal valuo oii... 

i v>l 

<-lL l 4 


, , — iFv onual to — • 

N ^^ i>>) " ^ * 0 




Tills liohls also when over /‘(.r) is a funotion of an odd 
order : i.e. when /*(- a*) = -/(x). 

For we have 


But 


r. 


f /(ar)(/j-= [ “/{j-Jr/x + [ /{x)djr. 

/'{x) f/r = - f /( - x) <ix * f V( - a*) (/a- ; 
'o •’ *0 Jo 


•*. "" /{■r)<U = r {f{x) +/( - x)]dx, 

. -»« Jo 


(» 9 ) 


Accordingly, if/( - a*) = -/(i-), wo got 


f: 


•0 


f{x) dx = o. 


^a) 


o 


Again, if /(j-) ho of an ev en o rder , i.e. if/(- ^•) = /(x), wo 
have 


f*’o 

A-r) 

J -Tr. 


dx 


r 


105. Siiinffiilnr lloJiiiUe liiteirrnl.—Tho differonoe 
hutwccn tho j<en»Tal and tho prineipal value nf the integral 
considered at the commencement of the preceding Article is 
ropresontod by 




f(x) dx, 


« ¥t 


in which f[a) =co, and t is ovanesoont. 


Infinite Limits. Example. 




Such an integral is called C.™Ay a 

tegral may Wher limit bo innnilo, 

we regard (' /(x) dx as the limit of j j W dx. when . becomes 

J *0 

evanescent. 


Also 


f{x) dx = limit of V(x) dx when . is evanescent. 




In the latter case the valno of the definite integral when a.e 
„ is, as before, called the prmc,,ml lalue 


[ /Wrfx. 


In this we assume tbat/lxl does not become 

■ 'r. 

ii is required to find the value of 


! 


/(^) 
-.Fix) 


dx. 


V ” % • 

e„. .b,I"""' .. 

become infinite for any real value of x: accordingly the true 
value of tlie integral is the limit of 


I 


fix) 


.2. Fix) 


dx 


when f vanishes. 
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To fiud this value, suppose 


tliod of partial fractions, and let 


F(x) 


decomposed hj tho mo- 


A - B . a + B */“ I 

■rr= and 


X - a - hy~-' I a; - a + by-1 
lo tUo fractions correspondiug to tlio pair of conjugate rooty 
a + I and a - h^/- i, of = o; 
then tlie corresponding quadratic fraction is llie sum of 


A - By - I ^ A 

and 



- I 


X - a -ly — I 


X 


- o + ly -1 


1 . 0 . 


zA (j! - fl) + zBb , 


{x - ay + b* 




. . '' f zBlxfx y /x-a\ 


r 

( i. 

M". 




zBhtlx 


I'"' - Tfs-ti"* 


(jr - ay + 6*a 


27 tB when c vanishes. 


V 

A 1 f ’-1 ~ (l)<lx . . 

“ J ( X - a) ‘ + ^ log I (*-«)• + i’ ) : 

... r ^ K(i_ -^VV ( 

{.V -ay +b^ *='(,.* (I + afity + /,>v) 


zA log^, when t = o. 



Inveatiiiation 0 / j 


13? 


lienee 


J__L-(7^*+ 6’ W 

values of A and Ih correspon g i?“, “ • k, 

roots, be denoted byyfi, -'ll* • • • 
gpectively; then wo have 




+ 2n{Bx + -* . • • + 

Again, sinco/W is of tl.o degree r„ - r at most, we have 

Ai + Ai + ‘ 

I’or, if wo clear tbo equation 

(V ’ftnf nf j-’""* at the right-liand side is 
frnetions. the coefficient of r _at me b 

evidently 

2(>4i + -4, 4 • • • -^"Ji 

,vhieh must ho .ero. as there is no eorresronding term on the 
“''‘loeoriingly wo have, in tl.is* ease, 


1 


“ (^. + 2?. + .. • + ■»«)• 

., 2 'V) 


(21) 


; „ to o„.sr,».l « ...en /W U be. .»< dc^co low. tb.a m 

“ ^ , ,{ S^dxis eUll of Ibo form given in (^O- 

Iho principal value ot J ^ 
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We proceed to apply this result to an important example. 

r 

io8. Ratine of -— >vbeu 7 n and n arc Positive 

o 1 +0-^" 




lU 


Integers, atiid n > m. — --^ 

X J V I* f i Cl /^ 3^1 

Ijet u be a root of j*"'* + i • o, and, by An. 37, wo nave ^ 




^ = -Vi = - — 0 

2U(r^ * 2n / 

A^j^uiu, by tlio theory of equations^ <j is of the form 

(2A + i) 7 r j — . (2A + Ott 

cos-+ -v/- I ein ^- —. 

2 n 2 ft ’ 

in which A* is either zero or a positive integer less than n ; 


\ 


where 


. a’"** = cos( 2A + i)0 + 1 6in(2A + i)0, 

_ ( 2 ff? + i) 7 r 


0 - ’- 


2n 


,, 7> pin (2A I ijO , 

iienco IS =-—-; and accordingly wo have 


A i?j + . . . + 7 ?„ = — {ein 0 + sin 3 O + ... 

j^To find this sum, let 

S = sinO 4- sin 3fi + . . . + sin {2n 


x^) 


+ ein (2a* - i)(?j 




• A 






- i)Oi 


then 


2.Ssin 0 - 2 Fin-0+ 2 sin fisin 30 + .. . + 2 sin Osin fzn - i)0 

= I - cos 2O *- cos 2O - cos 4O + ... + C0s(2H - 2) 0 - COS 2 tlO 


I — cos 2 nO - 2 2 ein*( 


TT 


2m + 1) — = 2 : 
2 


S = ~ 


sm 0 . {2tn + 1 )ir‘ 

Bin '- L. 

2 n 
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?/[ - 
Jo* 




Accordingly, we have 


TT 


I 4 d--" 


nBLD 


(2/// + l)<r 


2n 


Henco, by (19), 
• a^’^dx 


r a?'” dr I r“ x‘”'dr ^ ^ ^ 

J.TT^ " 2J-1 ' 2" 5i„(£!^L±Ji5 

2n 


(22) 


We now proceed to consider tho^^alogous intcgr.l_ 
f"i^ .vhore »7i and n, as before, are positive integers, 

J.i-o:-’ 


and n > tn. 


(i) 


r* 

109. Investigation 

We commence by showing that 

-i, 

liiifl is easily seen as follows: 

^ f* rflr f* f r<‘* , “ 

A. =1.7^ 

Now, transform the latter integral, by malting a- = ..,0^ 

. n dr 

• f—,=°- 


A,gaii., proceeding to the integral 

f* a^'^dx 


(ii 



J40 


Definite Integrak. 


(fi> wo observe tlmt i + x and i ~ x are the only real faotors of 
I - and that the corresponding partial quadiatio fraction 
in tlie decomposition of 

* 1 

I - a*'" * - sr)' 

t^-nsequently, the part of t he defi ni te integra l which corre- 
sponds to the real roots disappears. 

SToreover, it is easily soon that the method of Arts. 107 
and 108 applies to the hactions arising from the » — 1 paii's 
of imaginary roots, and accordingly 

I = + -«» + • •• + -B-0. 

whore /i|, j 5 j, . . . B„.^ have the same signification as before. 
Again, since tbe roots of a*’" - i ^ o are of the form 

krr y - . kir 

cos — ± v'"' * Bill —» 

« n 

it follows, as in Ai’t. 108, that 


/j’, I y?, + .. . -f /f«.i = — [sin 2W H sin 4O + ,.. + sin 2(n - i)0], 


whore 


. { 2 m + l)7r . , 

V = - —y oa before. 


Ihocecding as in the former case, it is ejisily seen that 

sin 2O + sin 40 + . . . + sin 2 (« - i) 0 = 

COS 0 - cos ( 2 a - i)0 , 2m ■¥ I 

«=-.-= cot - TT. 

2 Pin 0 ^ 2H 


Hence 


{ y'”'(lr TT ^ 2m 4 1 

-- = - cot-TT; 

I - j- '' n 2n 

1 * T '^dx TT , 2m + I 
-^ = — cot - TT. 

p 1 - a^" 2n 2M 


( 23 ) 




X 


< 7 


27 
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bjB»^ . i»JD B 


Again, if we transform ^22)^and (23) ty makingj^" 

_!_ T / 9 ^ • 




, 2W + I t-S- dt. 

and a = --> S®** I i- (••‘•*-) 

2 » 


fV 

‘.o'i 


•s«-‘ (fc 


--- TTCOtan-. 

Jol - S 


+ s SinrtTT 


(24) 


m and n rcqui 


i-h’;o^dlu;ns imposed on ,a Li « iLuu'O that ^^should 0 ^ 

in (24) ttLf 

^“1?: TilodLS^Sals discussed in (ho hvo ,acceding 
ArlX admit of soveral important Iransfor.nat.ons, ul whnh 
\VG proceed to add a lew ^ 

i'or example, on iriakiug « = - in U D* " o 


C»'\. 


f* lilt 

Jo I + 


t<» _ (iTT . 

+ tt« sin ATT 


• (lit 

i 

g I - U" 


= an cot (in. 


If i = r, these hecome 
a 


f* tltt TT = - cot", (^5) 

J -1 + ti'' . J 0 * " ^ ’ 

J® rfiin- 

-r 

whero r is posiUy^d^TOtttor tlnmji^ 

Ag-Sin .L c. <•' .2’ Z 


[•(^dx f'_^ r£(^ 

joi +a^"Jo* J‘‘ 


Now, if in the latter integral wo make a: = we get 



»t 50 > 

(26) 
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Moreover, from (22), when n is less than unity> we have 

r* ^ f ^ —f .ffcT) 

f ^ r 

Jti + WTT* *'• 

•r • ^ I^<~ka_ ^*11 ^ w __ 


, I + arA WTT 

. .2 cos- 

/e>V; 2 


_rxr 

'. 1' 


Acoordingly ('»•) X" ~ 

f ‘ ar" + ar" cte ^ 
0 a- +a? ■ 


- .--M 


tirr 


(28) 


f A 2 COS 


In like manner, it is easily seen that 

f‘ .t" “ a-"“ f/> tt' »7r 

-IT — = ~ —• 

Jfl a- - a- * a- 2 2 


(29) 


It should bo noted, that in (lioso results n must ho less than 
unity. 

Again, transform (28) and (29) by making x = r”** and 
rnr = (t, and wo get, wi.,., /»]c w, «*-» - 

r r "* + I a r i"‘ - e-^’^ , t a , , 

---(/s =-8eo-, ---f/z=-tan-. (30) 

2 2 Joe" -<?■'“ 2 2 -- 

^ 

Wo add a fow examples for illustration. 

-* , -- - - I. t j wV It 

i EiAUPi.Ea. — ~j - .. rt 

1. ,»~-i -"{I-. ■='> ;, 0 T( * .i" ...=~ ^ 9 • 

q 0 , ' 'K “T;- 


^ IS 


(«'» - s«)^ 




n fnn 


J., -f A’)‘ ‘ •• 

m- (• ‘ t) 

" I'r^- = • i .. J. 

’i AK 4 


4 - />)* 


. . .. ir -.r .f,.u 

i. I tAn*^Oa0^ whrre m uca hotween f i and - i 

J • r«i . 

i I ^ i.*.. (!-»> ^Ve^ 4 . 


. . -•f 4..*»Ua^kU 


fir 
2 cos — 

2 


X 




^ " 'J. __ 

* Differentiation md^r the Sign of Integration 
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{ I + aj-m dx . ^ _ 

__ where n> m. 

0 I- + X-" JT 

H 


Ans- 


in cos 


^ a b 

2 cos - cos - 

f* r<" + <r“)(f‘* + <'^) V-! a .. ^-:• 

6 I i---a** i. i ^** cosa+ cos 0 

Jo f»' + <rtr* 


f“ 

n' )a c»* - r»' 

should bo observed, that in these we must have a + i < r. 


C»a _ fl-w» 


s in b 

*’ cos il h cos b 


\ 8. Hence, when J < », prove tlmt 

tX »<*• ' _ !<’ 

ifcU*-. \ f'ei' + tf-*' ^ 

t \ I ^ ^ - ArtA AT AT = 


m i < T, prove inai ^ 

1".^ La.r.ie»-/- -?\ b . 

AX.J. ' V '^j. '> 


!„ .-irr^T' “ =«M 2 ™ /.+ 




\r ^ 

I-fc'-i. •-«'* -* f. i" <-•- 

^ ('!lxx*.«|' ^ns. 

;/i« siV/« of integration applie iutej^ration are 

fSXK*”"”-' ‘” *"" '“'■ 

“Hunt oftho importance of to principle we add an 

integral in question, i.e. 

let -A 

« = J a)dXf 

where a and b are independent of a. 

To 6nd let A« denote the change in « arising from the 

change Aa t .; then, einee the limits are unaltered, 


Y 

.A. }<) 


Af 4 * 

--sin axdx 


rr^^-LTr^T.^; ). 
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= ('/*(•!*» a + ~ a))(ir; 


A(( _ p ^(.r, g + Aa) - 0 ( j , a) 


• • A« ‘ L A- 


IIcuco, on passing to tlio limit,* wo have 

‘ Jr. 


(iu 

Thi 


ja 


Also, if wo ditforuuliuto n times in Buccession, we ob¬ 
viously have 

'£:> ^ f‘ ,ir. 

.A," J., ./«’* 

Tlio iniporiaiK-n of tills metlioil will bo best oxhibite.lby a 
fow clomenlury exampK'S. 

II2. IntearulH l)j Wlircrenllatloii.—if 

the equation 

, I 

e~*‘" dx = — 

0 « 

be dilVeieiitiiited n tlin^ with lespout to ff, wo got 


4 

) 


• A 


J 


a-" t'- dx 


i . 2 .1.. ,n 


a 


u*i 


as in Art. Q5.A(») 

A-miu, fnmi Die ('«|uation 


J 


dx TT I 

WO get, aft er n dilf eituituitimis w'itb respect to a, 

dr _ TT i .3-5 • - 0 ^ . 

22.4.6... 


I 


0 {x^ 4 u)"'^ 

wbicli agrees W’ith Art. 94.i . 


2n 


• F' r lo Un> ►jrucnil result the etudont is referred to Uertmnd’e 

Citlcut Julttff «/, p. I >) I 



Differentiation tuider the Sujn oj hitcijration. 


14-5 


Aaain if we take o aud oo for Hniits in tLo inte|JdM23) 0 ") 

,Sf Art ...wogot, 


and (24) 


A « 


cos mx dx 


a C 

I. = OT 


(3-) 


Now, <Hffp. ent,iate oacli of these n with rested to a, 
aud wo got 

cos nu (U ^ 


I 71 .COs(h + l)(^ 

R 

(rt* + nr) 


m « \ 


! 


(?•'" bin mx dx « k 


« . sin (»+ 0 


ft ♦ 1 > 


(32) 


g 


(«* + nd) > 


1 n /‘ianli’x 17 18 , Diif- VI’* 3^) 59-) 

wlioro wt * « (St-o-I jX. 7» ^ _ cu q* ** (iV) 

Noit, Iroiu( 24 ) wo have 


I 


y'-Utx 

1 - X 


= IT cot an. 


Accordingly, if wo dilfe.outiato with reai.ect to a, we have 




u.) (* ■ 


1 - £ 


Bin* an 


Agaiii( id tlio ©(juation 


(v) 




hx 


bo traneformed, hy making evidently gives 


[- af^-'dx _ 1 

J, (a + t>xf^ " 

fiol 
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Now, difTorcntifitiii" with_r espoct to fl, we have 

r' af^-^dx _1 

Jo (rt + . ti{n + i)a’6'*‘ 

If we jii'occod lo diHereutittte tn — i titnos with regard to 
a, wo have 

r ar"-' dx _I ^ ■ 3 • • ■ - 0 __i_ 

lyj c. (" I ~ “ ■ {« Ov" 2 ) . • • (» + Hi ~ 0 ’ 

1 13. ].)3' aid of tlio preceding method the deiorminatioD 
of a <li.-ruii(e integ ral eau often ho reduced to a known uitegral. 
We filiall illustrate this statement hy one or two examples. 
Kx. I. To find 


log(i 4 sin a cos.r) 


d.r. 


cos X 


Denote the definite integral hy n, and differentiate With 
re>poct to (I ; then _ 

dn f" cosfi'/r ^ 'P? *J 

- z. \ _ -- tt (hy Art. j8). 

du J1 * bin « eosx 


11eiii «' we ;?<’t 


<tx log (i i sin o cosrf*) 

- - -- = TTfl. 

C03 X 


No consiujit is added binco the inteernl evidently vanishes 


along with a. 


K\. 

111 till's ca.^o 


” 1 , 


€ bin inr 


(In 

r 


= r'"'’ cos 

thn 



f dm 

.•* X( 

= H •.-, 


1 <r 4 ud 


dx. 


,u0 


a’ 4 * 


un‘* 1 — Y 


No constaui-is added since a vnni'jhcs with tn. 
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Case where the Limih are Variable. 


Ex. 3. Next suppose 




f' logii 


du r - 

“Jo (I 


et* ori^. 


I rf' 


2 (/</.'■ 

I ^ « '•' x 


L*.i.‘ 


-U. 


1 (i \ _ ^ 


" [ 1^1 ■ 
ff ~L <•' 


- ^ r da ^ 5 + coust. 

•*• “ 6 J rt + 6 6 

To dotormiuo tUo.co^t: lot « = o, and wo obviously 

have 7( = o. ^ 

Consequently, the couslaut is - ^ log^-'. /' 

. r i«^(i 4 ;i 5 ;£) 


1 •» •• 
1 + b-x- 


b r 


The inolhod udoptud ill 

to a process of ,vo shall consider the case 

IJcforo proceeding to i aro U^Qi\^ 

of differentiation 

“■• irKr^r;' rs " “S* 

„ = <.)-•?(«. “): 

, a 

db ^ 

[10 a] 
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aud 


rfw 

da 


dF{ay a) 
da 


= ^ (f, {a, a) 


A^'uin, taking the total differential cocfliciont of « re 
garding « and 6 as functions of «, wc have 


dit 

Til 


=[ 


d>p{ry g) ^ 

da db da da du 




(Pu (Pu „ 

Tty repeating this process, tho values of o^ 0 -> 

ho obtained, if required. 

115. liitoKratioii iiiifler tlic of Intcgi’tttlon.—- 

lletui-ning to tho equation 


f/ = 


0 (j-, a)(fT, 




wli' V'' tlif! liniits are indi pondont of «, it is obvious, as in 
? Art. that 

b r 




ndu 




(i)da 


dr, 


pi'i.vidr 'l II be taken between tlie same liniits in hr)tli cases, 
ll w<' ib-nnfe tlio limits of « b\’ <i„ and («i, we gut 




r 


}hu 4 


'' u 




fi) tin fix^ 


or 


!/-(./■, (A/= I u)'/n da, ([3.1) 




b 

«o 

m W 

a 


This result is easily written in the form 



n ’a. 

u) ilii dx. 


(35) 


Integration under the Sign of Integration. 
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td.k6ii b6tw66ii limitB* . 

It may be observed that the expression 

j ' I c^dxda 

is here taken ns an abTjroviation o f 

^(r, rfo, 

which the definite ^thfresuf 

posed to he first er^ned.^^a.^^Jhe^^.esuR ^ ^ 
integrated witli respect ’ , ^ otherwise stated, 

0(r, a)dxda 

TT-Si S .Sg£Si:^^- 

‘''^S*i“p»ETK'ill..l..t. ||• tap..'.- .< •“• 

Ex. I. Froni the equation 


I 


1 1 
a*‘‘ dx = - 


a 


WO got 


o f«» 


a;*-’ da dx 


lo J«o 


1 ®» da 1 

- = log 

-o « 



• It should be notod Tl^'ra" uirtiio 

ite intcgmls with ”{ u.legi^- TheTtu«lent wUl find that U.o 
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lienee 


1 




Again, if wo make aj = in this otjuation, we got 


(‘ 

•} 0 


- (Iz = logi — . 

s \ni 


/ 4 A«) 




Ex. 2. We have nlreaily seen that 


e"®* cos mxdx = 


a’ + »»* 


IlencG 


i 

T“* . "1 . f*‘ 

da COS Uixd.r - —-- 

. L. J J., 


I /a,* + m*\ 


or 


r®**' - r 


,•^0* 




oo3mj-(/j- = ilr,gf''‘!-—’ 

2 Vog* + W»* 


Ex. 3. Again, from the equation 


1, 


c sin vixdx ~ 


m 


a’ 4 w*’ 


wo get 


r>-<» 


0 


r • 7 7 f“‘ 

^ Sin tfududx =s -: 


••• [■' 
' 0 


<«»* ^ /Q 

— pin wjar^/j* = tan'M -1- tan 
a- \w 


"(i) 


Comi'iirc h’x. 2, Art. 113. 

If \V(‘ mako n ^ o nu'l a, = 00 in the latter result, 
obtain <<. <i». i*** 1 ? 


\ f •‘^ni mr TT 

- j,. _ 

Jo a* 2 


wo 


X 


^ : J 






Value of\^e-^'il^^ 
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Ex. 4. To find the value of 


r*’dr. 


J 

n • i Viv A' aud substitutiuj^ 
Denoting the proposed mtegi y . 

we oLviously fiave ^ ^ ^ 

! • f " I - 4k. uj*A f«r 

0 (y-w^- 




f);ff^ (>*Ac) 


, J = At-***** 


ence 


r [■ ,-.-(.«■)„<?<, *=i i o‘-"’‘'‘'_:;^'’'rx -. 

Jo Jo I -.t'-(l-»**) ' ■l(l4l'-)l*® '- 


I I , 

k A 


•*2 ol + ^ ^ 


- X. • 

Honoc _ 

.1 1 ;o r^f nonslderaldoiS!^^ < 5 <i' 

„7. Forexamrlo,tol>ni . ^ 


7 tr 


(A) 


Hero 


da 


:, 10 UUU ^ 

«= e ‘ 'V.. ^ 

dx n. 

= ..2j^C « 


. ._ . =land'voget..>,* »‘■ 


-4t- 
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l 


, = U * = «; 


du 


/. — = — 2tt; hence « = (V*®. 
da * 

To determine C, let a = o, and, hy the preceding example, 


« hecomes 



TT 


Consequently 


i: 


2 


r’®. 


( 37 ) 


Again, to find 


y 


G.o. (B) 


-t 


V, 


^^***coB ibxdit. 


Here 


^ — 2 P (>-«•»■ a; 01 


sm zbxdx. 


\ 


But, integrating by parts,'we have 

f . . . Bin 2 lx 2 b 

C-® ' 81 


Hence 


sinibxxdx^ — 

r- / 

j e^*** Bin 3 


zbxxdx 


i I -r 


C08 2&a*ffr; 


’-s r 

« Jo 

du ibdb 

— » — ■ ^ or * •• Ml I . 

db a** u a* 


cos zbxdx. 


du ^bu 



Hence 


«• 


« = Cs “ . 

■\/ TT 


Also, when 5 « o, « hecomes 


2(7 


r 


• __ t 7 ^ 


* cos 2bx(lx = 





2a 


(38) 
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Eramples. 

Again, if we diffeJnS n timfie,^ re^rfft tV>o ,j, 
equation ' -i-c' -e 

f e""’fte = 

Jt.ik 

and afterwards make a = i, we get 


u^o 




(C) 


C- 


An 


(h 


y-n. > 




Next, to find 


We ofiviouBly have 


•!->-- 


} 




0 *f*)da = ——4 » 

A I + {T 


• (■•cosw.rf/r 

... 2 J j ar*’('*^')co9mxrf3*//« =j^ -rTx^ ‘ 


But 




we 


have 


y .r ”• • 

TT ---zf 

g-'^^*’coBn)rax - —- ^ J* 


- i- 

I « I «» [“ coRiiixdx 

^ -77-^. • 


5„.,(v«<!)nence, by_(37l. Xave 
..-■5 (• oosmxdx ir^ 


(30^ 




Again 


5n. difforentiating with reapect to «, wo obtain 


1 



( 4 «) 
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Dpjhiifv hilcijrah. 


I 


»t^f t(L- 


Esajii'LEs. 

aec*:- 


(}o} 

‘ lAH ^ ^ 


* ‘‘Xo '^" V" ,-l ^a-l - x-» t/j t ^ ^£'■^*‘'^*7 air\ 


when a > o nnd < i. 

.4 

q.i‘‘> ,• I j o 


«» • .■. I * Irtrr / I 1 /-M rt rA« r\ —V 


[ J I* % J , .V 

■<•'“>,, I'-:lli_“ - ^,. log 

^ jo 1-s , \sina*/ 

l.,-,l,-4. ojjogC 4 < 0 =»co,•■ UT )• . . 

A.C. ,"■'/• /x’ + 5 -\^‘ a » / . )ci6*k.,^t 

5 , >*^»[ COS X log ( - — ) «//. * ,1 * *‘^^j - ^1 . ,-i! 

«... *, i.. <' A-' *^.1. O**-- u-fA - W! 

■fi*.c. nr 


.r* *4 *1 i 

u ••n ♦ C. 


J * i' I'lg.-i/j lift** w . * 

^ J ^ .j"‘ N.l Ot-r-^lV.t a«:ar<>\ H 


. nr 
Bin — 


Jo l + •<» .. •♦COS-'- 

a 

t It) 

f-BincJ/O , ^ a.r r> - 1 

-^‘ loa^O l' 


•• ‘ -i - 

ii8. Tlio values of some iinuoHaut ili’jliiito iutegrals can 
l)n easily Jetluco<l from formula [34), Art. 32. 

0 ^ For examplo,* to fiml • I.-^- c-*** - )J '--K '—* <>■ 

\ **X '‘1 J.^'’ 

;;. M i ^ -V ; rr, ,. r-^«*-r 


i • <.-» 


• -f • T- v^p 


^JU \ -% ^ 12. [* ^ t<f i.^ «Uf 

u ' log(8mrtj</0 ^ 

Jo A>rooA'Wu.^» It*. 

^ >1 ‘ -^*4 ^..1 

, ^ ^ .0 


• -I • - . ^ A...* -* f 

- -U t- V M 
t„ ' TToro 




log 


(sin 0 ) r/fl = j ^ log (eos 0) < 10 . ^ ^ ^ ^ ._ 


lioiico, (liuioting eitlior integral by u, wo have 


* «v*i 4 C 


fe^Au’] -I 


= f (Ing (sin 0) + log (co3 0 ) j dO 


• Tlic^c r\.iinples ure taken from a Paper, “II. 0 ./* in iho Camhrtdj/i 

Milht' natn'iil Jonnutft Vol. 3. 


Theorem of Frullani. 
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w 

= 20 )d 0 - -log 2 . 


Again, if s = 2 O, wo have 


*log (sin 2 (i)d 0 = - 
. 0 


1 H ^ 

_ _ log (sin 3)(/3 


2 lo 


r r" 

1 r log (sin z)d% + - j ^ log (sin z)dz ; 


162 . 3 -), . . 

but, Since sin (tt - z) = sin z, 


m 

I'' log (sin s)(/3 = j’ log (sin z)dz. 


Consequently 






[’log (sin 2 (i)dQ = f’ log (sin ii)dO ; ^ ^ 

Jo •)" : 


^ i ^ L 


tj .*. 

Again, to find 


... |’log(smO)rfO = - 




(10 


f 0 log (sin 0)(/0, 

J -- 


Here 


I' fl log (Bin 0]d0 = j] - ®) ' 


. •... (’01og(Bin 9)rf0 = ^j’log (Bln 0)</0=2i 


= - - log (2). 


1 19. Theorem 


of Frullani. —To prove that 


^ j: ^ 


j- dx = 0(0)iog(^-j* "'•'■J 




* 

.. 4 so**- '•*• 
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Let tt = f dz ; substitute for a, and we g^t 

Jo » 


u = 


g ^(gjg) - ^(o) ^ 


If we substitute b for «, we get 




•aJ. 'J 


i<p{bx)dx 


X 


= ^(o)J,- = 


0(0) log-. (42) 


llenco 


» <p (< 7 ^) - (f) (6*) 


dx 


4 

<p (d;r) dx 


X 


h X 

t/ « 


^(ojlogf- 


(43) 


If wo suppose 4 = », we get 


X 


dx = 0(0) log (\ 

\( 9 > j 


(44) 


provided 


h 

•0 M 


0 ( 4 j?) 


X 


dx when A ® <». 


For examplo^ l et ^(x) = cos x^ o nd^ since the integral 


h 

A 

w ^ 


k 

y cos hx 


dx 


evidently vanishes when A ^ 00, w© hnv© 


I 


cos ax — cos bx b 

--- dx = loff -, 

^ ^ a 


X 


Theorem of Frullani. 
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Mali’s theorem 


i: 


= 4,(0) log (-^' 

iC }« ^ ^ 


(45) 


.. . N ,1 .4.. fl.M .lofinito value to wuicii 

Agam, if then when A lic-conies 

tends when ir increases y.’ of ^(bx) in llie 

infinite wo may substitute i^{co) msleaa 9\ i 

integral 


i; 




A X 

s 


dx ; 


in 


wbiob case it becomes 


■/■(<») [^7= 1,6 

m 

On malting this suhstitulion in (43), g'^'^ 

j" ¥f±:.9S’'f) lU = |./.(«) - ^tCo)} H’(-j) 

For Lamplo' let ,/.(<-) = tan-(«) lUou wo hav'o ^(o) = o, 


(46) 


TT 


and ^(00) = ”• 

Accordingly we have 


1 


tan- ax - ta ^ _ 5 j‘!| = ^ log^^| 




Bions of Oie formtiloi. ^f -y. lon Mathemai 
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119 a. Kema/iiifler in Lafcraii{;c*t» series. —^0 nest 

j-rocood tOgSli'jw ^Oiat tlio rcLaaindor in Lngrnnge’s series 
(DilF. *^ 125 ) admits of Loing ropresontod by a 

deCnile integral. This result, I believe, was fu'st given by 
M. Tupolf {('omptca Jvndus, 1861 , pp. 795 - 8 ). 

The following ]>roof, wliich at the same time affords a 
drinoiislration of the series, of a simple character, is due to 
!M. Zolutareff:— 

Let 2 ^ t- i/il>{z) ; and consider the definite integral 






fv0(v) H a* ~ v\'* F'i;p)d\r. (p- f- 


r *•* 

^ dbi 


LitFer'-ntiuting this uith respect to r, wo got, 
:Vrt. 114 , ^ 



Ir 

- 4 "n 

» V 

5 ' 


4 .«» 





If in this We nntUeVi - li-'V*-' 




hut 


■-•p - F{.r) ; 


d^i 


In UKv nianiierj tnaking n = 2 , we have 


(•18) 




» 

• • 


2^. - • 77; 


'/^ d r 


If 1.2 dr ' 


I d\^. 


1 . 2 d.r^' 


Suh-.|Ilu 1 iiig in ( 18 ) it hefenies 


/':. I 
Again, 




jd (fs’j 


I d% 


1 . 2 dx^ 


4 


FutifiioiiS. 


I'jO 


I (P Si 
i .2 dx 


i‘= 

1.2.3 (U^ L 


= ^ 7 /x’ 




1.2.3 dx' 


I 

, ^ - i{!^l (^,(a-)l"i”(.r) 


1.2 ...» d.r' 


llonco we get fiimlly 

F{z) = F{x) + Y + 1^2 ;z; 


?/’ d 




■i S.V 


A 

^ iLV [' [// 0 (h) + 2 - - »]"-^(») 

1 . 2 .. . » \dJ^J J.^ ‘ 


(•19' 


Consequently ll.e remainder in Lagrange’s ser.es .s always 
^'’^■X::lS-oSte:Si-ago..emUL^ cl LeHnite 

Integrals first ”‘t''°J;‘“‘7T.lus''-u'‘n.ay bo observed find 
,20 wa.iimn ,-v i,,,,occnnied tl.c nttoTi- 

M.cro IS no brand, of "7,I„ ‘,i,at wl.id. trculs of 

lio.. of '‘-■'“.'‘'“'.‘“J', 7nMo and ...nltilde; ..or in wbieb 
Defi...te Integ.ab, bo . ^ eleg.i.iee and ...terejL 

tberes..lls a.n-.ved_at a.eoi g.om^ 

It would 1)0 manife.tly fU.m a bUcIcIj of Iho roFuUs 

elemclary the Gan....a or Lnloria.. 

Integrals be comrleto without givi.ig at 

iro?their p..perties With such an outh.,o 

d^^naiSnroflhe E'Sleri^ Wegrals, both First a..d 


. 0 


s evidently af^netioi/of its two ranjmote^ it is 

isually represouted by Ibe notation li[ , ) 


1 
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Thus, wo have by defiuitiou 


j""' (i - xY~^dx = B{my »). 


j * 


I 


(50) 


0 T^-. =ii^ •«-' =• 

jV**""**' - 

The couslaiits m, «, are supiiosoTf ^osiVu’c in all cosob. 

It is oviJeiit tliat tho result in uquutiou (14), Ai't. 95, still 
liolds whcu p is of frauflohal form. 

Uouce, we have in all coses 


r(p+ i) = ;^r(i)). 


(50 


t 1 4 •>> . 


This may bo regarded as the fundamental nroporty of 
Gamma Functions, uud by aid of it the calculations ot all 
sueli funetions cun be reduced to tlioso for^vhich ilio para- 
meter ;/ is cominised be twee n any two coubuoutive inlejjeis. 
Fortliis purposo the values of n/i), or^utli^ of logr(;^), 
liave been tubulated by Legendre* to 12 decimal places, for 
all values of /> (between i and 2) to 3 deeimul plaeea. The 
student will find Tables to 6 de«'imul j'lueesat the end of this 
chapter. Ly aid of biieh Tables we can reiuUly tMileulato tlio 
uppniximuto values of all delijiite integrals which are re- 
dueihlo to Gamma Functions. 

It mav be remarked tlmt wo liavo “ 

■ I 

r,i)= I, 1^01 = 

1. 0 p.— 'k-i- ‘P 






kT-' 

r(-;>)=cD, . 


^being auy_iulcg£r. For ncLMtivo values of j> w 'hioh are 
not iiiteirer t ho fum-tiou has a (iuiio value. 

Again, if we substitute zx inbloud of .r, where s is a cou- 


blaut with respect to x, we obvmusIyTiavir' q. Arf. p7t. 

. J..-, J:0'* . a . 

r rl':/ w 


51313 


* 1 . 


__ _ ♦ Soo T'aiV/ i/rs fonrfiom Tuinu 2 , liit, Ibulor, cLitn. i6. 

i ^ ' I" - ) 
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Ejpyession for IS{»u »)■ 

With respect to tho Fret Eulerian Wogral, we _ have 
already seen (Art. 9?) that »-• 1., r.. 

B (m, ») = B [n, m). 

nence, tho inlerchnngo of the constants m and), does not 
alter the value of the integral. , >n) 


Again, if wo suhstiluie ^ for x. wo ^t 


3 ' 




1*’'^ (!■»?) 


1*7 ■ f* 


t . K » 


)/'''-''f y 


+ !/) 


Hence 


= i?(w, «)• 

0 (i+!/r" 


Cf 

(53) 

6 ik*. (./•- 


Wo now proceed to espross BJ^) in terms of Gamma, 


Fano! ioD8 . 

121. To i»rove lliat 


r(.))) r(..) 

”) = -r>rno- 

From equation {52) wo have (-( .s-, b) 


r (.«) 




Hence 


r (»«) «"■* = 




. j' = [|^ e-M'- 

[n] 




Ulz x^-^dx. 


1G2 


I)vjiml>: Intcgrah. 


z{i y.lwe get tf 6 '^) 


if *■; r(m + ») 


: (i +x) 

« V 

.-. r(w) r(«) = r(« +«) 

Accordingly, l*y (53). liuve 


ir (1+^) 


- y”'tix 


+ X) 


m>n 




N-&. 


, I’H) r(«; 

m, n) - „ . . . 

’ ^ r(m i It) 

( 54 ) 

It, we get, by ( 24 ), 


r^'-'(/.r TT 

^ Jo 1 -f a: sin »rr* 

( 55 ) 


r_rf.,If iu this n = wo get 


1 - 1 = -/tt. 


This agrees with ( 36 ), for if wo nuike .r’ = s, we got 


/t \ 


9 

t 




1 

2 


I'l J 

C ’ 3 d i/z = ' 


(56) 


.!o 


0 . Again, if ^^o buj'[»oso in lUu double integral 

- ft'* 2 (cib 

.r’"-'//'■-’//.rf/y 

and // cxlcudud to all j osi/iir values, Bubjeet to the condl- 
liiin lhnt£+j/^ is U'-tj^ivab-r than uuityj then, integrating 
wllli ii'Siieci to I/, between the limits o ami i - x, the 


integral hocumos 

1 

' j 0 


1 } 




.1 


. VII r 

,.-y iN.* •'*’*F**'^,i*« 


; • • 


J-"-' I/"-' (Ixt/l/ = 




(57) 


r(m ‘ a . i)’ 

« *• 

m which X and >/ are always jio.^itise, and subject to the con- 
dilion X + 1 / < I. 




Qamfita Functions. 


163 


,22 By aid ol the relation in (54) a number of definite 

inte^ie are redueible to (torluny^ y 

' fw inbtauce, wo have . ^ 

Now/ .bslituting i for y in the luet integral, we get 






(i r(m + »)’ 

make we get 


(58) 


(!•) 


a;”"* (lx 




(ly 

{(nj + Oj 

r{m) r(a) 






't: 


|(»I(PJ) 

59) 


Again,* let «. and we get 


Ou) 


" ci r ta ^ r(wf) r(H) 

... I 7r(»i , „)• 

This result may also bo writteu as follows . 

• > « 


(60) 


! 


*BiuP-*0cos«-‘(^</0 - 



2 l 


JP + V 


(61) 


llic iudijoj tro integers. 
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(tiO jf make g = i, we get 


1 

--- 1 .. .T rsin'-' 0 d 9 =^ . 


ite {0 ,, 

■ ~ ^ i rd) 

rf.B. (^' Apnin, if j in (6i) it becomes 


) 


(62) 


wc» 


(iO 


/;A'* 

r - ‘ 

\ 2 


= j 'shiP'' 


iVip) 

Let 2 O = z, and we have 


0 cos'* '0(10 


I 


20 ( 10 . 


4 r 




siu'”' 20(10 = 


f w I** * ^ ^ ' 

eiu'-’s^/c = 6 in'’“'s(/s, (.^ 

• . ■!• i.i'f 


«,A. ■■(! 


r ^ 4 ^ 


2 ^JP + * 


c 

* I 

*■ (f-U.) 


llonco 


r r- 



;>+ 1 



s'* 


" r(/-). 


If WO substitute 2 m fortliis becomes 

i’('») r(''' * r( 2 i»). 

Agiliii, make // = tau-W in ( 59 ^ and we got 

^ siir»‘~WnW-0,/0 r(m) r(»o 




J,. (f/ ["in- (I i- h coh-Oy"*" zn'" IP r(m + «)* 

[:’ 3 . '!'(» liti<l file Vailiie* <if 


( 6 - 4 ) 





u being UU}’ integer. 


• '1 hi - iiiiiii'i-triiil tln'c i.m L' cLir* ta Eulor. by wLoui, aa nlrcaJj- noticed, the 
G^imuiK Fuuciioni muto lird invc5tig;itc3. 
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ra/«co/r(^-jry ry. -r(^ „ j* 


Multiply tlie expression by itself, reversing tbe^rdeLJ^f 
the factors, and we get its square under (ho form 




“ - ■' rf. - ' 




that is, by ( 55 )» 

. TT . 277 . 3^ 


. (H - l)ff 

sin — sill — siu —.. • sin 
71 n 


n 


n 




To calculate this exiuossion, wo have by the theory of 
equations t—, ,t.., x 

1 - 


I - 2ircos- +a;’)( * ” 22^cos 




Making successively in this, ar = i, ““-I 
placing the first member by its true value h, we get 

vrV/ . 27rV f ... 


... 2 Sin 




(it - OttY 


2»y \ 271/ 

whence, multiplying and extracting the square root, 


ft = 2”"' sin ^ sin — . ■ • sm 


n 


. ( it - Qtt 
n 


Hence, it follows that 


n*! 




71 - I 
71 


( 277 )’ 


(55 


71 
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124. To And the valaes of 


r 


,.iio 


r* 

c““cos and c'"sm 

J« 


If in (52) j be aubetituted* for 2 the equatio] 

becomes 


{a -b 1)" (rt* + &*)” 

Let a = (a’ + 6®)^ cos 0, then 6 =* («» + 6*)^ sin and the 
preceding result becomes 

I (r“(co8 bx + I sin bx)xf^~^(lx 


r{m) 


- (co6 6 + v' - 1 sin 6)” 


{a* + 

= ^^ (eoa wO 4 v^- I sin wi 6 ). 

(a* + by 

. . . Jf 

Hence, equating real aud imaginary parts, we have 
[ c'’“co 3 bxx”''^(lx = ^ ^ cos mO 

(a’ + by 

fl~“ 8 in hxx^'^flx = - ^ Jf^Q I 

(rt ’+by J 




( 66 ) 


in which 0 = tair'l -V 

a 


If wo make « = o, 0 becomes —, and these formulae become 


• For a n£2t>u3 proof of the validity of thia transformation the student is 
rcfciTtyl to SetTf'U’a Ctflr. p. 194, 


Qamma Fimctiom. 


16 ' 


I 


rim) mtt 

cos hx x"*'* dx = cos ^ , 
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125. \iimeiical Calciilulloii of Oaiiima Funo- 
Uoiift.—Ihe following Tullo gives tlio values of log r{n). 

0 SIX deoinml places, for all values of i) between i and 2 
(taken to tluee decimal jdacos). 

It may be observed that we have r(i) = r{z) = i, and 
that fur all yaliics ofp between i and 2, r{;0 is positive and 
loss than unity ; and lienco tho values oflog I’fp) are negative 
for all such CVnsoquontly, as in ordinary trigono- 

metrieal logantimne lables, tho Tubular logoi-itlan is obtained 
by f^iig 10 tr. (1,0 natural logarithni. The method of 
raluulatingthesoj aides is too complicated for insertion in 
■ :‘“an elementary Tieatiso. 
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. f nnd rosi from Bernoulli'B Bcries. 

25. Deduce the expansions for sm* an 

a6. Show that the integral f-?'* ’ 
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43. Prove that 


rr ,, _ >»(”» _0 f ^ cos'"-*/ cos 'lllix i 
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and henco, deduce tho values of the inteijrals 
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. Prove tho following eciuation: 
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CilAPTEl^ VII. 


AUKAS OF ri.ANK CUKVKS. 


I :(). .'\roas of fiirvoN.— The simplest metliod of regarding 
llio urea oi a fwvve is to sui^poso it referred to r ectangidar 
axes of co-ordinates; tlicn, the area included between the 
curve, tlicaxisof and the two ordinates corresponding to the 
values .J-o and j', of .r, is rei're.'rciited by the defiuito integral 


I; 


i/dx. 


For, let the aiva in quest ion .ln' represented by the space 
J 7; I'T, and siip)>ose 7» I" divided into equal intervals, and 
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the«orre.'poiiding ordinates dra^^■n, 

us in the aeoumi'unving ilgurc. 'y p 

Tljen the tiii’u of the j>ortion 
I'JIXQ is less (lian tlie lei tanglo 
/’-h'-VV, aiul oi\:tt~ than 

] Icni'f the I ntirearea -iy« I'/’i'^ 
levs tlian the sum of the reetangh'S ■ 
n ['lesenUd byand greati r 

than the buni of the Teelangler:« '(r'l; jJ- v x 

J'J/Vv ; b\it the dill'ei'eiiic he- Pjg_ j_ 

tween tin."'' latter sums is the sum 

of the reetungU-s /p f//, or (sinee the reetangles have equal 
ba>es) the reetangle under JLV and the ditferonco between 
V’I''anil AJl. N‘'W, by supposing the number u increased 
indellnitelv. J/.Vean by made indelinitely small, and hence 
the reetangle MX ( TV - AU) also becomes intinitely small. 
(.'I'useipieiitlv the didennie betuecu tho ai'oa ABVT and 
the sum of tlie ve< tangles 1'MX‘i becomes evniiesccnt at tho 
same time. 
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Areas of Curves, 

If now the co-ordbates of P be denied 

^econ.es infinitely sn.all ; 

or area AB VT = P i " ‘‘“e 

definlb iut4»w5:p 

,jrsaSS 4 'S£Si““.. '■' 

the value oli jr for which // . ^^i.vion^ly iii>vlics als-o to 

cose the area is represented \>y 

1 ^ 4 

\J dXy 

where w represents the angle" u found in 

in applybg these PoPurve : thus. 

‘rr.;'w ££"i.r £ i. >. ..p-- “p 

j./ {Ad-^y 

\[/{ uyu , 

■i eally hy the area of a defimt' 
dT^Thy the equation 

i/ =/(-^)- 


. ^ r<fl..SenUUt!aiit the rcst.U 

^Mhe «»„ena';,ri.,a.„o .. 

';S1. 3*. 39. t-i/- t’""- (^12j 
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Anas of Plane Curve*. 


On account of this property the process of integi'ation was 
called, by Newton and the early writers on tlio Calculus, 
the method of qimlrdluirts. 

Again, it is plain that the area between the curve, the 
axis of //, and two ordinates to that axis, is represented by 



taken between the proper limits: the co-ordinate axes being 
supposed rectimgulur. 

Wo proceed to illustrate tliis method of determining 
areas by a few ap[dicatious, commencing with the sim]dest 
examples. 

127. The Circle. —Taking the equation of a circle in 
the form 


X* + = «•, wo get y - i/id - a-*, 

and the area is rcprcsi.-nted by 



taken between proper limits. 

Ft>r instance, to find the area of 
the iiortion r epresented by AP])E 
in the accompanying figure. Let 
.r = a cosO, then the area in ques¬ 
tion plainly i.s r>'prcseutod by 


B 



Fig. j. 


J ** • (l^ 

bin U(to = — (a - sin a cos o); where a = I DCA. 

U 2 •; 

Tliis result i.s also evident from gi^metry ; for the area 
LPA E is the tUil'ereneo between 1 ) 1 *AO and POE, or is 

iVa (rm\u cos a 

1 7—• 


• ■ The area of the f|uadiant A ( 'll ia got by making a = - ; 

and accordingly is - - : lienee the onluo area of tho eii'ole 

4 


The Ellipse. 
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128 The KIlipse.—From the ofiuatlou of the L-llipso 

.. ij _ ^ 

^ T, = ' > c'-'t ^ ^ 

(f 0 " 

aud tlie clement of area is f.' --f' 

^/ir - 
a ^ 

but this is - times the area of t liu correspouJing elmiamt of 
tbo cii-cle tbSiTrailius is u : couse.iueutly tlio area of any 
portion of tlio ellipse is ^ times that of tbo corresponding part 
of tbo circle. This is also evident from geometry. 

The area of the entire ellii'se is TTfii. • *1 f v On') 

Vll-Hl -.i Hie oouutiou of an ellipse he given iiUli^form 

® -- . 

Ax'* + Eir = C, its area is evidently 

As an application of oblinne axes, let it bo prep,..~ed^ 

(0 jind the urea 0/ the .scgmeiit 
of an ellipse cat off bf/ a>W (-hoi^ 

Dlf. , ^ 

Draw the diameter A A , cou- 
1 ligate to the chord, and Eli 
parallel to it. Then, C being 
the centre, let 



Fig. 3. 


GA' = a, Clf ^lj\ACIT = ui, 

and the equation of the ellipse 1® ^ ^ ^ ’ henoo thonu 

XA’iy is repres^ted BS': 

2 ~ sintul yrt'^-a;’f/^ = tfV/smw(a'Sm«cosu),^t..-..o(N.- 


cos u = 


GE 

GA'' 


where 

Again, i^b' sin a, = ah, by an clomentary property of I be 

oUipso, a and h being tbo semiaxes 

Uonce the area of the segment in question is 

‘ ___ ab (a - «in « cos a), 

a] 
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Areai of Plane Curves. 


» Tliis roPtilt can also be deduced immediately from the 
|,y the method of orthogonal p rojcctioa. 

. Tol: nury tii oVseif^'ea'llmt-rr Vo denote tliclTrea of aueUiEho 

ii.t.grirr geetor, measured from the axis majo r to a point wlio^se^yo" 
jordinates are a-, y, by S, wo may write S - i * 




rr- X iS y . 2 .S' . A' 

^ - = cos —T = cos «, 7 = sin —7 - sin a. 

(I (if, h ah 

129. The l»ural»ol«.—Taking the 


(«) 


equation of the parahida in the form 
//■ ^ /-.r, wo get y = 

lienee iho ai>-a of tlie jiorlinn -li'iV is 

.1 




.r'^ilr, or i.o. - .ri/. 

•> * ^ * 



4 V ' ' ' 

mont I'.iV, cut olV by a ( load jn-rpi*n- 
dieiilar to llio axis, is ^ of iho reitanoh- 


V 

Via 4. 


It is easily teen that a similar relation hold^ for the seg¬ 
ment cut olf by. (my.i:hold^ 

ofiH'i'ally. lot the e(iUulion of tlio curve be // = 

wle ie II is positive. 


Hero 


f , f , (/.("*> 

1 i/<lx a \ x'‘ilx - -+ const. 

J J > 


If the ar(‘a bo counit'd fr«^ni the origin, the constant 
vanishes, and the expression for tlie area becomes 


ax'*" J// 

— . or — 




nil )/ + I 

Honee, the aii'a is in a cemstant ratio to fhe rectangle 
ninh'r the eo-ordiiiatf*s. A eorres poiwliiig resul t liolds for 
ii hli(|ue i i\e<. 'The »lisenssi«'n, when n is n egat ive, is^beft to 

th(‘student. 'I r* «-v---i 

' I ’Alti * '* tlir r>f n 1 cut o)T }•)* Any foal! chord iu 

V I 111 ' <‘l /, thr )• I . M r.l f) « 1 uu,\ tin |..llMnut<T <d ll »0 JiAtti 1 •• ►Ij. 

p- a -d .-iV^ t. ’■N 

f-., S.,-005. «<-. ^ 6 

-'-b- 




. IfiS . 
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ry = <r 


The JlyperOola. 

Ztor^nate Ixe“; in this case its eanatnnlWtho lovn. 

c.sin.j^^.orc=sin.logt.^ _ 

K tho“c^v"c bo rifcrfcd‘to ul iS 

^ 1 ♦ 

— — TT — * f 


a 


}/ 


nnd the element of becomes 

- - rt* ilx: 

« 

Hence the nrca"is represented by 
^ -d^dxy 

' taken between proper limits 


/ 



Fig. 5- 


:|.ii*TAgain, J ^| 


r*(fx 
'.r ^ t( 



Also, integrating by rarle, xve have 


_r j-vx_ 

j - «’ 'f-r = ® y*’ - ' J 


Adding, and dividing by 

x\/X* - _ f! f 


1 


dx 




2 2 J - a* 

_ 11! i„g (X+y:? 


-a 


2 





}*)—f 


Itv- ^..6-ot -\»v » S, - t'*-3 f, 

•l»l i. ^ 

lb2 Ciirrcs. 

«. * \p.4* >**'** V ^ ^ 

Anoorrlingl.v, if "o surposc ll.o area counted from the 
surannt A, wo liavo _ 

y7^ 


AI'X - - ■>•/-■ - " - T ’ 
2<( 2 

= —-l^ir - ^ 7 

0 2 ' (' 




nO- 


a 


C,. Again, since the triangle Vl’N ^ i .-/- » f"llnvra that 

• or, = - - i-sl- ’ 7:)-\ 

: ' • - . _ -- 2 ^ \ ‘7 

a gcnraell'ical method of fin'd'molhe iro'a of a hyper- 
1,„lir sc,dor, see Sainhm’a ('.m/c-s Art. .395._ ; 

,,o(n IlM’crlxitie >«■■>■? “■>•’ » O * '^'T''' 

A ! S.mt th^s,n■Sn^.f _r7•, J.0__fmal^^^^ of^ the preceding 

'»r» vr Article beotuncs 


"± log /'•'■ -r ’I 


2 ^ \n 


iS, *'* 


(I) 


wltioli nmy nlso bo written 


^■4 = r'. 


introducing n single lotlor r to denote the quantity 


i\r fA 2S 

'v« ■" f' f “ '’■ 


> r 

nciioo. by the ciuation of the hyi'crhola, wo got 


a h 


= (T. 


a- 

tr 


ih the hiA result of Art. 1 28,(calling tl 
^ht’ hyi'orholic cosine andiiyporliol 
lA’itv writing them cosh r, and sinh r, 


(■* (^ = 2 onsh r, c*" - = 2 sinh r,) 

tlie co-ordi nates of a n y yoin t on the enn'O arc 

if , 2S t/ . , . , 2S 

- - cOt^li V —74 V ^ 6111 n . • 

/; (10 0 


(^) 


The Ctitrnanj. 


[So 


^ a. MV 

. ” , t 1 tho raatlor differently Vyj!!*™! ® 

.--Ve might have reated tho^m 

(lujing.thoang o^<l geometne n'''""'''.? " , - 


may 


, ^ ^ A ^ p 

Titten' 


= e = log tan ( - ' J • 

...; 

angle. Also, Binco 

■ sinh ^ cot ^ = •^i;;y77’ <='’''''' sinh r’ 

•P^ cosh e’ of tl,o other trigonoi^.eal 

wo can obvious y ^ for ,., »/ - '. 

....?;;r3;. *^‘\‘y‘rngl«elT 

.. (SassSn'ii.. «■ \ / 

'°tTFb..1..s£ VLil. 

curve; ,*^”^_^caulUbrUim under ^ ' /l^ ^ 

rs^KSb-cri"-- 

^‘"tlrATe tl’ie tension a^K; r t^p, , - ,■ 

’ ir : A = 

*. Ji^ - _ 

- . 1 ,.,l to f 1-y ‘•'i''"'''!"' V". l'rofvssorCUitlv>- 

. ^Yl.ca t calls 


/I 


Fig- 


m 
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Arcaa of Plane Curves. 


Again, if s be the length of FP, and a that of the portion 
of the string whose weight is A, wo have, since the string is 
uniform, 

TF=A-; 

a 

s = a tan li. 

Tills is the intrinsic equation of the catenary. (DifT. 
Calc., Art. 242 («).) 

Its equation in Cartesian co» 
ordinates. can bo easily arrived at. 

For, on the vertical through V 
take VO = a, and draw OX in the 
horizontal direction, and assume 
OX and OF as axes of co-ordi¬ 
nates. Let 

PN=t/, 0iV = 2J, 

then '‘^'3 ^ 

i = tan 

du . dx 

^ = sm A, -r = cos ij >; 
ds ^ ds 

dr/ dij ds ^TMp dx a 

*' d<p ds d<p cos’ dip cos <p 

If 



X = 


Ilence y = <z sec <^, x = a log (sec <p + tan 

No constant is added to either integral, since y 
= o, when ip = o. k 

From the latter equation we get ^ 


(3) 

a, and 


see ^ + tan <p = d*; 


also 


SCO <p - tan ip = 


sec Ip + tan ip 


e 


llouco, we have 

C « C 

2 SQGip - + c 2 tan ip - e“ 


a®. 
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Cousoquently, f— 


. = , ( '•" ^ '■ "/ 


Also , 




(5) 


I„ tuo notation of lust A.tiolo tl.eso equations n,ay U 
^vritten ^ „ . * 


V = cosl. ^ and ^ = sinb -. 


Again, if NL ho drawn 

Also ’ <''> 

Tire. wr,- -. ,,, 

/X -A «VI (8) 


!! 


r / * 


< 5 ,e-=VAr= ? 


Aeeo:ii:.>y.tUe La Ki>^0 is ^-t of tire triangle 

PNL. 


' Examples. 

To find d.c TOO of 0.« oval of ll.o papfiol. of ,r 

,. To linrt ttie B fci. A /-’ {.. ' 

louWe point -n / , U^; 

= (X - «)(» - »)'•'— JiZl—^ 

Tbo area in ,00.1100 i. roprconted b, |-rj-^ 


rea imi'icsiwii ^-I”'- - 

2 ft /-. TO., « j ^> 

.— I {b ~ x) V ^ ~ j r *7 o.»A»- 

' *(» - ,oV;.r 

'• ^ 1 * 1 .^ to no --':"X 7 « . . >.- 3 l 


Lot*-«-t’.anfWoca= 

j. Fii.'l H't' 


j! Find wholo ar^ 

" ' r ft litUe difficulty in proving U-t tlua area is -- 

• Tlie student wiU find WviuK it» sides paroUel to tbo 

cj _ 1.:. .1. ..Jrciumacnbe* tfie oval, Uu g ^ n -r 


- it nr - y ' a / v 

,ilj- find tbc area* to bo ^ ^ ((. ‘I 

ihf c.irvo « ■' _ j ^,,1 its asymptote-. 

,t« ccn tlie cjsaoid Jf* - y 


• Tfie student will find UtUe ditUeu r, m ^. 

. o'?. •aaSwlucheUeunu^^^^^ . V 

r::£aw-o- _* tf.i# 


diiiat«uxo»- 

^ ^,vc. V* i/i 


-ifcL - ► , ‘li? 

•t::^ ' tr V ^ 



Arms of Curves. 


Since X -- a =5 0 is llio eijnjiiion of iho a5yniptoto Ihc area in question is re* 
jHt* 2 ».ntC'cl l»y 

AJx 

) M (<? - x)i' 

Let X » sin' O, and tliie hccoraas 


2ii- 


bin*d : 


3 

Ijorn c t]ie nr'^a in que^lion ^ itj*. 

S 

4 , Find the area of the of t)io run*c 

ff^tr s= + x)* 

Tliis furre 1ms hern con-idrTrd in Art. :f> 2 * r>ifT. 
Culr. lu lonn i? OThildlcd in llic aiinexctl figure; uiul 
lliC (irea of (lie loop id plainly 

"a ( x*\/ b *- x^^x, 

-U ^ 

Lrt ^ 4 X = and it is cibily ^eon that the area 
in qiirslion is represented hy 

8 . /.* 



, C - J ,ii}* f fi-f. r*£.- 9 * 

<. F'ndthr nren hrlwcrn flio \vit»h of Acmesi _ . ^ ^ 

and it.< O'pnptote. 4 ira*. 

132. In fiiulinpr tlip mIiMo aroa of n closed c uire, such ns 
tliat rf'pri-sentorl in tlio figure, wo 
pujil'O^c linos,/’J/, ^.Y, I'co.. rlriiwn 
piunlkl to (lie nxis of //; tlicn, iis- 
puniing onrh of tliO'^c lines to meet 
tlio oiirvn in but tw o ixe nt ^ iiiul 
making PJf = //:. /’kV - //,, the 
elomonlarv nrea is rrj.ri*- 

pi'iilt rl by (//c - fhf* ‘En¬ 

tire* area 1-y 

'OR 

(’/: - // 1 '' ; 

. nn 

in wliioli n]>, ()]>’ nre tlio limltinir \aluos of .r. 


!<• 


1 JJl 

Si 

Y 

Z' 


/ 



[A 




1 


y 


o n 


V( K 

Fip. \o. 


O'X 


• 1 liis form 5till li'MiL uln ti aAis of .r inlrr^octs the run'e, for Ibe onli* 
M itf 1 m liw til i( u ,i- lir:' • H til i: .tUo ^ipii. and (t/i — jo) ^’ill ^till n‘presen1 
(liv ch un fit of llir Hit,I hitnu* ti (uo parallel ordiliatfS* 



The 




-n 1„ lot it bo proposcl to lin'l tbe wliolc oreo of 

ISfSJi; U» 

. 2W. I’f • w'; (o gi, 

Here, solving for >/, 'VO cosily finil t t 

2 ---- i '?• / *._L — ho. 

h 


.Vi) 


re, _ 

h .. • «• P:. lO. ,1 . 


V2i/*yVV 

■ 1 f nf ‘r aj-o lUe routs of the c|^maratic 

Also, tho limiting values of.r mo uit 

expression under tlio Py „ and ft, and obsoiv- 

Accordingly, denoting t ■ ^UiW, the entire area i - 

ing that 13 negative foi an enu 

represented hy 


y ah - y p 

/j ' a . . /k 

^ (lA ^ nUin* W 


0 ' *1 \ • /I . 

/, s (li - njbin* W > 
To find tins, nssumo r - ^ U ^ 

then ' 

and wo get 




iiti 


= I ((3 - n)b 

(,,/•_ 6,,)’ + ( r- 

Again, (|3 - ")’ = d ■ *')’ 

llcnco the nroaoftlnLil^ 

This rosnlt enn bo YcriM '”‘J;°'j„.‘’o'rdmlnxes of nn 
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Areas of Plane Curves. 


Thus, ill tlic jireceiling figure, if we proceed from A to A 
uluiig the upper iiorlion of the curve, the correspoudiiig j.art 
of the iutegral J yds represents the area APA'Jf'P. Again, 
in returning from A' to A along the lower part of the curve, 
tlio increment t^is negative, and the corresponding part 
of Jis alsti negative (assuming that the curve does not 
intersect the axis of r), and represents the axoa. A'P^APP, 
taken with a negaUve sign. Consequently, the whole area of 
the closed curve is represented by the integral ///r/j', taken 

for all points on the curve. ^ i . i • 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
u-luiteve r the n umber of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity, the preceding result may be stated os 
follows i^T/ic area of any closed curve w represented by 


r dx 


taken through ike entire perimeter of the curtCy the chniejtt of the_ 
eprve. being regarded as yosttivc throughout. 

The ]*veceding is on the hypothesis that the curve has no 
double point. If the cun o cut iUelf, so as to form two loops,, 

it is easily soon that ^ y ~dsy when taken round the entire 

perimolor, rejiresonts tlio difference between the areas of the 
two loops. The corrc3}>ouding result in the ease of three or 
more loons oiui ho readily determined. 

133. In many oa'?es, instead of dotorniining y in terms 01 
.r, wo can express them both in terms of _a_sii.igje,y ari i 
and thus determine the area by expressing its clement in 
terms of that variable. 

' For instance, in tlie oll i))ao, if we make r - a sin wo 
got y - h cos >!>, uiul yiir becomes ab cus''^ tlu^ integral of 
wliich givr.^ tlie same ro.>^uU/as’before;*” ^ 

d lu like maiinor, tu find the area of Ibe curve 

/j-A 




= 1 . 


Let X = a siu'f, then y = b eo> </., and ydx becomes 

^ab 6111^0 coB*^ dtp : 


The Cycloid. 
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hence the entire area of the curve is reprcsentca hy 

I 2 rt 6 f sill'^ cos*^(A/f =-irah. 

Jo '' 


Examflls. 

... 

I. Find the whole area of iho ovoluto of the cUipsc 

't ..1 


ai ^ A* 




8 oA 




2 . Find the wliolo area of the curve 

, 5 f I). I .3jJ ..■■(2'' ' 

rri76~T~~ . 2(ju+n ) I) 

.,4 T 1 .C €:,cl«i.I.-Iu the cyclrn,!. vvo huye jWlf, « 
Calc,, Art. 272), ^ ..vAi».2>-^ «rf- " 

* = «(!;-sin 0 ), i, = «(.-cosO), ^ 

... [yrfx = a« f(•-oo8»r</0 = 4 «“JBm‘-<' 0 • 

Takiug 0 between o and rr, wo get ya^for the ciitiio 

r^ ^rical deduction , us follows . 


■'’.r 


Fig. li¬ 


lt is obviously Buffioient to dotermino 

this, lot points ^ ^nfPn and M'T'p' perpondiculu.- to 

^TrN'ofeqn^l^^Sti ^^nd draw iV.y 

“ ra-? :■'. 'KS- 
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Areas of Plane Curves. 


Now, if tlio interval MN 1)0 reg-anlei .1 as indefinitely small, 
tlio stun of the elementary areas Pjx/Q and P'p'i/'Q' is equal 
{(> ihe ivc lanjjlo under MX and the sum of 2 *j) and iV>orto 

IT'l ■< , - VI 

Again, if tlio entire fiprnre ho stqiposed divided in like 
manner, it is obvious that lie* whole area h-d\vcen tlie seini- 
tavele and tie' f^a'lnid js «quul to Tta iiiiiltiplie’d hy tho sum ot 
file el. nie)it> J/A^taKen fn-m A'totho eentie T, i.o. equal tOTrah 
Coiir-eipi. nlly tho whole area of tho oy< !oid is djraS as 

, c- Aa 6*7 ^ ... , T , • 1 

The area of a prolate or curtate cycloid can be obtaincu 
^ ill like manner. 

135. Ai'euN III Polar <‘o-oriliiiatCN.—Suppose the 
curve APB to he referred to polar co-ordinates, O being tho 
polo, and let OP, iXi, OR represent i-nnsecutivc radii vcutorcs, 
and PL, (^M, arosof circles described with O as centre. Then 
tho area OPQ - OPL^ hut 

hei'iiiii'S eV.Mlie: et-nt iu e'>m- 
piiri-^oii with OPI^ when P aiol 
ar«‘ inlinitely near points; c^uise- 
iiueully, in the limit tho ehnien- 

, , r',/9 

tary area OP(^ area OPL - -- ; 

y and 0 being tho polar co-ordi¬ 
nal I's of P. 

ilcuco tho sectorial area AOB 
is represented by 



l-'i;:. 12. 


2 Id 


w’hero fi and ^3 are tho values of 0 corresponding to tho limit¬ 
ing p-)iiifs A and (..1 

K.'i 136. Area o4 PoilaP; of niiit 11 Jiierbola.— 

I'nr example, let it be proposed to find tlio area of the locus 
n{ the foot of the j>.upcndicubir from tho centre on a tangent 
to an ellipse. 

•r y* 

AVriting the equation of the ellipse in the form^^ + 
file eipiation of tie- locus in question is obviously c-*.,c*u. 

r - /7'eos‘tl + Ir sin’O, 


Area of Pedals of Elh'pse and Hyperhola. 
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Hence its area is 

- cos =«./0 + - 1 siirOr/O = — 0 + "-f- (I. 

2 J 2 J 4 4 

The entire area of tlio locus is 

^ {a- 6 =). 

2 

The equation of the corresponaing locus for th|^X‘^Tl'-^liL 

^ r- = rt" cos^O - b- suyOff^-^-if 

In finding its area, since r must be real, wo 

a-cos'O - b- siu^O positive : accordingly, the IJ^mt^orJ^are o 

a Cq 4 **7-^ * »j 

and tair‘^. 

Integrating between these limits, and multiplying by 4, 
wo get for the entire ei;ea ^ ^ 

■ oh t- [a- - fr) fan'* . . 

In this case, if wo had at once intograt^^ bM ween « = o 

and 0 = 27r, wo should have found for tho‘*aroa {a- - i') 

This anomaly would arise from our having integrated 
through an interval lor which r* is negative, and lor which, 
thoreforo, tho corresponding part of the curve is imaginary. 

Tho expression for the area of tho pedal of an ellipse with 
respect to any origin wiU bo given in a subsequent Article, u J 

Examples. 

I Show that tho entire are;, of the Lcinni’ecate 

r 3 ^ a-cos2tf 

2. lo tho hyperbolic spiral \^. 3 < 

rO^a, 

prove that tho area hounde.1 by .my two radii vcctorcs is proportional to tho 
diJferenco bclwccu their ,5^ 

^ 3. Find tho area of a loop oT th^^urvo ^ 

i *■- r2 - aJ cos^A'.* 


^ cos nk* ^ 


a* 

A HU 

u 
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Eiampki. 


4. Find the area of the loop of the Folium of Deecar^ whose ejuaUon 

^ - *‘- 7 Ty 

xs + js = 3 uxy.| \ 

Tronsfonuing to polar co-ordinates, wc have ; V<fcj. 

= 3 <^ cu 5 gsm 1 ^°, 

^ ^ sin*T cos' 9 ' ) . 

^ i .A. « _ ^ ^ 


^ t&’yA'^-A 

•Yf^ ••‘f 


L 


f ■ 
I 


«rU •r>d) y 

Airam, tb© umiting values of 9 arc 0 ouJ -; _ x. , . ^ 

O'j’f * sin* 0 t 03 ’V<)^* »■ •< -1 

. ** 

Let tun e = H, and this c.\prtjBl--n l.fcomes^ ^ 

^||* f* Wt/u ^ 

”7 Jo (I t »«')*'' » 

5. To find the area of the Liinai,i>ii( 

r it cus 9 + i* 

Iluro MO nuwt fUstinpui^li IrttMCcn Imo f ases. , ^ _ ... . 

(1) . Let b > a. lu tliii* tnM* Ojc tuivo couauU of one loop » and its area is 

(a cos 9 k A)'</ 9 = 4 * 

When A s <», tlio curve Vccoiuii a rarJI^nd, au»l tbc area 

(2) . Let A < it. Tbc curve in ibbnL^o 
bi\9 lV)i>u^ aa in the tlijurc (see l>ilF. 

(’ale., Art. 269^, the oiiUr liKiiicom.vtiomL 
iug to 

r ss r? C (»3 9 t A, 

the inner to 

r c- 0 Ci^ 9 - A. 

I'm liinl (lie aira of tbe iniuT loop, wo 
lake 9 Li'twchti tlio litnild o and a, mIuto 


3 ta» 


a =5 COS 


* ; and tbe entile area is 

{ (a lo.'* 9 “ A)*<^9 
J \> 

^ f ''f'i-osrB - I b')i/0 

1 .1 



Fij;. I j. 


I"‘ i‘\ ^ • f • 

J I /*• 1 n i — Hin a nt? a - ^ A >\ 

\ i / - 


A 

fi 


i *' ^ 

eoa ‘-— 


j Ay' ij* - /t’\ 
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Area of a Closed Curve hy Polar Co-ordwates. 

aa in tie former MW. 

. «r n Closed Curve by Polar Co-ordl- 

poCbo “dl.fa'lorie dluu'Sll bcdwelV^ Wl.o'n 

theoiigiiLO is outside, wo sup- 
pose tangents ^ 

from 0, and vectors OP, 00 , < 5 ^c., 
drawn to cut the curve; then, if 
these Unes intersect it in but two 
points each, the element of area 
P»oQ is the difference betuecu 
thVareas POQ and pOq \ or, m 
the limit, isi(n*-/-.^)<^ 0>'vher« 

OP = ru Op = n. 

neuce, the expression 



0 ^ 


r:::: 

If the ongm lie ’taken between tbo lunits 

ncral represented by i + „) rf«, taKen 

® “ ^:“BLu1lLtrato.these results applying them to tbo 

»iisl2- ^ . 2 rc COB 0 < C* = «’■ 

If the originbe outside, wo havo^-^- ' 

andrira=^ o , i ; and the 

Hlnco;(?? - r.'jdO = -te cos 0v/« - c sm Buo. 

limiting values of 0 aro ± siu--. 

Hence the whole area is 


Fig. 14- 





2 C 


r ‘ 

1 cos 


Q ya* - (? sin’ 0 dO. 


[ly. 
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♦ 

Let c sin 0 = ain <p, and this integral transforms into 



C08^ 0 <l<f, = TTfl*. 


(id Again, if the origin bo inside, wo Imvo c < Oy and 

(rd + = O' + t'os zO ; 



+ ;V)'/« = 


IT 

(rt* + f’ cos zO) (iO - Trrt*. 

U 





The method given abovo may bo applied to find the area 
included betwoon two b ranc hes of the same spiral ciirvo. As 
an oxninple, let ns consider i ho spiral of Arohimedes. 

^•’^^ 138 . The ^»|ilrnl of Areliiiiiedo^.— Tho e(juation c»f 
tins curve is r - aO, 
and its form, ftjr 
piisifi'ic* iiiltic-'s of 0, 

is represented in 
the ai'coinpanying 
figure, in which () 
is the pole and OA 
tlie lino from which 
0 is measured. L<‘t 
any line drawn 
llimiigb Omect tlin 
diffenmt bruneltc^^ 
of the spiral in 
points 7’, Q, /,*,.^e.: 
then, if OP r, and 
iPOA = y,we)iave, 

Irom tlio eqnaliou _ 

of tho curve, Fig. jc. 


OP = aOy OQ = fl (0 f 27 r), OP = a {0 ^ 47r), Ao. 


• It MiouM 1)0 nutc.l tliftt when lu•^Mlivo valuax of 0 oro Uikon, wo .rot for 

\h(i mii.uiimtf tlio pjJiral n lurvr* hvinmelri* ullv MtuaU^^J with rc^iKt to 

uir 111 irae Vfftor 
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Hence PQ = QP = = 2air='°c (suppose); i. e. the 

intercepts between any two co^cutive branches ot the spiral 

n! «ie = = n . .. aud the area belween 

the two corresponding branches is 




,,/0 r - 


( 10 . 


Now suppose J/iV and mn represent the • 

(ind let |3 Jnia bo the conc^poitding values ot 0; then 11 

area nNMni will bo e^iual to 


— {(i - «) {O^f + On). 


(9) 


le a ^ ^ fhis nlves for the area of tho portion 

-RQ.QR, i-e- liali tlio area of tha elUtse wLoso semi-axea 

nro RQ, and RQ- ^-,,,ress.loii for Area.—The formula O') 
in Ar^clo iT? still holds, obviously, when AR and o6 repro- 
sont portions that if a point bo A 

area is in all cases represented by ij AdO, taken round the 
entire boundary, whatever be its form; the 

by the rola- .. 

tions * = r cos 0, y = r sin 0 , we get 

dS xdy - ydx 


V 

= p ••• —,Q- 

r’dfl = »fy - y<to: 

[13 aJ 


Hence 
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and tliG area swept out by the radius vector is represeated by 
tbo integriil 




taken between suitable limits ;*" a ^result which can also be 
easily arrived at gfMjmotrioall}’. 

140. Area of Elliptic «ec<or. f.niiibert’s Tlico- 
rein. —It is of importunee in „ 

Astroiioiny to bo able to express ' 

the area AFP swept out by tlie , 
focal radius vector of an ellipse. /-■ 

Tliis can bo arrived at by into- f ’ 
gratiou from the polar equation i 

of the curve; it is, however, a'--— fn^a 

more easily obtained geom etri- p. 

cally. 

For, if the tudiuate PN bo produced to meet the auxiliaiy' 
eirelo in Q, wo have 


F N A 


Fig. 16. 


area AFP = - v area A FQ = -{ACq- CFQ) 




ab . 

— {u - e sin u), 


-ao) 


where « = Z ACQ. 

liy ai<l of this result, the aroa of any elliptic sector can he 
oxpresseil in terms of the focal distances of ita extremities, 
and of tlio chord joining tliem. 

For {Fig. 17), lot QFP re- 
present tlio sector, and let 
FP = p, FQ = p\ PQ = S ; then, 
doit'ding by a and u' the occen- / 

trio angles convsponding to X-1- n'a 

P and Qy the aroartf the sector 
Qi'’P,by (io),isrf'pros('ntedby 


Fig. 17. 


— IH - u' - r (sin w - sin h') j. 
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Wo proceed to chow that this result can be rvrltten in 
the {orm , /,, x 


where ^ and <■' are giVen hy the 


A 1 IfTjijJ 


bin 


,p' ^ 

2 2 V- « 



T. ' \hJ<b Ind 6 ' arc dctermin^ equation. 

The/utter gives ) 

/ It j/ //■ r| m 


„ _ „' « + a' . - Jl cos 

= -cos ^ 

^ , / 


« + «'_ ^t±±y 

or hy the former, c cos-j--cos ^ 

A 


UI UJ - ' ^ ^ 

/ 8. = «>(cos«-oos»T + «'n«“»-^i“'‘) 

X ' / */ U. 


4 Bin 


in*--IrtBlU 2 *i (..<0 2 


4«’Bin>'^(■ - 




A - a' . J 

- 7 “ . 


. f-l'' m' = «(cos ^.' - cos f). ( 4 ) 

... S= znsm—" ® 2 


Again, fro... the ellipse, we have , 

;;-r{\-ccos.O. /„-«(■ -ccoja)^ 

,,,,,p' = 2a-ac(coB» + cosuV.«--coBi.^ 

« J ^ 


K f M « " 
2 2 


(ill) P« 

Pi.f 

;.<.a. 

/ Cf”' 


0 _ 4 J|' * 2a - 

2a - 2a COB— j- 2 


2a - a (ooB ^ + eoB ^) • 


(<’) 
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lloiice, a<liling and subtracting {h) and (c), wo get 

P I p' + 0 , , V . . 0 

- --= 2(1- cos <b) = 4 sin* 

a r/ 'f y 

/ ^ A* 

p4p-0 , • iY 

L.._-= 2(1 _ COS * ) = 4 Sin® —, 

a ^ / / T 2 * 

wliich proves the tlieorom in question. 

Consequently, the area* of any focal sector of an ellipse can 
hr e.rprrssed in trnns of the focal dUtanecs of its extremities^ 0/ 
the chord irhieh Joins them, and of the axes of the curve. 

141. We next proceed to an elementary principle which 
is sometimes useful in determining area.s, viz.:— 

The area of any portion of the curve represented by the 
equation 

^5. f) •' 

is ah times the area of the corresponding portion of the eurte 

F (r, y) = c. 

Tliis result is obvious, for the former equation is trans- 
formed into the latter, by tho assumption " ^ ^ = y" J 

heuco ydx becomes ahy dx ; 

•*. [ ydx = ah ^ydxj 


the intcpr:il-< hi>ing (alion through ei>rre.<;ponding limits 

result which is also easily shown by projection. 

\ ' x^ t/* 

Thus, for o.\amph‘, tho area of [_hq eUipso ~ + ^ = i 


—a 


a 


IHus rcni.uli ili).' ronh i- nn c^fcn'sion, by I.nmborl (in bis frentiso ontitlod: 
Jaiyniorfi or’-if.r ( nh t <1 vi ; »•. m i- 'tf v<, jiiiblisbi'd in 17^1) . of tho correspond* 
ing fommk b.r n pinb-.li giv.-n bv I'.ubr in Mis-fU. 1741. It 



iolir 8j-8teni. 


v.r.) 


girt'd of (I Pedal Cayve. 
reduces to that of the eirelo ; and tUo area of the bij-iola 


tjt^x 

If 


to iHat of the oauilateral '^f tl»o 

Again, let it bo proposed to hnd tne au 

■ 

\a^ ■'■ b^J r of' 

The transformed equation is 


curve 


ti,-.) 




by 

(^* + /r = '7r + 


or 


, in polar co-ordinateS: 


)•' = 


rt’ cofO jj 

tif 


But the whole area 


f • I 4. 

of this (Art. » 3 b) 19 ^ m' 


IT [ a' 
2 


h 


Consequently the whole area 


of the proposed curve 


IS 


— It may 


te remarked that tt.o equations 

^(f. 1)., n. .) = 


represent SmiUL_2H^Cons^^ ‘*■‘""'1" 

“r "o ;«i;es "of llr dUnsions; as rs also 

obvious from curve.-If from “"y 

.erp'e^niieX *<> ’ 
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Inous of their feet is a new curve, called the pedal of the 
orifciual (Diff. Calo., Ajt. 187). f 

If p and til 1)0 the polar co- 
orclinatos of Ny the foot of tlio 
perjiendiculiir from the origin (K ^ 
then the polar element of area of ■ 
the locus described by N is phiinly^V 

and the seetorinl area of any 


portion isaccordinglyroprosentedby 



Fig. 18. 




taken between j'ropor limits. 

There is nnntlicr expression for the area of a closed pedal 
curve which is sometimes useful. 

I^et jSi denote the whole area of the p edal, and S that of 
the original curve; then the arca^iucludcd bet ween the two 
curves is ultimately equal to the sum of the eToments repre¬ 
sented by NTN' in the figure. f-B 

f.. 

nonce 5, = S + ^NTN' = -S + j PN^du,. («) 

Again, by the preceding, 


S. = - 

2 


OiVVo). 


Accordingly, by addition, 

‘V + - OPVw. 


2.S, 


(13^ 


It is ('asily seen that equation {12) admits of being stated 

in the followino- form : — 

« 

1 hf tinu Of thr pedal vt auij vlo^rd curve is equal to 


the sutu of (he areas of the curve and of t he pedal of its evolute: .‘’f[.. 
both pedals liaving the same origin. 

For, PN is equal in length to the perpendicular from O 

on the normal at P : and hence -PN^dut reprcbeats the olo- 
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Steiner's Theorem on Arem of Pednl Curvet- 

ment of area of the o/S 

dioular, i.e. of the ° , ’’te that Ihe area oj 

the pedal of the eooMe of aa ell,pee « - (« 4) . 

of r-o- «f 

Suppose 0 to he the pedal 
origin, and OM, OM perpen¬ 
diculars on two parallel taiv 
gents to the ellipse; draw CA , 

the perpendicular from the I 

centre C ; let OM = p„ 031 , 

= «„ CN = P, OC = 0 , ^ OCA 

= 0 , lACN-o,-, then 


OHp.fn> 



0) 


Fit.'. 19- ^ 


p, = MD-OD=p-c cos fie- “h 

p,=p ^ CCOsCw - a). 

Again, the whole area of the pedal is 

ifw. 

^.1^1 t[^ ^ J. 

c jrtiv::r:? rp:ri^:ltht;Tt ^ h/^ 

nf two loopilnt^rBecting at 0 ^resents tbo jum of 

.Arts 

"isk-i-iE'». ■<' “ 
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of its will. rosi'P'-t to aiiotlior origin O'; tlion, If 7- and 

p bo tlio lon^^flis of tbo perponfUcubirs from 0 and (/ on a 
tangent to the curve, we have 


A 


2 n 


p^duf, A' ~ 


U 


iir 


p''(lb}. 


Also, ad'tptlng tlo' iiotiition of tlio last article, 

j' = p - - a) = p ~ a-cosiu - 1 / sinw; 

whore .r, // ropresont the co-ordinates of O' with respect to 
rectangular axes drawn tlproiigh_(A Hence wo get, 

■ ■ I •tf 


9 » * « « 


• ■ An 

A' - A = - (j'cosoj + ysmutydut 


H 


• IT 


- X 


, pr 

y>coSci<ff(o — y p Blfitjjdu}. 

Jo 


Ibil 


.?T 


-c ■*-). .•:»r 

- 77 , I siu'ax/tu = TT, 


(JOS UfffUt 


siuwcosu) (lit) = o. 


n 


Also, for a givi u curve 


• •IT 

J) CO^iO (fii> ftinl pBlWijJifto flT6 

constant* wliou 0 is given. ' 'Denoting their values hy g and 
//, we have 

(15) 


A'-A = ~{^ + ty)-o^' 

'n.is f.iMtdinn Pht.ws tliat if 0 be fixed, Hit' locits of the 
(f f'o- tchuh the arnt of the pnhi/ of a etosed curve is 
ronsfunf, ;.v r; eirele.* The cent re of this circle is the same, 
whati vi'r be the given areaO and all the circles got by varying 
the ]teil;d area arc co ncentric. 


• It rnn In’ffn. .liUf 'iltv, from tt>o .Icmonalration piren aboTfl, 

ul.. 1 . l!..- t nrv.' is not . lo.e.J, UmUoi.iis nf itif pctlalsuf cgiml area 

i. a rei.i.; rt ■.V.'TTTrof. U-ul.c, of Zumh. Sco Trr//. » /oarfirt/, 

Tli^Ui-kiit wiW tui't a tliseufc!-ion of Ihcoe tlicorerafl by Prof. Hiret m tho 
r» of (he Jiwual 6 Wie/y, tS63, in wliich bo boa mvosn^mtod tho oorro- 

bpoudiUB rtjdtioafl comiet-ting the volumer of tho pedals of surfaces. 



"1L ,-**0 • (<--•> r-v') ^ 

f**. (r'^y f ^ t®i ' Hfc« tot 

* '■ Aiemo/UoMlcs. 


(A.x, © 

’ i«*.» 
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It 11.0 ^01.0 -17-?;?';:!;“ 

iny other origin the yedal is H hn^. „ 

oreaotaliniaoonis.(«* 4 >-foundinArt.. 36 ,{- 5 . 

,, 5 . ;v..e„« or nooice. - «« 

r^oTal-iTn 

wbioli may he stated as follows . 

WUH./11 li J /,,.ii/r Lr/iccen 


whicii ijiaY c»Luiw\A Miw -- 

r/.« « ctasrrf r.,rrr ro/Zs o„ « 

issss-'=:£:r;:^r"" *""’ "*" 

^ia^pcct to he generaliliSJmL?^ "J>"- 


irif/i respeci lu -- , 

^;^^hls, snpiiose 0 to ho the deserihn^point in any 





?>? 


- '/-. 



> ! 


t ■ ~L . 
tl' !■ 


Fig to- 


s-a :;;,i!is,”r r-S.« 

dosTi^ng poVnU' the corresponding point of co^n^Q 


?’; “'nd o^c^l.'Srriion bTooxf cS'xir 

coimocting the length* «f thTarea between roulette the 


20 ^ Arens of Plane Curve*. 

a point, on tlio curve siicli that PQ = PQ’ ; then Q ie the point 
wliieh coincides with Qf in the new position of the rolling 
curve; and, denoting the angle between the tangents at P 
and Q (the angle of coutingcnce) hy (hoj wo havo OPO' = rfu>, 
since wo may regard the curve as turning round P at thoin* 
stnnt (DifF. Cale.. Art. 275). 

I^roroovcr, QQ' ultimately is infinitely smahj^i^omparison 
with QP, and eonsogucntlv the elomcntary gfea . QPQ'^ is 
vdtiniatoly tho sum of the areas POO' and^ QOT, neglecting 
an area which is infinitely small in comparison with either of 
these areas. ^ 

Af^aiu, if OP = r. wo have POO^ = Liy and area QCXP 
= QOP in the limit. 

Also tho sura of tho oleinents QOP in an entire revolu¬ 
tion is equal to tho area {S) of tho rolling curve. Conse¬ 
quently tho entire area of tho roulette described by 0 is 

iS 4 ^ J 

lUit we have already seen {13) that tliisis double the area of 
the pedal of tho curve with respect to the point 0 ; which 
estalilishes our proposition. 

Again, from Art. 144, it follows that there is one pointin 
any closed curve for which the entire area of the correspond¬ 
ing roulette is a minimum. Also, the area of ihe roulette 
descnbccl by any other point exeeeds that of the minimum 
roulette by the area of the circle trhose radius is the distance 
beticeen the points. 

For instance, if a ci rcl e roll on a right line, its centre do- 
sriibcB a parallel lino, and the urea between these lines after 
a comploto revolution is equal to the rectangle under the 
radius of tho circle and its circumtureuco; i.o. is 2Tru*; denot¬ 
ing the ladius by a. 

Con:-' 'lucntly, for a point on tho cinaimforonoe, tho area 
generated is 2T(f 4 na-, or 3 t(/’ ; which agrees with the area 
found already h>r tho cyclnld. . . 

It. like manner, bv Steiner’s theorcra,Mhe area of the or- 
diuaiy cyohiid is the s^me as that of theTardioid: and the 
arqa^of a prolate or curtate cycloid the boiue as that of a 
lima', on. ^ 

• A If O 


General Case of Area of Roulette, 
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Again,if 

path described by ^n^rp ellipse with respect to a focus ( 

For example, f Ueuoi. if <u, ellipse 

is the circle deacrihed jescnUd bp i/s 

roll upon a right line, < 1 ^ „ea of the aiuilmn/ 

fociii in a compkte * uietto described' by the ceptre 

circle. Also, the area of the 1 t desenbed on 

l^a^ofi?reSlS l: t:Zs and is loss, than aroa„, 
K'ulette described by 

146. Ciciicral ^ase ^ , j. jj i-qU ou_ jmotljer 

curve, instea.l of of proof p:iv('n iu the 

two euiwcs at the 

He^nee the element of area OPO’Vs in this case 






t*l) s P 


e* 


1 / 

loriio.{i 


..here p and p are the radu of curvature at P of the rolling 

and fixed curves area between tbe roulette, tl.o 

a J:rve" anXr normals, after a complete 

revolution, is represented by 


S + 




(ltl}i I + 




s + jt^dw. 

‘l“,frroS 

tSy\ drawing a Cg"®'." iVJ"?? \ 

. A- OV 
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Examples. 


I. If J be tho firca of a loop of tho curve r* = .i" 
of its pedal with respect toTlio polar origin, prove that 


<}0 

cos»i 9 , and Ai the area 



Ti He.irily ns in PifT. CAr.^Axt. ?*b, that tho angle between the ra<Uu0 
vc.tni- aiidlfu- p. rp -idiciilir on th-'Jang.'iitH >-u) ; and w ^ (m 4 l)tf 

Ilciuo, by Art, 141, 

2J\ = A t = (»' + >)-^- 


2. Ifacirrlo of radius/< mil on a rinJo of radius tr. and if A denote the 
area, after a comph to rovadulion, between llio lixed t-in b*. iho roulelto descriliod 
by any point, aiul tho cxlremo normals; and if A' bo tho area of the pedal of 
the cindo witli respect to tho generating p'lint, prove ^at ^ ^ ^ j U ^ r 

Aa V nh = 2 (., t b)A\ ' » 4 '-ii (*-V- if 

\shero B is the area ■^f tho rdling rin b*. 


Apply this ic-ult to Hnd tho area iiuludoil lieiweon tho fixed circle and the 

am of an epi- yi'l'iid oxt'ndiiig fiom Mill-1 iHp lo tlio next. A = ^ 

C, 1 4^< f ^ 1.17. ll«ldhcirs Thooroiu.* — If a lino Cr n± a given 

iiiovo with its (‘xtiv- 
mitios on two fixtil closiul 
•H » * 3 citrvf^ to find, in terms of 


nrras of tho two fixofl 




4 r 


ctirvo':, an exiiresslon h-r tho 

\ 1 . It* * 



A. 


wholo nroaof llioct'uV" fj'-ne- 
ratod. in a oom}»h-tfi revoln- 

ti"!!. hy a ny givon point P 

silnated on the ijtmjntx lino. 

Let r/’ - f, /*f ’' --- »•'. and suppose {x„ //,), (.r, //), and 


ITPig. II. NoC. k.w tu:, 

tvw 4.L.r*.3- 


- t - • \ 

(r-t, //d to ho th(! eo-nr<liiutt<‘S "f tho points C, P, and 0\ rc- 
fipcetivi'l}', with reforouco to any rectangidar axes. 


• Thh si mple thr^orem appoiwd, in a motliliotl forui, ob the 

IVi/ ‘ ([kKxtioiChv Sir. imrlcT tlionauioof *MVlrarili/* in tho I.ady*B 

it .l < ii nt|**iimnV< Im o v t »r th^ y»Mr iS^S, Th*‘ fir^t jacK^f ahovo is duo to 
Mr. \\hH»lliou®i.*, ami out iinj^ * \lf n-iKn <»( Mr. llnlditi li*8 tlit'ijrom. 



}iolditch'& Theorem. 
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Then, if e to the angle made by CC with the axis of y, 

we have evidently 

= y. = y - c cos 0. 

= a: + c' sin 0, y%^y ^ 

Hence wo liavo 

y.rfx, = y</.t - 0 cosO{rfx + yrfO) + c>co.r0,ffl ; 
yjx: = y</x + a' cos + ;/'/0) + a" oor «./0. 

Multiplying the former equation by c', and tlio lattn bj 
and adding, we get 

c-y.*. + ay,rfA = (a + a')y</r + (a + a)ar cos 0-/0 , 

, C'Jy.<ta + ajy,rfx, = (a + aOJy</x + (a + a')aa'Jcos=0,/(b. 

If .e suppo. the rod to m he 
as to return to its original position, ana 

'as 

tlio angle 0 revolves through ztt) 


c'(C) + a(C') = (a + a-jlP) + ^rCa + a')aa, 
(ftC) + a(C') 


or 


c + d 


(P) + ^rcc. 


(i6) 


This determines the area (P) in terms of the areas (C), 

(O') and of the segments c c identical U) 

When the extremities C, 0 move ou^ 

oi^wehav6(C) = (^ ), an inside any 

“^Consequently, if « rf fO distances c ami 

f>;lrS"aar"ra-,ai;rW M.een ike Uco a«r,« « 

''“Mominmairy! u'thc extremities 0, O'move on e^ 
of equal area, we have, as before, 

(C)-(P) = ^«<- 

Should thoextremife fcrJ^C?) 

back to theiTl^i^^ositionB, then [O) o, v } 
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[P) ~ - Tree'. The negative eign implies that the area is 
described in a direction contrary to that in which the rod re¬ 
volves. 

Again, if tho rod returns to its original position after 
» revolutions, the limits for 0 become o and znwf and equa¬ 
tion 116) becomes 

c(C) + c{C" 2 ^ ^ 


c + <^ 


If (C) = { 0 ')f this gives 

{C) - (P) = nwee'. (19) 

If the line Qgeillato back to its former position, without 
making a revolution, wo have n = o, and (19) becomes 

(C) = (P). 

nonce, in (his en«o, if two ]»oints doporibe curves of equal 
arcs, tlirii any point on tho lino joining (hose pnints desoribes 
a I'lirvo of (lie panic ari a. • *''-v 

The tlii’oi'.-m in (16) can also bo proved simply in another 
^niaiiner, as folliovs:— 

Let 0 deni>ti‘ (he point of intersection of the moving line 
CC with its iullnitoly near position ; that is to say, the point 
of contact with its envelope ; und lot <)P = P. ' litdop(ing the 
.same notation as before, let (O) repicsciit the area of the en- 
vi lope, and it is easily S' cn tliat 

Y') - i- 

(Of.7i/0 = d (c'l rfdO, 

Jo Jo 

lumco 

r'{C) t c{C') - 'r [ r)i}*j \ \e{c-yy + c{(f+r)--{c^-c'}P]iiO 

J 0 


as before. 


i C {C + r') TT, 


lloklitvhh Theorem. 
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A remarkable extension of Ilolditch’s theorem was given C.. 
by Mr. E. B. Elliott, in the Messenger of Mathematicsy 

February, 1878. ^ . 

Mr. Elliott supposed tbe length of the moving lino Q_C_\.o 
vary, but that it is in all positions divided in tlio constant 
ratio m : n in a point I*. 

ThenTif C travel round the perimeter of any closed area 
{C)y and C' move simultaneously round another area {C ), tlie 
f.wo motions being quite in<lepondout and subject to no le- 
strictioDS whatever, except that both are cont inuous having 
no abrupt passage from one position to another finitely dill’er- 
ing from it, then P will travel simultaneously round tho 

perimeter of another closed area ( 7 ^). 

Adopting the same notation as hoforo, wo liavo 

{tn + n)x = mxi + nr^y [m + «)y = myi + ny,; 

{ni-\-nYyih - (my, + ny^{m(lr^ + mlXi) 

~ -I- 

«= (m 4 u){myy<h\ -t uyitU^ - mu f/A-yi}'^'-'; 

Integrating for a complete circuit, and dividing by (/a -t u)y 
wo have 


(m + »)(P) = m (< 7 ) + « (C) - j(y» - y.)-^i)- (20) 


This result is staled as follows by Mr. Elliott: 

Through any fixed point in tho piano of a closed aiea o 
lot radii vectores bo drawn to all points in its perimeter, and let 
chords ABy parallel and equalto tho radii voctorcs, ho placed 
with ono extremity in eaoh case in tho perimeter of a closed 
area (A), and tho other B on that of another (i?); then, if 
tho points A, By travel respectively all round tho periim-ters, 
and do not in either case return to their fii>t positions Irom 
tho same sides as that towards which they left them; and, it 
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( C) represent the area described by a point always dividing BA 
in the constant ratio m : h, then the areas [Ajy (B)y ((?), (6') 
are connected by the followng relation : 


( 0 ) 


m{A) + « {B) mn 


m + n 


{m -1- n) 


(S). 


(^0 


This follows imme<liately from (20) by altering the nota¬ 
tion. 

An •as described in oiJposito directions of rotation must be 
tak' ii with opposite signs. 

For [-articular modiilcations in this result, ns also for its 
extension to .surfaces, tlie student is referred to Mr. EUiott’a 
j*a[ter ; os also to Mr. Ijeudesdorf’a [lapel’s in the ‘*ame 
Journal. 

iioiiiiie'H Tlicoreiu, —u next jiroceed to the 
cousuleratinn of a singul arly elei;aiit theorem* discovered by 
Mr. Keinpe, and which may be stated as follows:— 

It one ['lane^^iding up-in another start from any position, 
move in any manner, and return to its original po:>ition after 
iiial.ing one or more complete revolutions; then every point 
in tiie moving area (b-i-riks u closed cimve, nnd''«r /ocas, in 

il<t cjpml areas is a circle : 

van,!n,, lh< ar>a ice <jit a isifsian o/'comrnfrlc circles for 

f') lliis result can bo readily^ de- 
duced from lioMitch’s niJoVciiVVo^*'"'* 
if wo suiipo.^o A, A, to be fluvo 
[‘"iiitsivliich generate ei[ual areas;’ it 
I an easily l-u seen that any fourth 
If which gi'iicrates llie same 
ai'-.-a, lies on the clrelo eii’euiu- 
sciibing AUtV: 

Ij'-l Ali and intersect in 7 *, 
then, let [P) rc[ircsi.'iit (ho ai’oa 
described by the [mint 7*, ns before; 



r: 


22. 


nml a tho number of revolutions made before AB returns 
to Its original position; then we have, by {ly , denoting by 


j; 


Ma’J,c,iu>tU.^, July, 1S7S. 


Kemve's Theorem. 
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{C\ the common ai*ea described by each of the points 
A, By Cy By 

{ 0 ) -(P) =HTr.lP.PP, 

and, by eamo theorem, 

(C) - [P) = nn CP . PD ; 

hoDCO 

AP .PB - CP.VD \ 

consequently Ay B, C, P, lie on the ciicuinlVicnco of the 
sumo circle. 

Again, let 0 bo the centre of tins circle, and join OP and 
OAy thou the preceding equation gives 

((7) - (P) = nir{OA^ - OP^). 

Hence all points which describe an a rea equal to that of 
fP) l ie on a circle, having 0 for centre, and OP for radius, 
which establishes the second part of the theorem. 

h'or the effect of two or more loops in the oiea described '< 

by a moving point see Art. - , , aw 

148. Arca.s by Aiiproxlmatlon.—In many cases it is i 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of jjarallel ordinates at equal intervals ; 
then, when a rough approximation is suliiciont, wo may 
regard the area of the curve as that of the ])olygon got by 
joining the points of intersection of the parallel ordinates 
with the curve. Hence, if h be the common distance between 
the ordinates, and if 

Vof y<» 

roj)rcsout the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
breadth, is plainly ropreseulod by 

+ yi + y* + &c. + y,,-i j. 

[14 a] 


h 


2 
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lloncc the rule ; (ohl toyrthcr the halves oj the extreme 
onlinaleSy <iml (he uholc of the inhrmediate ordinates^ and 
muUiphj the result by the common infuval. 

AVlicn a n earer a )>proximation_ in required, the method 
next in simplieily siijijioses the curve to consist of a number 
of pnraholio arcs ; oadi pnraholn having its axis parallel to 
tlio eqiiidistaut ordinates, and being d ete mnn ed by three of 
tliose ordi n ates. 

To find the area of the jairabola passing (liro\igh the 
jioinls wliosc (iidiiiates are yi, y*; let y = a ftx i 7.T’ be 
llio equation of the ]»aiabola, and, for sinqdieity, assumo the 
fuigin at the foot of the intermediutc ordinate y„ then >vo 
liave 

y„ = « - /■{// ^ 7//*, y, = u, y, = II + i^h i 7/1*. 

Again, tlie area between the first and third ordinate is 

I (u ^ 1')^' 4 •).r)il.r = 2 h(^i + 7 — j. 
f,. ‘ ' J 3.-* '9.) 

T’ul //u ^ y. = 2yi H 2ylr: hence the area in question is 

i I 

- ■* d.'/i + //y 


Niiw, if we 8iip)*ose tlio number of intervals ti to be even, 
and add the flillVieut parabolic areas, wo got, ns an niqu-oxi- 
iiuition to tlie area, the expression 



•>■4(^1 + yj+‘-'^e. 4 y„.,)-{ 2(y^^ y.-t &c.Hy„_;)). 


common , 


Heneo (ho rule: add ioycthcr the first and Itst ordinateSy 
tieicc every sceond intermediate ordinutey and four times each 
remaiiiiny ordinate; and muUijdy by onc-^tliird of the comtm 
interval ’ tH t ff-*"-‘if 

We pt’l a closrXT a iM>ioxiuiation hy sujuiosijig tho 
of equ al nders.uTs a niuUjplq of dx i^d legaidiug the curve 
I a series of pavabohe of tho third degree, each being 
‘terniiued by lour equiilistaul ordinates. To find tho area 


as 

d. 


eoITe^pouding to one ul these pniabolie curves, let yo, y^yi, yt 
bo four equidistant ordinates, and fur convenience assume 
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the origin midway between yi and y*; then if the equatio 
of the piiraholio cuiwo be 

y = a + fix + yx* + 

ami tlic common interval on the axis of .r l)o ilenotcd l,y 2 ^ 

we have ,, ,, 

yo = a - 31=5^^ + 97^*' - 2 7 cV( , 

y. = o - /3A + yh^ - 

= a + /3/( + yb^ + 0//’, 

T/, = « t- 3/^A + 97/#’ ■' 2-jZb^. ^ 

Hence y. + = 2 (“ + 9 yA"), yi + y> = 2 (.. + 7A’). 

Again, the yaraboUc aiea between yo and y^ ib 

1 ^* (« + / 3 x + ya:’ + 82^)(/a: = 3/1(20 + 67A*). 

Substituting in this the values of n and y obtained from 
the two vrceeSng equations, the expression lor the ai^a 

becomes 

— (yo + yo + 3(^1 + y»))' 

If the corresponding expressions be added together, wo 

thi-ice each remaining orJimite ; and mnltiidy >y t > 

““iTis reX'^oen that these rules also ayidyi^ the ap- c. 

i;3unS ‘S|ei“ -d^y 

• This aiid llte preccdiriK 

cukling areas i a pai-Ucular appUolwir^ the niellio.1 of 

Method. /Jiff; Prop. 6, acliobum) as a paimuw \v^ {Cnwl>. a>nl ov) 

LnUTpolutiea. »y 

lJub. Math. Jour., ^ gj even 01 ditiales add (he mtddlcoidi- 

Onthng the areal--^ (hrec-Unthi ofthecommot 
nate and all (ht (u V.., ...{li'lg (he required area, appros\mo(<.l\i. 'llio prot't, 

xnltrmly and the j 4ill l*o found in Mr. s mun-.ir : 

which »8 Boole’s Calculu^^ of riuUc Viferefrref-^Y student 

“““ ec-nJ u,..U«erat,. 

tnHhodfl of approNiinnlioii by Coles and Gauss. 
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curvilinear area, tho methods given above are applicable to 
the approximate determination of any such integral. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. I'lanlmetcrM.—Several meohanical contrivances 
have br-on introduced for tho purpose of practically estimating 
the area inclosed within any curved boundary. Such instru- 
menfs are called rianimctors. Tho siniplost aiul most elegant 
is liiat nf I’rniessor Anisler of SchalVhausen. It consists ^ 
two arms jointod tog.-lluTso aa to move in perfect freedom in 
one ]d!ine. A at tho extremity of one arm is made a 

fixed t-entre round which (lio instrument turns; and a whetd 
is fixed to, and turns on tho other arm as an axis^ and records 
by its revolution the area of the figure traced out by a point 
on this arm. From its constnudinn it is plain that tho re¬ 
volving wliccl register-; only the motion which is perpendi¬ 
cular to the moving arm on whi'h it revolves. 

Ill the ]ira'-fir:il apjdi'vition of tho instrument it is neces¬ 
sary that Ui'- two ariiiSj f’A and AB, should r* ‘urn to their 
original p sifiirji an--r tho tracing point 7 i has been mov^ 
roini'l 'll" • boundary of tho r' lpiircd area. 

We f-liall cenimence by sliowiiig that tlie length regi st ered 
hy the wliecl while /i has moved round the entire closed area 
is indi ii' Mdcut of the wlieel's ]M'»;ltion on tho moving arm; 
i.i‘. is lh»’ same as if the wlieol be su)>po«.«‘.l ].]nee«l at the joTlitT 
I’o prove tliis, suj.jtose P to vpia-^.-ut tlm jioiut on tho 
nn»’ at whirh tho centre of the 
rev iving wli<>el is .«itindr‘d. Ta t 
.i il r--pri'Srnt a new jmsltion of 
Ali Vi ry near to All, and P' tho Y 
corri-'ponding pii<ition of ilio 
point P. i)r:i\v perpi-uilienlar 
to .1 Jl ; th-'ll /’.V lejiri'St nts iho ^ A" \ 
haigth ri'gi>li-ri'il bv tho wh-• 1 

w hill' till' arm ni<*ves from /,' t.i 
the infinitidy m ar ]•o~i(i.l^ A'/!'. •*- 

X' xt. draw . / .V'pi vpendienlar, \ 

and AL parallel, to Jt''_i__A 

la t PN -/.s', AX' ‘ .AP^c, ' 

PAP -/f',; then PX I'P ■ AX\ 
or (X - dn + c dtp. 



Fd 'V 
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Now, if we suppot^e AB aftt-r a complete circmL of the 
curve to return to its origiual position, we have obvious 
2 = o ; and therefore 2 = - (</'>),i-e. the waolelength^.,., 

the revolving wheel at P is tl.e same 

Next, lot ^ and y he the co-ordinates of /; with respect to 
rectangular axes drawn through C, and UtAC-n, AB s 
I ACX = 0 ; and suppose ^ tlie angle winch BA 
makes with the axis of x ; then wo shall have 


= fl cos 0 + i cos f, // = n sin 0 ^ sin 0. 

Hence xdt/ - ?/tlx = n'^/B i- i- A> cns(t) - ■/•) ti{B + '/*)• 
Also ds = AN' = AA' sin AA'N = dO cos (0 - •p). 
But 0 2O - {0 - >p); 


ah cos (0 - <p) d{B + <}>) 

= 2a5 003(0 - ^)d9 - ah cos(0 - </*) - 'p) 

= zbds - ah cos(0 - fp)d{0 - 0)- 
Qonsequently 

, xdy - ydx = a\iO + h^dtp + 2 ^- ah eos{0 - <p) d{U - p). 

But, by Art/i^Q? the area traced out by B in a_^)£^le^ 

revolution is roprescntca hy ^ | {r'h - yt') tahon aroun.l tl.o 


4«*l 

^ , S 


entire curve. , . . • 1 

Also, since ^Cand return to their original po^^'tions, 

the integrals of the terms <rdQ, h^d,p and ah cos (0 -J.) r/{0 - ^) 
disappear ; and hence tju^^in question is equiiUo h ^ whu 0 

S de^imtesthe entire length registered by the royolving wh^ 

On account of the importance ot the principle ot this in-^ 

Btruraent, the following ^ 

which I am indebted to Prof. Pall, —-.^^P *. , 

based on elementary goomelrical y / 

principles, is also added. ^ / 

Lot ( 7 , yl, 7? represent, as before, , // / 

the positions of the fixed centre, the : y/yi 
ioint, and the tracing point, rospec- 
tively; and suppose R to represent y 
tho position of the roller, or reyo v- 
ing wheel; then draw CP and US 
perpendicular io A B. 




/ 


Fif^ 14. 
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f <!<.> 
(o^) 



* V 




ir<-f> 


Atf* ^ 
i r rf^r 


Let AC=a, AP-^ b, AM = /, BC= r. 


' Now, if the instrument ho rotated aliout C tlirough an 
angle 0 witliout altering the angTe’CZ^’ltTs easily seen 
that the oirouiuferonco of tUu rullcr is rotated tlirougli an are 
represented by 

1 ^ k 


PJi . 0 = 



fl’ + P - r’\ 

2 b ) 



Again, if the iustrumcnt bo rotated about S tlirougli a 
angle tlio roller docs not revolve. 

Ileiicoa eiurvo can be drawn tlu-ougb B, 
such that, if the tracing point B bo 
moved along it, the roller will not 
revolve. 

Now, let X/i, X'fi bo the two adjacent 
circles described \s'ith C ns centre, and 
suppose ua and two adjacent non~ 

curves, such as just stated: and ' 
suppose the tracing iioint B to move '' 
round the indefinitely small area : then the are through 

wliicli the roller has tm'ued is represented by 



( 




2 b 


lb 




rcr 


cO . tta /i /3 

T— = area of .—^ 
b — u 


since a /3 = r 80 ; and 8r = au' sin | 3 . 

Now suppose the instrument works correctly for the-avoji- 
XX'tj'o, then it will work correctly fur the area XX^/ 3 ‘^/ 3 ; for, 
Sturt from « to X, X', a', then the area aXX’a' must be regis¬ 
tered, since the roller does not turn in moving from a' to a; 
proceed then from a' to / 3 ', | 3 , «, then, by what has been just 
proved, tlio area will be added. Hence the instrument 

will work corr et-lly f or tl>o strl]) 

•t- Again, supj*'>>.o the instrmnent works correctly for the 
area X/n/j, then it will work cnri.ctly for XV^> > for suppoBO 
w»- .‘■tart t’ruin X to ,.i, /i, and hack to X : then start from A to 
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' y nnd X‘ the two journeys from X to fi and /i to X 

will find a description of Amsler’s Plauimeter, 
with another mode of demonstration, in a communioution h. 
m! BrLwell. C.E., to the British Assoemt.ou.-S.e 

Ucp'nt. *872, pp. -ioi -|12. ... ^ 

, I If*'* 

I - ij* \ 

* [wL-.f •) J - i-l'-- "^ •-> 






-a 4 ^ 



218 , 




I 

I 

f 

A 


—» k f 

r* * 

•x 

4 

I 

> e 


i'*Ak 


Kxamplk^. 


I. Find the wholo arcti T>f>twfpn the riirvc 




s L 


‘ * >i*“ JnK. 2 vao. 


^ K 


j ,1^. 

<1 *> ^ t ^ » * 

x^y- f ri* O' = /!• • 

anrl *ts' vrmp(<'dP9. \s^^% ^ 

2 . Find the M*holn an'aof tlio * Mrve(M- .w:i«*«. 

iC" ji i / ( ' wp ^ • o ^‘'*-** '4<- ‘ ^ 

^ - ^ . .... •. 5 * 1 ^ 

I 


3-1 
y 


«Vy« - j«f.r^ - r’). . 


M 


s 



> 


5 3. Find the uholo aro.i of tho c^irvo 

i ’ . . '.'^n ,1^^ 

^ V ! - -T" ’ 7-4 I. 

^ r 

, I ^ 5 /-i }./'? .V'/ .'»/ ■'V.iy ; 4 

vholc area in^ lud^d between llio f<»liinn nf Df^oArtog 


^ '6y • 

r.i\< 1 


- T/? 3 . 


q ni 7 

4. Find I ho whole 


a 4 f y' - ^ rv s« o 


and iS' 'i^nnnfoto. 

■* (*■' ■"■> ■ rl.f-,.-^.) 


J 3a’ 

u*.' r. 0 . ' 2 ^ ^ 

5. In the hvi iit'hniic <*iirv’<‘ y = ii», prore th-^t the area between the axis of 
X and any two ortlinatcs pro[» »r(|onal to tho iliih renco between tlto otilinafe^. 
q 


f thf'-rnrvo p 

Tw \* 

1 

‘V* 



▼a' 

r 35 4 ro^ 


It 

f till' • on 0 

<1 r<».^ J s h nin '^ 0 . 

II 

(u 




/V4«^ 




^ I 


TI 10 rquatiAii of ilic ciirvo m:i)- bo urifl. 'i In tlio f-Tm 

»* = %/rt* ( A* cos [iiO ( a), 


'f 

»lii’ro fin a - - ; ri.l • r.n frinpiitly i(.^ arr.i cun la- fmin.l from tbe prece<linR 


1'ihd !lt»» .111 , I iti -i l'h,(i f»t lh»‘ t UIVO 


(Cl. 




/““• . 

- <i’i o^ ..(J I t—■ 
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2 . 06 * 

'&g"ltS, -1 ‘""-5 0.0 orism '> -.< 0.O P0i"‘ "■''"’> 

the targcnt°0/l is p<;rpoii(lJCular 
to tho axis, wo have, P being 
any point on tbo curro 

PT:^a, PN^y^ 

y 


'i^'=-tanP7’.V=- 

dx 


— % 


y/ a'-y 

.-. yrfr = - v/fl* 

TTcnco tho cirmont o f tho area of 
tho tnictiix is equal to thnt of 
a circio of radius 



•>u * -‘V n' 


t. 


‘ ->‘"7 

«« T 


s ^ 




Fi?. 2 * 5 . 


“ “■^rtam.Sia.ely that the »>.* “- het».t.™ tho f-r Maite ™,. 

^rttt a eJ^.p^a ,-erica, ptoperi. of the curve, 

'4fe: Iiua" J^^iSrix hVreifert. can he a, rivo,. troa. «a .IWcr- 

enUaTequation _ ^c^'- ^ 

' •> » . » ^ ^ g ^ 


from whicli wo got 


X + 


.Vd^-tfdy _—. - 

ax = -— 

_ i . .A 

y„2_y*=alos-;;-• 



Tlmt tho equation of tho r.dnx -^ 1 '^ ’ ,V> 7 ( 0 . wa.s I 

Newton. SCO hi3 Sccon.l of tho cquaiien. »f a cuiwo hy. 

believe. thoJiiaLexnmplo^ of tangent^^ 

btogratjon ; or, what at t ^ ^ profln.-cl a constant length c 

,o. If each focal radma ^rmc.l an.l tho (‘llipso is ,rc(2A + O. 


4 - f’in 


If. Finrl the area of a loop^f th^e’jy o 


s a** n 9 . 


An$. —“ 


;l(ili) q '“'! 


/•J 

d “lAfc , , •-.« yf B (7 move in any manlier 

. . t. ,• An nc &o , are uken with their proper H1KU3 ; i.e., 

in which the lme» *®'’ 

Alt»- BA, See. 
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13. A, B, 2), are four points rigidly connected together, and moving in 
any way in a piano; if lL«-y dcscrilic c!' cCd cuivcs, of area-: (J), (Zt), (6'), (/)), 

^hcro t is^llie If-nj^li of tl.o t-ii.g. hi fioiii /> t.n)ie circ le circumscribed to the 

Iriavi^lo AU^\ Mr. 1 t v! Mwihemidu^y jSjS. 

This foHu\\> ujout .llalfly : r M I of mUr.'^caion of Uio linca 

JI) unJ (’/), tlit fi, by (iH), N'o gfl a u*ati« ii bvluitTi (^i)^ (/?), aoil II '); ana 
ttUo between (/'b (/^». (/)• elimimac*! bctNM.in these equations we 

pi t tliO rf qnn»'<l iomiU. 

t4. ShowlluvtH iMrtvpuiul^^^ lliearo,is<»f the of 

any piv« n rlfi-jr.tl t :trv*’ wil!i rc?{'tt i to four poiuL'* .*/, t^tken n^.-pcctively 

iL^ jif'lal Mr. /.eutU‘t/orf. 

Zy 15. If a curve b*' rcfnicd to iu radius vector 1 auJ llie perpt^diculitf p on 

.1 J .A ■>. 4*.>ai an ftfa.l VkV • - A 1^ 1 C \ i- K ^ 


ill' tangent, pnjvo that iU area U represented by i j V*» • 4 J ♦“ 



I- 




I f prdr 


iC. A c I."!'! >>1 (<^'ii.'t(int l*ii;:lh V) iiicjvcs about within a parabola, ^d 
tangents arc c]i iwu at its c.\trciiiitic-s; liiul the tcjUil aica between the parabola 
aii'l the I'xus of iiit' i.-eetiuu of the tangeuU. 


tre' 


An*. —. 
2 


^ >7- I'l'ui ll.c icnlre of an cllipfu a tangent is drawn to a ftimieirclo 
* ^*"0 lilit >1 r^n a)( cV'diiiale to the axis niajcT ; prove that the polar Lcpialion of lie’ 


. .. ........ . ... - ^ ^ 

*- b)i u3 (if the i^ojpt ‘.•f toriU^ I is 

ri^,. - 4 '-^')' ' a./.. '=•»* --- 

rtnil th »t !hf* u lu'lo area c r tlio b*LU3 


LUS 16 


i 4 “ 


Vn 

i 




n 


>.y 

irV 

S. 


V 


xj 


• f A 

1^. A[»| I lliKO incll.'id^ f* f approximation of Art. i;S to the calculation 

to h ch i 111, 11 jcia. cs of tho definite integral 1 - - , adopting — as the commo'' 

u t r r • r 

interviil in c n il (-ii'c. -/»' f' S (j), .^93266. (3I, ,693214. 

j'h. .11 value-c'f tho int'grill hemg log 2, or .693147, to the siuiio nuinhor 
(rf ill < iln ll [■! U I -. 

* |■|•lVlJ licit the - .-• tni i.il aica h'-iunled by Imo focal vci tors >• and r‘ of ft 

• ai.ill'll.i ii rejire.-eiit' d by 


-A 

3 




win re I- ii tho < h-ad of the me, and « UiO Bomiparanieter of the parabola. 



E^(*n\p{c8. 


221 


20. Show that the whole urea of the imerso oi the olUi-sc -t 
represented by 

7—TTpP {«"* i ■' («• ■ 

(* j 

«here a. fi. nre the co-ordinates of the origin of invcrriuii, and K is the radio. .,f 
the circle of mversioii- 

h p;ivc„r,rc<,t«I.l»l.c...rv»luias tUongl. .1 gu cn angle ..a fu.J 

p point in it.s phmo; wliat is the area dcs- nhed f 

ir Oiveii the ha.e of a tii.mglo, |iiove tl.at the pol-.r <'[ t)ic 

\ of its vertex, when the verli.^il angle is double one of lU ha^e unglc= is 

>» " J .' r‘-^ .(»- ■» 10 




•nj A //, /,\ 


a cos 0 



area* U Unre Ilia am ot (l.c onginal curve. Owikjn/K 71 

.4. I'rnvo II,a. the area nf O.o fdal ot rl'L' 

with resMct to on uileniul point at the distoiico c fioui the pole is 




(c^t _ zae + 2f^). 


(iiiif., «S76.) 


^25. The co-oidinalc3 of u point arc exprcs.,cd os follows: 

•5 > 

tZl- ^ t ' ^ y = ; 




acSi^a by .1,0 ,,ni„., and .be area of .1,0 ,.o,.^ 

^ of Uie plane inclosed thcichy. t..,,,. s s ^ 

..vb—wi. __ 

.v^fi> j. - tj 

Artnji ^ ^ ^--'f-f3 


« 
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CilAI’TEU YIll. 


l.KNr.ms OF t:UHVi;s. 

itl'/f-uo" ,V>■ ol't iirves rererred to ItfrtiiA 

(f***'lI’ll'’ u.^ual mudu of cuut^i'ieriu" the length ot a eiirvo is hy 
tivaliiig it as the l imit of a ]^i ol vguii when ca'.h of its sides is 
iiiliiiil'.'ly small. If tliu ciu’vehe referred to rectangular axes 
of co-ordinates, the length of the chord joining the points 

(./■, y) mid (.f + (/r, // -i dtj) ia dx^ + rfy-, and, consequently, if 
a ropieftent the length of the curve measured from a fixed 

point ou it, "we sliall liuvu da = y/ dx' -h (/y*, or, integrating, 


« - 




(■) 


taken between suitable lunils. 

« 

lie- value ut ^ it* terms ol .c is to be got from the equa¬ 
tion of tlie (urv(.‘, anil thus tie:' finding of a is reducible to a 
quotiun of Integration. 

dliu <lelornjinuli(.iu of llie length of an arc of a cnrs'O is 
< died its rn tifuation. 

It is e\ ideiit that if y be talieu for (ho iudependont variable 
'>0 shall have 


8 = 


fdj 


I -i 




Again, when .r and y are given fimetions of u singlo va 

l iubl'. y, \S e li.iVo 


8 = 


lA 


(vV)-f 




111 OiH'li case tho (»f tlio c^uatiun the ciirvo dot or* 
uiiuL^ wliicli oi thciu l’_orxuulii 3 elioiJd Lc emjToreiT, 


The Cdtennnj. 
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The curves whose lengths can he ohfained iu_fiuite terms 
(compare Art. 2) are very limited iu uumber. We proceed to 

consider some of the simjdest cases. 

151. The Parabola. —Writing the eiiuation ot the 

(lx y 

parabola in the form y* = 2mx, wo get — = *■'* 




Uonce 






The value of this integral can be obtained fronidbat ot 
the area of a liyperbolu (i^t. 130), by substituting y for j> 

and w<* for - «^J 
Thus wo have 


- U^K 


8 


yV'f 


+ m‘ m . (!/ 

-h - log 

2 Vl 2 


\ s/ir 


+ Ul’ 


. i /»•* jrv7 v' . .T 

r e.*-7— %«> 

. 1 • _1 R.. . 


m 


{^) 

ku. 5 & d 

thevexinx^of the curve. ^ 

152. Tile Catenary. —Tho equation of the ealeiiary 

(Art. 13O) 18 


y 




Uonce 


ax 2 





1 

2 


i , I 
e" iU + - 
2 


^ -c" 1 ■* const. 

2 


■=) 


If 8 be measured from the vertex K, wo have 


H 




the same result as aiicady arrived at in Ait. 13,1. 

Affain, since PL = P K, and NL is constant, it follo\N s that 

the ctSenary is the evoluto of the traelrix (sec E\. 9, p. 219}. 
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Lo^gths of Curves. 

153. Meiiii-cubieuI Parabola.-{—The equation of this 
curve is of the form (nf = ar*. 


, a*- </'/ ^-5 { Q^rV 

hence !/ = — 5 ■;* = ""> T = ( ^ + — I» 

a' (ir 2\fiJ dx \ 6,a) 


s = 




qr'.l 8(tf ().ry 

1 H -- j tU = —[ i + — 1 4 const. 


27 \ 40 

ll (ho lire ho ijioasurcd from tlio vortex, we get 


Sa \f Q.r 5 I 

, = — •!( I + — j - j 


271', 


.)// 


/ 


* •»f J.fcl 

Qic$ 


The Kcnii-cuhical juirahola is the first curve whoso length 
was i hforniiiind. This result was discovered by William 


•P*' 


}'''^"‘i.Ncil, in I'tho. 


7 ^ 




^ 15.}. itcciilicatioii of li^voliilcs.— It may he noted 

tliat (he rectification of (ho somi-cuhical parabola is an 


no 




innm-diato coiiFcijuence of its being (be evoluto of the ordinary 
parabola (sc I.)ill. Calc., Art. 239). In like manner the 
li'n;^lh i.'f iniv curve can be b'und if it bo the evoluto of a 
known eurv', from (ho ]»roport3' that any portion of tlio are 
of till' evoluto is (lie difl'- reiicu h^ twi on tlio hvo conesponding 
radii of uutvatun: of Iho em-vo of whioh it is the evoluto. 

^ !^i\.r cixuniple, wo get hy this moans tho lengths of the 
TjadoidT and file hy] locycl'.'id. 

‘’ Again, since tho equation of tho evoluto of an ellipse is 


(H 


(«.r)! + {h/)l = («> - i^)l, 

(lie b ngth of any arc of this curve can be at once found. 

(ji> Tlli^ tan also be ivudih' got otherwise; for, writing tho 


J 


iH-'*^b-i|uatiuii in tho lonii 

y /'.rM 


0^ 


c* a 


f • 


«•- . O-t*- \ (I 

-t; 



^ = I 


I _ aiui making - n sin''i,.. we get g = fi ci's\/», and 

tl-i (d.i- I d;,'}' - 3 ^in </. It'S«/.((«* sino/, \ /3'ros’./.)*f('(^ 


3 (« HU >, I I m,-. . 

- Sin ; ir eos'ii), 

2 lu- - /■)■) • ^ 


Examples in IteciiJ'uation. 
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Hence 

If tlie arc be measured from the pomt a: * o, y = / 3 , wo 
get the constant 

- 3’ , W siii> + cos ^;>)3 - 3; 

, and 8 - • 2 _ It.., ^, 5•• 


a ’-3 


If a * 3 > expression for ds becomes 3a sin <p cos <pd<p ; ».-»»■- 

hence we get a = | « Bln^/., the are being measured from the 
same point os above. 

Exaupleb. 

«K^«« < ®'*.p. Si^(» 

I. Find tlie length of the logarithmic curve y * c«*. 


Uere 


logy=iloga + logc; where 6 - 


flonce 


I 


«(i* + y*)‘ + * 

*. Find the length of the trnctrix . 


(i» + y5)le/y f y^/y f 

y “](i^ + y-)‘ Jy(i* + y'j‘ 

( 4 * + y^)l -4 


-L 


L11 


Here, by definition (see fig. j6), \vc have i’ 2 ’- a ; 


aia rry = hence ^ 
d>j 


a 

_ « 

y’ 


» = - a ( - a log y + const, 

J y 

If the arc he measured from the vertex A, we get 


arc AT 


=»"'6 (;) • 


Hero wo liAVO 


1 Find in what canf-n tho^en'rves rciaesentc*! by a"*y" = 2r"‘" are rectifiable. 

„ . 3 -(<)»<•/ 

[ 15 J 
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Lengths of Curves, 


{m + fl)’ 

SubstitutiDg h toT - , and making i + i;r • = this booomes 

n^a" 

'-s) 


( 4 ') 


S. (Aft. 


a. 


{^) This cxjir€3sion is iiuni6<li4itclv iiitugrablo M*li6n — is a positive integer 

^'L U2. _=il -^ 

IJ 

Ilcnte, if ™ = r, we boo Uiat^curves of'flio form are rectillftblft^ 

Again, if — be n neg ative integoj^* tlie oxiitx:daioii un<lor Uio integr.J s^Ti'^ 

lo-'omos riiiii.nal, nnrl ra^ ordingly bo inicgratcd. Tliis leads to tbo form 
'* ^‘‘^‘'rdir^l^', all curvea comjtrised in the oqiintion = x”*" nre 
rortifiablo, HI being any^infrger. (Compare Art. 6i). 

* 55 ' Kllipwe.—Tho sim/iTest expression for the aro-^' 
6 13 obtained by taking x - a sin <t, whence 


rT"' ^ = («’ cos’0 + 6* Bin*0)l dtp ; 

.*. fi = j («* cos’^ + t’ 6in’^)irf0. 

It is often more convenient to write this in tho form 

s = rt [{i ( 3 ) 

J j 4^ A-ik Ul* •f Kl*> 

e being tho eccontrioity of the ellijwf^ ' ‘ ' **' ‘H '•'J'*’ 

It may bo observed tliat ^ is the complement of the eccen- 
trie angle belonging to tbo point (^, y)." - ck^tw* 4 ^.. 

Tho lengtli of an ellintio quadra nt is represented by tho 
defiiiile integral t.**'** '^?ew ..k*' 

A c..k.,u«^ vO*. V.**,-*4 * *';^*-* ' 

f* ^ 

(i - c* ein’A)WfA. • >)juf 

Jo 

Wo postpone the further consideration of clliptio arcs to 
a subsequent jiavt of tho Chapter. 

156. neotilioiifloii ill Polnr Co-orilluules.—If the 

airve be referred to polar co-ordinates wo plainly have (Diff 
t- '^-3 Calc., Art. 180),f.* = dr + rh{0 =; hence wo got 

■'V..^ ,V .,fl J f/ 
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For exariplfi^tlie length of the spiral of Archimedes, r = aO, 
is given by the equation 

« = -I-J (r* + (7’)i d)\ 

Comparing this with tlio formula for tho parabola, it 
follows that tho lengtli of any arc of tho-S.piraL measured 
from its pole, is otiual to that of a paiabui a mcasun d from its 
vertex. 


ExAiirLKs. 

1. Otirdioitl,'.'**'’' r = rt(i ♦ cosfl). 

Here ^ = - a ein 9 , and Leuce 
<*$ 

* = a / {(I + cosd)* 4 sln*j)l</d = 2a/cos -(/$ =40 sin - 1 

t 

Tbo conatnnt becomes zero if wo nicusiuo s from tho iH>iut^fur m Licit d ^ o 

2. LOTa^dionc.spiral, r = 

Hero, if A = r“ • ^0 t>0t • 
log a 


= « = ('’‘(i 4 Aq‘t/r = (i + A’)l(ri-ro). 

dr Jr, 

Accordingljr, tho Icn^uL of any arc is proportional to tho diirorenco between 
tho vector* of its oitrcmitics; a result which aUo follows immediately from the 
properly that tho curve cuts its radius vector at a constant angle. »,•.*». po 

j. Su« sp:'** , r" = a" cos nid. 

' ilr 

Taking tho logarithmic ditfercntuila, wo get^ ~ “ Lm "> 0 ; 


ds 

= KI'C m 9 . 


rJB 


r ^ -I 

Uenco i^a \ (cofl#ne)"‘ dB. 

Or, writing ^ for mJ, 


a f 

^ ^ I f) 

m J 




ThU 19 readily integrated whon ^ is an integer (ace Art. 56). 


[16 a] 


N»C 4 


u .1 T-t. 
<e*. -■icO 


\ 


& 


•=-‘258 




cr, 


!•*•• ^ ft- 




- f- - o-L'. 


1 » 




i * ^ - 

h' ' 


” ^' ^ " ^'Mitove/be the value of ni, wo can expreas the complete length of a loop of 








the cuH'C in Gamma FuncUona. For if wo integrate hetween o and -, wo oh 


viouslv got tbo length of half the loop. /(r<4 ( ^l) 
Ueiue llic length of thu loop (Art. 122) i» 


/- r (—) 

avit \?m/ 


in 


i«i7. Formula of liegcmlre on Ileotllieotlon.- 

Anothor formida* of considoraUo utility ivi rertificution fol¬ 
lows inimodidtcly from tlio result obtained in Art. 192, Dili. 
Calo. For, if this result bo written in the fom 

-2-! «; /), we cot fi - ^ = J pdu). \* ihT" (5) 

du> ^- - -‘ 


j ; Jf r w/ ^ 

t bfp..4;.*v r—‘ • 


Coupoquenlly, the total increment of s - ^ between any two 
jioints oil a curve is equal to | fdw taken between the same 

two points. __ 

For cxamnle, in the parabola wo have ;) = —». 


CO.Sui 


hence 


s - t = a 


dfu , , f - + - 




1 


= a log tan ^ 
cos (i‘ \4 


+ const. 




If WO measure the arc from the vertex of the curve, and 

a 


observe that t = tliie gives 

</(U 


a sin fi) , , 

s --1 n log tan l - » 

cos^o U 2 




iO 


The pf udont can without ditllculty idontijy this result with 
t irivcn in Avt/i^i.. i ^ 

V - ^ X 


that gi\ 






* TliU tlitoivni is iluc to Lt-pendro. Sco Tf aifi de$ riltpdqutg, 

Uuuo ii., p. 5^3. 


k. 
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Fngnani's Tltconm. 

It sliould bo observed that when tho curj^is its C. 

whole length is, in general, representedl)y 


, 0 


2 > 


V 

Equation (5) furnishes a simple method of expressing Jhe c 
intrinsic equation of a curve, when we are given its equation 

in terms of p and w. 

For, if p =/{w) we have 

( 6 ) 


8 


= + \pdM=f{pi) + f/M 

aaj J J 


taken between suitable limits. 

158. Applloatloii to KIlipsc. FagnaiiPs Tlieorem. 

In the ellipse wo hav^ ^ ~ 

p* = <,cos’w^+ einV = o.H<- 


' t- Hence* measuring tho are 
from the vortex 4j_aTid observ- 


* *0 ing that in this case PiV is to bo 

taken with a negative sign, wo 
have 



N.-i (.tp) 




f fir 

Fi^. 18, 


' M A 


arc AP + ^ 6iu*o)ifi/a>, 

1 

^^"^Bul, i/^rt 155, wo have found that if bo mea^^ 
from th e vortex P, the aio is represented by 

I (a* C08*-/» + 6iu*^)i(/^. 

Consequently, if we make . BCQ = « = t ACM, and draw 
QM perpendicular to the axis major meeting tho cun 0 m i , 

wo shall have 

are BP’ = arc AP + PN, 
or, taking away the cemmon are PF , 




BP - AF = PN. - ' - " (7) 

>—-- ^ 


. A J. ^ — 


.1 


re. 




) 
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,, ,„S . ,.»■■ 

r r /« -. 


Li'injthii of CurtcH. 

Tills reniarkablo result is known as Fagnani’s Theorem*/'*”" 
and shows that wo can in an indehnito number of ways find 
two arcs o f an ellipse whose differen ce is expressible by a right 

lino, tf .Ml.'*- 

We add a few properties connecting the points P and P' 
ill this construction, fc'-s 

i '* f-' ~r~r-~ j T T * . 


j-w- 




^ C V* it ) 


XAMPLBS. 


I. If (r, fj) and (j:\ .v^) l>o tho co-or<linatC3 of P uxii\ P\ respectively; prove 
lijo following ;— ^ •* • i 

.C..Ui/51 ''^■''^‘^5,1' »> »V,v. ^ A* 

1 \ Ti»r_' ■'■' /.\ »>>r_ r>/»r» /-v At j A,wt 


. ; tWp^, 2‘N ~ 


(i). P.v = 


: GA" = CA . C£, 


(4). (77” 4 Cir^ = = C7»” + C*V». 

2 Divide an ellii>tic qimdmnl into two parts wlios© dilTeron<^ shall be equal 
lu the dilfurcncc of Ibo scniiaxes. ^ 

Tliw takr5 place when P and P* ioincide ; in which case CN = \/ ai, and 

/’jVa; /I - f.. fN' - CP'* t. fM"* • 

Wc shall dcsiCTiale the point so (h lermincd on tho elliptic nundrant os Paif- 

point. ^ ^ V 




on tho con focal hyperbola wliich passe? tlirougli the points of intcrACcliOT dff&e 
tangents to tho ellipse at its vertices. Show also that Uiis hyperbola cuts the 
ellipse in Fagnani*s point. 


• Fuirnani* Otorftftlf dc* Peftnutti fT reprinted in his Pr/Mlnzini 

JfflV/7i/r'irAc» 1750. It may he noted Iliat if we Inlrgnite tlio equation of Art. 
r i^s f^*jr Offc., tahing tlic aiii^le C as oblusOi and adopting zero for the lowest 
liuiit ill c?;ivh intcgnil, wo ohUdn 




blD^ ti da 4 




t - A* dh 


S. •/' - 


sin^rrfe ♦ sin a sin A pin e, 


will ro A b defined by the equation Mn C ^ k sin r, and ri, b, c aro connected hv 
the relation 

cos ^ cos <T CO? A - sin 0 sin A \/ 1 - A* sia’c. 

Thi^ equation fuml'he? a reUlirm betwee n three elliptic arcs, fropi whioh 
FiurnaniV theorem enn be readily'JetlucfHl, os'Wtij os many other tBoorems can* 
lici led with such arc« See hegorulro, Four. F/Zif., tomei,, oh. o. 



The Hyperbola. 
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The equation of PJVis , * i 

X sin0 + y coa 9 = •</ sin’d + cos-0, 

rind that of is . . ^ 


n»b»»o Twj fa 

If wo eliminato 9 , we got 


X coa 0 y sin 9 
-+ — j- = I. 

rt 0 


X’ y’ . 

- - ■'j = a - i, 
a 0 


which represents tho hyperbola in question. 

159. The Hyperbola.— In tho hyperbola we have 

= o*cos’w — 6*siii*w. 

Ilonce, measuring tho arc from the vertex A of the curve, 
WO find, sinco w is measui*ed below tho axis, 


PH- AP = 1 (rt’cos’w - 

Jo - ^ 

! 


( 8 ) , 
J_ y J 


where a = ^, 

As wo proeoed along the hyperbola 

tho perpendicular p diininishos, and 

vanishes when tho tangent becomes 

tho asymptote. - ■ ii • 

B Moreover, as the limit 01 tins 

case becoraet tan"* it follows that tho 

^ rliffnrnn eo between the asym pjotp and _ 

fF^tho vertex, is ropresented by tho 
definite integral 


^ oO 



Fig^*9 


p° '*(«’cos’w - i*8in’w)M« 


‘f prove Aat ^ t . T 

i, ,.,„oco„le,l l,y«n vlU,,lic oro .na llrU lla^iaxoj^rf U.o rlllp.o are ll,o 
gr^t^ and least valuca of (« + i cos ^ 

1(nfa<ft, prove that ^ ^ *1 ^ f'»l 

la repreacicd by the difference between a right lino and a bypcrbolic are. 


ExAWrLF-S 


w 
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Lcfigilis of Cnnis. 


A. 




• 4C 


c\ 

100, Landeii^M Tlioorcm on n IlyiierlioHo Arc.— 

W(! next proceed to establish an important theorem,-due 
Laiiden ;* namely, that aiif/ air of a fnjperhola can he expressed' 
in icnnfi of the arcH of tico cltipsat. ' ^ . 

* * >4 


This can bo easily seen as follows:—In any. triangle, 1 


adopting the usual notation, wo have 


c = a cos7? + hcoBA. 





t 


n 


Now, ropre^entiii" liy 0 the external iinglo at the yortex 
, wo have C A + H, and honco 

cdC = (a cos 7? + icos^)f7.'t 4 (ocobB 4 bcosA)dB. 


Consequently, supposing the sides a and eonstant 
the remaining ports variable, we liave 


Aa 


cdC = I acoBBilA 4 J b cos AdB 4 2 f 7 flin.B 4 const., 




or 


'/aAbUzahvosCifC^ \^/if-If sn\^ A dA 4 1^0^ - a^eirfB dB 


4 2 a sinB 4 const. 


(9) 


Now, if wo suppose a > by | y/^ ~ ff sin’j^ dA represents 
(Art. 155 ) the arc of an ellipse, of axis major 2 a and eocen“ 

trieity Also “ lepro.sents (Art. 159 ) Iho 

difTorcnce between a right line and the arc of a hyperbola, 
whoso axis major isj^ and eccentricity 


Again, v/«* 4 A'-t 2^/6 en3C= /(,7 _ .^ 


A)*Rin*-4{(7-( &)*COB*-, 


* l.iuilvii. rhiln,.yy),if.,l Ty.imneliom, 177^; aluo, Halhrtn.iitcal Mtmoir$, 
1780. 




LandcH^ Theorem on a Jli/pcrbofic Arc. 


233 


and consequently the integral 


2oh cosCdC 


represents an are of tl.e ellipse whose sen^esjir^a_ii aucl 

^■^nce, Landen’s theorem follows immediately 

It shoidd bo noted that the Umitmg value3^f_4j_i< 

C are connected by the relations 


fCf 


asinB = Jsin and C = A + ^ ^ ^ ^ 


TT, while JJ will comiiieucc uj .o ^ 

afterwards diminish from a to o (^where e = sin--j. 


and 

Mo 




Henee, suhstituting f for f, and integrating between the 

^ " •Z. • 1?_Iv A 


limits indicated, we get, after dividing by 2, 


2 


i; 


I (« T Oy end<l> +(«-*')’ I * ^ i 

Cj-i rc- 


ir 


V » 




x/i* 


. Tra* - + (i-' - «’ 

A Viirrlv ihe difference bcttceen (he length oj the 
According y, ^ /„/;jer6e/tf is equal to the dijfer- 

Tee Zit 

nro'eeed to two important theorems, which may 

U. ^„ 5 ‘KS.£.. •! 
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Lengths of Cones. 


U 

i6i. Tlicoroin* of Dr. Graves. —If from any point 
J* on Hie exterior of two confocal ellipses, tangents P 2 ’ and 
PT' bo drawn to the in¬ 
terior, then the d ? tFerence 
pr -TT) between 
the sum of the tangents 
and the arc betuTon their 
points of contact is con¬ 
stant. 

For, draw the tangents 
QS and from a pdint 
Q, regarded ns infinitely 
near to P, and drop the 
]>erpeudicuinr8 PiV and 3o- 

Q.N'; then, since the conies are confocal, we have^v^*',’’®,* 

/ PQN = L QPiV'; /. 0 ^ 

Also, PT = rn i UN = rp + us ^ sn^ ts + sn 

= TS 4 SQ - QN. 

In like manner 



or 


pr = PiV'-i s'Q - rs'; 

PT + PT' = QS + QS' + TS ~ T'S\ 

PT + pr - rr = qs + qs' - ss'. 


Jlriiec, P'T pr - TT' lines not change in passing to 
'.lie I'lnisiriitive jmitit Q ; wliieh proves that PT PT' - TT' 
has u coiii^lant value. 


• Tlii^ ol.- (licor.-m way ftrnvpdnt Uy Dr. (iraTCs. now UUliop of Limerick, 
fir tho mure goncr.il r,i-c of .-|i1icri< al conics, fom tlio rcci iirocal t hi Hiroin , viz.1— 
If two Fjilif’rical roiiic!! Jinvo liin fame rvclio nrcf>, then nny arc touchinff the 
inner will t iit from the oii(« r n fcjnncnl of' constant nroa. (.See finvos’ transla- 
lion of niasjc^ on mi./ .S/i/k-j iV.i/ (.hiiic4, p. 77, Dnltlin, 1S41.) 

It Blioin.i he t)jiit llio theorems of tlus and of tho followioc article 

were invosli-a- d indi-pcndintly hr M. Chaslc?. The student will find in the 
Lompia Jiouiu*, 1S45, 1S44, a luimhcr of hoauUfciI applications by that great 
gcometricinn of tlioso thccircnis, na well to properties of confocal conics, aa also 
to tho adlili.iii -'f elliptic fuiulious yf the liul species. 


Theorem of Dr. Groves. 
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This valuo can bo readily expressed by taking the point 

at 7?, Olio oTthe extremiti es ^ 

dt the minor ax is, of the 

exterior ellipse. Let/) be p - 

the point of contact jjf the "j 

tangent drawn from S ', and ^ ^ \ 

drop DM, and DN perpon- [ __1 j_^1 

dicular to CA and CD, r uTIa a 

respectively. / / 

Let CA = a, OB = h, .. 1._-' 

CA'=f,CTr--V,ci\\(iCct(ix\- j,. 

tricity of interior ellipse. 

Then, by Art. 155 , the length of are 


A—' 

jHa a' 


Fig. 31. 


where 


BD = flj (i - 

y DA CNl Cli _ ^ 

m = oJi'r w ” f/' 


Again, 


/ 

hence 


D'D'^ = 2/N' + DN^ ~h cos a)* + a* sm a 

HI) . r. = o' siu «• 
b 


Consequently wo have 


Hence, in general, 

DT ^ BT - 77 *'= 2 «'sin a - 2« j (» *-c'(/l/* 


('• 



where 
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— /k ' 


At 


Fiu. 3i. 


^ Tlie analngous tlieoreTD. du (3 to Professor Mao CullagL, 

may l )0 stated as follows:— 

f-T^PT'-‘:T^kT' Theorem. —If tangents PTy FT be drawn to an 

ellipse from any point on a con- \ y 

focal hyperbola, then the ditVor- \ 
encQ o f the tnngentB is equal to \ \ 

the dilferonco of th^arcs y’/fand 

Tlioproofislefttothostudent, f ^ ‘ j 

and is nearly identical with that Ay ""T ^ yA' 

given for the previous tlicorem. *7 I / 

I (iOCt.-vT ^ This result still holds when - 

Ithe tangents nro dranm from a / \ 

point on an ellipse to a coufocal / \ 

hyperbola, proviil^ riiat the tan- j \ 

gents both touch tho eamo branch ' ' 

of tho hyjicrbola; ns can be seen 

without dillh-ulty. ,, ,, , 

B As oK'nVl'li^ation* we phall prove anotbor theorem of 

Landen; vi/.; that the (/;//;rc»cc hixvem ike length of the 
xniimpiof^' ami of ike infinite hraneh of T// 

a 'hypcrhoin can he e.rprc>ise(l in terms 

of (in arc <]t thi'hiiperhola. // 

For, lot tho tangent at A meet // 

tho asymptote in D, and suppose a / f 

confocal elUpso drawn through D. / 

Then, regarding iJr ns a tangent to / 

(ho liypi-rbiila, it fulluws, by (lie | / j 

thi'oreni just fstablislud. that the ' / \ 

difl'U'eiUM' Iji’twri’ii FI mid A / is , r \ 

equal to Ihn dilV-reneo between FA ( A t ~ 

and AK. _ j 

Oonsequenlly tho dlflerencc bo- y 

tween the asynij'tote CT and tho 
hyperbt'lic bniueh AT is equal to 
7).4 + FC - 2 h'A. fV-mscquenlly the i ^ 3 . 

I required diliVr< iice is ex]*re?sible in 

' terms of given lines and of tho hyperbolic arc 

j • I &m indobted to Dr. lugruiQ fur lUis iippliLation of 1‘rufcssur M’CuUogh’fl 

] tboUIOOL. 
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The Epitrochoid ami Hypofrochoid. 

We next proceed to consider twoj^ortant cum? whose 

r = a COB 0 + ^, wo get ^ 

and honce = ^ ^ \ ,n. 

({g = (d* + •»■ 2 ah cos vpafi, 

0li 


cos" ? + (« -'')= ” 


dO. 


Accordiif^ly, Iho roetificatlon of tlic limanou doponds on 
enitrochoid is represented by the equations (see - 

Art. 2845^ 

a 4 - o 

X - {a ^ b) cobO - e cos —^ W, 

. a ^ b „ 

ij= {a + b) sin 0 - c sin —^ 


Hence 


‘i^ = -(a + 6)lsinO-^m'4;^'H{, 


J0 


/> i 

« > b 


^=(a + 6) joos « - cos 0 

Squaring and adding wo get 

I c* - 2 hr fOS 

//0j " V 


aO 


I 


... .V-2Accos-^j dO. 

Hence, substituting ^ for 0, wo get 
„ = + cf Bin^ri, {b - 
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Consequently the length of an arc of the epUroohoid ifl equal 
to that of an ellipse. 

The correspomling form for the hvpotrochoid ia obtained 
by changing the sign of b. 

165. TlieurenLS 011 RcvtilieuUou of 

If any curve roll on a right line , the length 
of (ho aio of tlio roulette doscriLcMl by any point is equal 
to tliat oFtlio correspoiiiliiig are of the pedah taken with 
rc'^pect to tlio generating point as origin. 

For (see lig. i-i.t), llioclomcnt OtL of the roulette 

is eipial to Ol'ituK 

Again, totiiol ihi.H-leinoiitof (hoi pedal. Since Iho angles 
at N and N* are nglit, the 
quadrilateral NN'TO is inseri- 
bable in a circle, and consequently 
NN\= OT sin NOy\ But, in 
tho limit, iViV' becomes the ele¬ 
ment of the pedal, au*l Ol'becomcs 

: hence tho eloniont of pedal 
i?’ ; consetpiontly tho elo- 

meut of tho pedal is equal to the 
corresponding element of tho Fig. 34.(i.. 
roulette; &.Q, 

We proceed to point out n few elomcntaiy exa mples of this 
principle. In tlio first place it follows that tlio len^ of an 
arc of the cycloid is the same as that of th^cardioid; and 
tho length of the tronlioid a.s that of tho lima9ffl!’ Again, if 
an ellipse roll on a right line, the length of the roulette 

<^ilher focus is equal to the corresponding are of 
tlio ixuxiliary circle. 

Sforeover, it is easily seen, iis in Art.*746, that, if one 
J'oll o n another , the elements ds and of the roulottoT 
and of tlio corrcspniuliiig pedal ore connected by the relation 

= f t.. 

In the case of one cir cle rolling on another , this relation 
pho\v.9 that the arcs of opioyoloids and of epitrochoids are 
j)r()portional to the arcs of cardioids and of limaeons, whioh 
<igioos with tho results cstahlishcd uhvady. 



Oval of Descartes. 
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i66. Ovah of Descartes.— We next proceed to the 
rectification of tlie Ovals of_ Descartes, some properties of 
whioh curves we have given in chapter xx., Diff. Calc. 

The cuiwo is e^.J***" - 

fined as the locus of ^ ^ 

a point whose dis - y _,.,f ^r.t * ifp, /\^ 

tan^ rand/ • 

twoIxed points arc ^ \ 

connected hy the c-jL-, ***-'*<♦ I 

equation A,., .i.« r / f-r 4 “' 

»«)■ + // = (/, I I 

"h-fi 1’ / K'/ " •■*1 

whoro /, m, d arc \' y ^ 

constants. \ \ 

Forcouveuieiieo \ -'» 

wo shall write the \ / 

equation in the form \ / 

7 nr + lr=nCf ( 12 ) 

where c is the dis- ^_ 

tanco between the 

fixed points. ^ 

^ . »« j II 1 j r 


(*'L '^''1 

«; -" A 


a- 


The polar equation of the curve is easily got. For, let /* 
and Fx bo the fixed points, and L F\ FP = 0 , then wo have 

«s /•* + c’ - 2rfcof> 0 ') ^ 

also from (12), t« wM»- 

/*/•'* = {no - wn*)*, J 

hence the polar equation of the locus is readily seen to bo 


, nm - P cos 0 , m* - P 

r* - 2rC -;-rr— + c’ -5—7, = o. 

wi* - P nr - P 

For simplicity wo shall'yrito this in the form 

r* - 2r£2 + C = o. 


(U) 


( 14 ) 


Solving this equation for r, wo get 

r^a± v/ 5 ^, or FP, = ay ya^-G, FP= a- ya’ - c. 

It can bo seen without difficulty that, so long as /, f/i, « arc - 
real and unequal, the curve consists of two ovals , relying 
inwido the otlior. os in tlio figure. 
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Lojjgfha of Cunes. 

A. Again wo get from (14), by diffwentiation 

(r - O) dr = rQ'dO, where = ^» 

n' Q' , da ya’ + Q'^-C 

. 1: = _r:— s — - - ; lienee —7^ = - . —• 

’ niO r-n 

, ,j. ± ya- i a'^-~C(iO, {15) 

yir - c . 


the upper pign corrospoinliiig totho outer oval, and the lower 
to the inner. 

Honco the difference between the two corresponding 
rl'-mcntarv arcs is equal to __ 


(0 


' Q'* - Cr/0, or, 2\/d^ + 2iih cos 0 + 6’ - CdO^ 

(writing il in tho form a + l> cos 0 ); this plainly represents 
tho_idfimf:nt_^ jm el lipse. Consequently, tho difference 
bctw^i two fcrrosponding arcs of tho ovals can be repre¬ 
sented by the are of an ellii'S*-. This remarkable theorem is 
duo to Mr. AV. Unberts(Liouville, i 847 » P- ' 95 )* Some years 
lifter its publicaticiu it was shown by Professor Genocehi 
(Tortolini, i86.[, ]). 97), tliat tho are* of a Ca rtesian i s ex¬ 
pressible iujerms of thr eo ol liptio ares^ 

In order to establish this result we commence by proving 
one or two eleme ntary properties of the curve. 

Suppose a firclo described through F, Fx, and P] and let 
PQ bo tliG normal at P to tho oval, meeting (he circle in Q, 
and join FQ and 7 '/^; then let L FPQ - and FxPQ. = u) 

^ f j f * r 

ir . (ir , / * / 

I / — - o, wo have / sin u» - m sin w; 


and sinre >ii 


W'. 4 ;.“^ 


Fip. FiQ - /: m. 



* F t llir pn>-it nf tlii.4 throrrin gisvii in tho ttxt [ am iThlcbtoJ to Dr* 
Faiit iti. \*‘\y iiii: It* <loiiniiittti:i!iun l*v Mr. will ho toimJ io a Js^olo 

a1 (Ite Olid ol 1 lo' .. I 


The Cartesian Oval. 
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Also, since »»• + // = Hc^and (by Ptolemy’s theorem) 
FP .F^Q^ F,P . FQ = FFx . PQ, 

wo have 

FQ FQ PQ 
I 7)1 n 

llei.co, denoling the comniou value of those fraotioiis hy 
u, wo have 

FQ = lu, FiQ = mu, PQ = nn. 

Again 

a‘ 


dr V 
tan (0 = —,7i “ 


- C 

_ —- ; /. cos fii = -;—-• 

rdO . 



llence tho first term in Iho ex[TCssioii for ds in {15) is 

equal to , , 

a dO^^' c mn - P cos 0 

cos <0 ^ 

Again, lot lFPFi = 'pt ^ P 1 '\C = 4 »> 
and wo have t!io two following relations between tho angles 

^ = 0 + i//, / sin 0 I m sin 4» = « sin \p. (10; 

Hence 

- t /0 = d^, I cos 0 dO + »t,cos^ f*/* = ' 

y. {mn - p\os 0 )dO = wt (» + f cos*>)'/0 - »{m + / cos 


or 


»»> -'■ ,W = ’11^(- 7 ) 

cos W co» ® 

Again, from tho triangle FPQ, wo have 

r cos w = PQ t FQ cos tj, = {n + I cos •f)u; 


f._ pftt_ 

. »^ = !1 = y/> + «■' H- 2 / 

cos (Jj U 


il cos <p 


[ 18 ] 
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In tliD same manner it can be shown that 


+ / cos i/» c /r- 1 -—“T 

- T s = y'/* + + 2iin cos i/». 


COS(i> 


llcnco'wo have 

r nt/Q 

cos (0 


= —I \//^ + h’ + 2 ln cos A rffi 
«r ~ r] 


Wi^ - 


I’ + ;«* + a/m cos 


(18) 


Kucli of those latter integrals is rejiro?-c*nteil by the arc of an 
cllii'se, and, accordingly, tlio arc of n Cartesian Oval is 
cxprcssiblo in the required manner. 

N.U (c| rjj) bhould bo noted that the limiting values of Q, 0, an d 
arc connected by the relations given in (i6). 

Again, it can be shown without ditricult}’ that the axei of 
till.’ ct(i}ws arc the Unp?. (..4/i, C/V), {AO., lU)), ood{AD, BC), 
ir.'^pcrfireli/: a result also given by Signor Ge nocchi. Fir st, 

' ' with resjioet to the ellipse whose element is iV + Q'* - CdO, 
it is jiliiin that its axes are tlio greatfst and least values of 

2 H 12'^ - C\ or of 2 y/(d -t + 2 ah cosO - (7; but those 

iiro 2 y{<i + b)‘ - C and 2 v/(o - i)’ - 0, which are plainly 
the same as the greatest and least values of rj\ ; and, con- 
Feijuontly, are AB and CD. 

T'd Again, from (lie equation mr -» Ir = nr, we get 


inFB i 1{1'B 4 r) = nr; I'B = 


(^-Qg 

/ + /n ' 


In like manner, 


2 ’C^ 


(n + /)c 
/ 4 m 


Again, Rime wc gel (he p('inls on (be outer oval by 
clianging the t-igii of /, we have 


in - / m - I 


Hectificntion of Curves of Double Curvaiure. 
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and, consequently, 

^ 2 «c 2 nc 

^^ = ,—r ^^-JTTn' 

2mc^ 

but these are readily seen to bo the values for the axes of the 

'^^'’Yuhouia^ho noted that if wc substitute iu(^tho values 
for n and b, tho expression for thojdcincni* beeomes of the 

following s ymmetiical f»n-ni: 

j. __!L- + H* ^ 2 mn cos Qdi). (*9)-' 

We shall conclude tho Chapter with a brief account of 

the rectincation of curves of double ^ 

,67. ncflilicntioii ol Ciirvcsoi Hoiibic tiirvutiirc. 

If the points in a curve ho not situated in the 
curve is said to be one of double curvature. I'*" ™ 

for its loncth is obtained in an analogous inanuer to that 
adopted foT plane curves; .for, if we refer the curve a 
system of rectangular axes in space, and denote 

natesof twoconsccutivopoiiitsby (a-,y,s), (J'I'tJil' ' J’ )> 

WO get for llio element of longtli, (/«, the value 

(Is = y/iU^ *1 

'I'lio curve is commonly supposed to lie d ( 4.ei miii£d^y 
hi” ."tl'n’^ Uwo cvliLiS BUifacos, whoso equations are 

of tho form , . ^ 

f{xj y) = o, 2 ) - o. 

r, 1 - IS n,ul — Lo determined, the formula 

i'rom these equations, if ^ ana — uo ucieuuiu , 

of rectification is 


8 = 


' ^ ' ,lw) vw) 

[16 a] 


(20) 
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Lmgths of Curres. 

Wlion 2 is takon as tho iadepondent variable, this formula 
becomes 


8 


f I 

“) r' U) 




"' 7 J 


dz ; 


the limits being in cacli ease determined by the conditions of 
the question. 

Tlie simplest example is that of tho helix, or the curve 
formed by the thread of a screw. From its mode of generation 
it is easily soon that tho helix is represented by two equations 
of tho form 


a; = (/ cos (T j, y = a sin ). 


Hence 


dx 


a 


dy a 




/ fr\^ 

A (^=j^i + j^.jdz, ors = (^i ^ 




11 k‘ arc being measured from tho pnint in which tho helix 
moi ts tho jilaiio of xy. 

This result can also bo readily established geometrically. 


Kx \Mri.r.s. 

I, FirvJ the of tlic curve whose c«iii Jli'^ns aro 




til' ,iii li in;.’ iiicasuicil fruiu the urigin. -A , » • 

Thi. .1 i.iso of u syetem o f curves which are r eadily rcctmcJ ; for, m go 

ucivil, whciu'Ver 

/.///\* d: 

/ J'P dz'-\h / dz\ 

(' ^ d^* ^ ” V ' 'J^/' 

rij = rfjr 4 d.-, or « B X + 4 + COQSl. 


we have 
au'J theieforo 


Reciificaticm of Curves of Rouble Curvaiure. 
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Jy 

ThuB, if y = f{x) be one of the equations of a curve, wo get — ss/'(z), and 

■ ■ ^ ' *" ' (tX 

hence, if a second equation be determined from the equation 

the length of the curve is represented hj x ^ z V const. ; the valuo of the con* 
etant being determined by the conditions of tlic proldoiii. 

For instance, if y = <i sinr, we get f'{x) - a cosr, and 


4 c a* . 

— s ^ cos^ar; 
dx 2 


a* 


z = — (iT f rosr sin x). 
4 


Hence the length of Iho curve of intersection of the cylindrical fiurf«aces 

4 j 2 

y s n sin X, c = — (x 4 cos x sin x) 

4 

U r + x; the length being measured from the origin, 
a. -7[u - *(•- -ll'CA-') -(-l-i)) 

1. y ^ x^/ax ^ X. f » X • - . xlns, j = x f y - f 


j x*^(^+ c**)| the length being mcas urcnl from the j ^. 



of iotenection of the curve with the plaoo of xy. 




.M-*-*'* ■ ^1 ii, ■rVt-j" 
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Examples. 
,wr '>5l 


__1. £ind tlio longih of rmy i\rv of tin' calonary 


‘ 1 


— *» 

niiO sl.OM- (li.it li.car.n I.-i^n..,, Hi.-.mv, tla- axis nf r, an-lUio onlinutiy nl 


^ two 
»■ ’’ *}iOi 


j iii.iiil'-on tli«’f lirvc, is < <|'i il I" .f (iiii* lln- li n;;lli of tlic fti.r tormiimtc tl l»y I 

^i-l-ouils. M .p=^==^ ^ 

^'■f. In anv curve riuvc lliat[ -rzurz, and hoove linJ the Icng^ of a 

.’ ,/ , J _ W- f.' < * 


paraliulic arc. 


3. Shuw that tliC iiiU-j,Tal 


1 


— " _ may he represented by on are 


u nuh\ ainl find llic liiuliint' valuta of x tor itiT^^aiSlUly. 


. lO 


4. Hhnw Uial iLi;l< of aii cWliik urc U roi-rcscntcJ by 
v\lnT‘,‘ 'i is tin; i^MitioxU iiujor, uud t tbc ecocnlrieily 






*•••"' ... j -, . .. Cl 

K.xjircs Uic !l•f^^^i!l of u!i rpjaO.nmt in a ^oru‘S of ji^cr.inling 

Ml il.^ r. i*y. ^ 1 Mio-» ^ 


«• 


^>. Prove ibul thn integral of 


x^rfx 


\/ (j"' - - ^*) 

r.’in l'i‘ n pri-s' nted by no arc <if the ellipse wliosx' FcmixTcs arc a and 

7. Sli.iw th.il tlic ti ililiuiiii ii ''t the fimnoiJ^ i sin z ia tlio some ns that 
of an ellipse, t. w I” v'^Vi’e *:-• f- 

>«. I'rtjve lliat llio whole Uiif,Mh of tho/ra/ tu^alite /<<rf.i/of on ellipse, tikcn 
with i- 1" ' t lo II focus, is cipial to the tircuuifcrcLco of the drolo doscribod on 
tl;e axis ndiior as cliaiiu-trr. 

I/*' siiow that the li-n^;lh of on arc of the curve r = a sin ft® ia f^ujU..to thaU.^-^^ 
of im arc < t the ellipse whoao Mini.ixw arc a and wi7. v ■• ■* 

'*■’ C';) ‘ 1 ^. Ji. fruni the equ.aion of a curve nfeiTcJ to rectangular co-urdinatos, we^ ^ 

. , .zT^ u form nil I u i iil.ii. in j. Ur l u-i rdiiiatis, hv taking r = y and ri/tf = rfj-, then the**' 

H 1 *1 ^ 1,1. 1* .»• ' y . . t J ^ ^ 

- * \ l*'ii;:lhs i*t tlii* (uarc>iiMi,.liiig nics oJ 


nics oi tbc Iwu curve-d iiro equal, and the area j ydx 
i/f tljc loruiu I ui\c i^ n|'uil tM tlic umT^jiMiidiug gtxturiiil area of the latter. 

PiiAc tbit tbc dillcKiicO btlwna ibv kiigtlia of tbc two I00118 of tho 
a tojs 0 ' If h equal lu l>6: a being guatcr than fi. 

luiiig givt n tliicM jKjiuUi /s the circuuifcreuco of an ellipse, 

slt'.u til.I \Nc I all filwaxs lindtlinaifiiVpi^uf *1 fourlli jH.inlii sucli that the 
8 . tUllMriihr I rtsM . ii Aji fiiiil iJ> hball be equal ti» a right line. 




^ A" • “U 
5 c • » r. ^ • 


1 - 



- 
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..SS :S‘;™ SSSsS t iSSS 

SSu tie (CL^Ios, 

*e entLre longm of^ by 

i- D beiDtt U.o raJiua of cuivatuio ut any 


; ivub*** r-'r • ^ I 

'l±i bo tbu ciuutiou of tt curve, j^rovc^tbiit — = 

Mconro. 5 ' ‘‘—' 


uta "romS'{h«'e;ti«-?l/vc ; , being U.o raJiun of caa«alu.o at any 
Ul, -a Uto long.:, of the geegendiculur trou. any baeJ ,.oint on the ,a,,gent. 

IS. Ifev = '‘'*'' 
a loop of the curve rj = a* 

10* 

, V ^ 


Uere, by E^. j.^Art.^i^^ft, iho required leiigtU is 




"‘1 



Hence, hiking logarithms, aud observing that jj 1 . 615 , and- 5. 

get as the required approxii-Uon u x 3-948^. '7'“= 

cxliibilcd in Ait* 26 K> DUf- Calc. , ^ u nrovc that the* 

, 7 . In a Ci^L^ Ovd whose the extor- 

dUIerenoe of tho two arcs, mkreopted by any t i 

nal focus, is equal to a stiuight iTciofL. J:^l><c. Tone, 

is the inveno of an ellipse from a focus. J iroiwso 

liinacon, in this case, is 

cos 0 - «*’ u _ o 

fa + ars —=-s— + «* - ®' 


P - m* 


wliich is of Uio form 


r» + ar (o cos 0 - 3) 4 (a - ^)* “ ®’ 
none*, by ,. 5 ). tbo difletonce ““ 

^s/a& COA - d 9 . 




Al«,. it canjie readily seen that the dUUiuce between tho vertices of ... 
litnfn,-on is 1 v/“f*. •’• 
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X( ngth.H of Cunts. 


>8. Show Uiat ihf* length of on arc of tin.' ellipse “5 + n ^ represented 

C* 0* 

hy the integral 

... f d$ 




• (a^cos^d - wi.* < ^ i^ 


'i hi^ rej^nlt U easily seen, f(*>r wo huvo tls ^ pdo^ anrl ^ rr — ^ ; .*, ftc. 


ff. Show, in like manner^ that (Ik* of a liypevhrilii* au* U j'oprosented 


A» f-- ^- 

• f«*r*»S 0 />• Flll^ 




:o. Ilenco provo that the intogral 


(r: 


] (a - 


irt represented by nn elliptic arc Mhcn ab' > ia\ and hy a hyperbolic arc when 
•lb* < bli\ 


21. IVuve that tho dilForential of the arc of the eurvo found by cutting in 
the ratio n : I the nonuuli to the cyeloiil 


y s /i -f ^ cos X ^ an ^ b sin 


^ (<i 4 «'•)■ 


4fMb sin’ - c/f4. 


2J. Kaeh element of the p» iiplu rv of an ellipse is divided by ibo dianioler 
jifiniUel til it: liiid ibc Mini *•( all ibe elementary quotient.^ extended to ibe entire 
' hip^e. ^ ^in.s, w. 

In the of Art. 158, il'a - I Aty\ and i8 = z HCX^ pn*VQ tliat 

f^*\ I ^ '* ” ^ A 

. c ft' C J ta^_ taiiiS 

' n ' h'‘ 


? ). Fliul tho hn^rlh, nK':i.«ui«.<l fnim tlio "rifon, of tho ciirve ». 


x* = I — r^).* • i » K 




‘ I , /a + x\ 

i .4^ -inr. i = rt log ) - 

\a - X/ 


25. Find the length, Treasured fnim 0 - o, of tho cur\*o Mliich u roj resented 
by tlie c<|nalion8 

X ^ (2ii ~ b) Bin 4 p ^ {a ^ b) sin’^, 
y = (2^ - a) cos ip - {b ^ 0) cO!>^tp. 




A,r sin 9^ cos (p, 

^ TlT^^l’rovo'thatMio V/li polyt:ea<^ njaxiinum norimeter inserihed in 


TiT!''l’royo*thatdho sid/.^ V/li P'dygo Vu Tuaxiinuiii porimetor inscrihod in a 
conic; aro fantreut.^ to a i-oiifcccal conic.—Chaslf?, Coni/ Un J.’futhi*, 1S45. 

To tW'c arcs of nn ocpiilatonil hyi-orhola, \vhi>?o dilli niuo is rcctilinUo, 
rone fiiii:il iirv.'s of the luuniVc iitc. wliirh i.t the j.idal of tlif- hypcrWla. 


nil. 


1 


Examples. 
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28 The tangents at the extremities of two arcs of a conic, whose difference 
is rectifiable, form a quadrilateral, whose sides are tangents to tho same circle.— 

Ibid. 

29. In an equilateral hyperbola prove that 

rd$ ~ ^a^i/(tan 20), 

and hence show that J rd> taken between any two points on tl.e curve is equal to 
the rccUngle under tho chord joining tho points and 

mid.UepoiutofthochordwiththecentrooftliohyiKThola. Mr. W. b. M Uy. 

30. If 


X = a 


S + S' 

I 


_ -3 


y = a 


I < 


.1 


bo any point on a curve, show that tlio arc is tho integral of 

dz 

a^/ 


(M. SeiTct 


VTT^‘ 

What curve do the equations represent ? 

11 Through any point in a plane two conics of a confocal system can lo 
drawn. If tho distanco between tbo foci lo if, and the transverse semi-axes of 
those conics be ^L, y, prove the followmg expression for any arc of a curve 

( Ju' dy^ I 

32. Provo that tho following relation is satisfied hy the ^ and v of any point 
on a tangent to tlie ellipse for which n has tho value : 

dy 


S Oe 


a /- Ml*) 

\x. The arc of tho cnvclopo of tho right lino ^ sina - y cos a=/(a) is tho 

inte^l of V(a) + /" W) d>Aml!,u.) 

34. Thearo of thoeurvo in which z* - - o and z* - + itz o 

interact, if = I + AS U _ 

v/2 (a - i)dx 


I 

I 


(Ibid). 


V^z{2-az)(2-A^ 


35. Show that the arc of tho curve ^ 


tho form 


J dx y o* (I + *)* + *'(* - ')*. ^ ^ * 


36. Show that tocliilcaUop may, in general, bo reduced to quadratures as 

each ordinate of tho curve to be rocUfi^ until the whole Icn^h is in 
a constant ratio to the corre8poadin|j normal divided by tho old ordinate, then 
?he Sius of tho extremity of tbo ordSiato so produced is a curve whoso area is m 

fymstant ratio to Uio length of the given curve. , • i 

py this thoorciii Von lluroet rccUflcd tbcBCmi-cubicol parabola nearly simul- 

lancously with Wtn. Ncii.f^t**^ 
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CHAPTER IX. 


XULl Ml-:s ANI) SURFACES nF >nl.l|iS. 

i68. SoliiN.—Tlu‘ l•lism aiitl rjlliidcr.—The most 
siniplo EoJiil is tlie cube, wliich is lu-LSjrdiiigly tlie measure of 
all solMs, as the square is that of all areas. Heuoe the 
huding the volume of a solid is called its culaturc. Before 
proceeding to the ai-plication of the Integral Calculus to 
tiuduig the volumes and surfaces of solids we propose to show 
how, in certain oases, such volumes and surfaces can be found 
from ggojuptriVal conside ration s. In the first place, the 
volume of a rectangular parallelepiped is measured by the 
c-'iitiiiuod ju'oduct of the throe adjacent e<lgesj and that of 
any parallclcpipid by the area of a face midtiplied by its 
distuuco from tho fopposite fiicc*. 

Again, tho vuhuuo of a riuht T.iri>m is measured by the 
product of its altitude into the area of its 
base. For examplo, tho volume of tho right 
[U'ism rcpresenlcd in tlie figiu'o is mea¬ 
sured by tho area of f ho pol vgon A UCl )/•’, 
multipliod hy the altitudeAgain, 
since each lateral face, AB IfA' for ex- 
aniplo, is a rcctiinglo, it follows that (ho 
sum of tho areas, of all the faces (oxelusivo 
of the two bases), i.e. tho area of tho sur¬ 
face of tho prii in, is equal to tho rectangle 
under tho altitudo and tho perimeter of 
tho pulygun wiiicli forms its base. 

1 hia and tlie pn eoding result still hold 
in t j u) limjtj \\ hen the base, instead of a I'ol^'gon, is a closed 
cuno of any Iftrm, in which case the sia’faco generated is 
idled a cijhiidi,'. IIcuco, if T denote t)io vohmie of tho por¬ 
tion of a eyliiidor hounded ly two pbmes drawn pornendi- 

' u arjo Its c.lgea. h its In-ight, and A the area of its base, we 

\ = Ah. 



Fig- 



The Pyramid and Cone. 
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Aeain. if S denote the 8U£erfi£iflL_area_of a oylmder, 
bounded as before, and S the length of the curve u hich forms 

its base, we have IS = Sh. 

i6q The Pyramid and Cone. —It the angular points 
of a polygon be joined to any external point, the Eohd so 
formed 4 called a pyramid. Any sc^ of a pyramid by a 
piano parallel to its base ia a polygon wpl^ to that 
which foinirnio base, and the ratio ot heir homolopms 
Bides is the same as that of the distances ot tlio p aues Irom 
the vertex of the pyramid. Hence it iollows that pyr^ids 
standing on tlie same base, and whose vertices ho m a pW 
parallel to the base, are eguaL in volume. For, the sections 
made by any plane poraTl^o the base ai-e equal in every 
respect; and, consequently, if we suppose the pyramids 
divided into an indefinite number ot sUces by planes pajallel 
to the base, the volumes of the corresponding slices wiU be 
the same for all the pyramids; and hence the entire volumes 

Sso, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the y^WT^ftlm pyramids will 

be to each other mt^8amoioi>oil»oa. 

polygonal basesTHfe this proportion holds 

Las of the'iiHtmuB made bv any plane parallel to the baso , 

and consequently between tho slices made by two infinitely 

Ag^ahiT the pyramid whoso base is one of the faces of a 
cube, and whose vertex is atjho centre ofjhpcul^, is 
the one-sixth part STtlTo cube; for the entire cube can be 
divided into six equal pyramids, one for each face. Htnw, 
denoting tho side of a cube by tf, tbo volume of the pyramid 

in question is represented by ^; i. e. by tho product of tho 

area of its base into one-third of its height. 

Now, if we vary tbo base, witluaiUtoingJ^l^^^^^ 
from what has been estabtudJed above it follows that tho 
volume of any pyramid is tho area of its baso multiplied by 

one-third of its height.* _ 
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Volumes and Surfaces of Solids, 


If the base of the pyramid bo any closed curve, the solid 
80 formed iTc^ed a cone ; and w^infer that iho volume of a 
cone, is equal to one-third of the j)roduct of the area of its base 
into its height. 

iAj If tho base of a pyramid bo a regu lar polygon, and the 
vertex b e equidistant from tho angular poTiits of tho polygon, 
tho pyramid is calked a right pt/rainid. 

in this ease each of tho pyramid is an isoscolos tiiaiiglo, 
whoso area is tho rectanglo under tlio side of tho polygon 
ami half tho perpendicular of the triangle. Hence the 
^irfaco of tho pyramid is equal to tho rectangle under the 
Bomi-porimeter of the regular polygon and the perpendicular 
common to each face of the pyramid. 

Again, if we suppose tho number of sides of the regular 
polygon to become infinite, tho jiyramid becomes a right 
cone; and wo infer that the entire surface of a right cone is 
equal to the rectanglo under tho somi-ciroumference of its 
circular base aud tho length of an edge of the cone. 

Hence, if a bo tho semi-anglo of tho cono, I tho length of 
an edge, and r tho radius of its base, wo have r = / sin a, and 
tho surfoco of the cone is represouted by ttI* sin a. 

If a right couo bo divided by two planes ABC, BJSF, 
porpondioular to its axis, os in figure, the 
part intorcoptod by tho planes is called a 
truncated couo. 

Tho Biu’faco of a truncated cono is 
cosily expressed; for if OA = /, 01 ) = /', 
tho required surface is tt sin a (F - i'-). 

OTTr(l-l'){l + r)Bina. 

Now, if tlie circular section i!iJ/JVbo 
drawn bisecting tlio distauco between 
.IZ^Oand DEFy tho circumfercnco of tho 
eirclo LMN is tt (/ + /') sin a. Houco tho 
surface of tho truncated cono is equal to 
the rectanglo under tho edge AD and tho 
circumforcnco of LMN its moan section. 

170. »iiirracc iiiMl Vulume of a .*>i|iltere.—To find the 
superficial area of a sphere; suppose a regular polygon in¬ 
scribed in a soniicircio, and l«*t the figure revolve around the 
fliamotor Alt ; tlum «*afh side of tlio polygon, PQ for 
example, will describe a trimcato«l cono. 
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Bur/ace and Volume of a Sphere. 


Now, from the centre (7 draw CD perpendicular to PQ, 
and construct, as in figure ; then, by the preceding Article, 
the surface generated by PQ is . _ 

equal to 27r PQ . DI. 

Again, by similar tnanglcs, 
we have DC: DI = PQ : MN\ 

PQ,.DI=DC .MN. 

Accordingly, since the per¬ 
pendicular CD isofsamolcnglh 
for each side of the polygon, the 
surface generated by tlie entire 
polygon in a complete rovo- 



^v 

■ Lft PQ l«t ^ Z„.ij -tt 


c i Ir, + 

« w >1N f'V 

ACB 

• Acf« • A<c 

Fig. 387 fi) 


lution is o<}ual to 27r CD . jdD = 47r /(!• cos ^; whoro // ropre- 

sents the number of sides of the polyirou, and P the radius of 
the oirolo. 

If we suppose n_to become infinite ^ the solid generated 
by the polygon becomes a sphere; and wo get 47rP’ for the 
entire surface of the sphere. lienee, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of tlie polygon. Tims, for example, that 
generated by all the sides lying between tlio points A and Q 
is plainly equal to 27r CD . Alt. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc is equal to 27r. AC . AJV. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
AQ^ » AB . ANy it follows that the area of the spherical cap 
generated by the aro-4Q is equal to the area of the circle 
whoso radius is the chord AO. 

The Yolmno of a sphere is readily found from its suilaco; (li) 
for wo may regard the volume as consisting of an infiillt^y 
great number of pyramids, Laving their com mon vertex at 
^bo centre, and whose bases form the entire surface. But the 
\^unio of each pyramid is represented by the product of 0110- 
third of its height (i. e. the radius) by its base. Houco the 
entire volume of the sphere is one-third of its radius multi¬ 
plied by its surface, i. 0. — P’. 
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Examples. 

I If a sphere and its rirrumscrihing cylinder he cut hy planes perjwn^- 
cular to the axis of the cylindr-r, proTC that the intercepted portions of the 
Biirfiicos arc equal in area. 

s. Trove that the volume of a sphere is to that of its circumscrihing cylinder 
in the proportion of 2 to 3: and that their surfaces also ore in the same proper- 
tion. Those rcsulU wero discovered by Arcliimcdca. 

171. fsiirrucex of Blcvolution.— lu tlio preceding wo 
Iiavo regarded a splioro ns generated Ijy the revolution of a 
circle around a dinraoter. In general, if any plane bo sup¬ 
posed to revolve around a fixed lino situated in it, every point 
ill tlio piano will describe a circle, and any curve l^’ing in the 
plane will generate a Mirfaco. 

Such a surface is called a surface of rcvohdion ; and tbo 
fixed line, round which the revolution takes place, is called 
the nxix of rovoUitiou. 

Jt is obviotis that the sccti«m of a surface of revolution 
made by any piano drawn peri> ondicul a^ to its axis is a 
ciivli'. 

If wo supjiose any F<»lid of revolution to be cut by a senes 
(i) planes ]»erpciidie'iliir tf> its axis, the volume of tho solid 
iii(>‘n.e|)ted hetwcou any two such seolions may be regarded 
jis tho limit of the sum of au indohuite number of thiu cylin¬ 
drical plates. 

Now, if we suppose the generating curve to be roferrod to 
rectangular axes, tlie axis ot^revulut kin being tlua o f j*, the 
JU‘.a of tho clrele generaTcd by ii j>oint (j’, //) is plainly equal 
to 7r//^ and tho cj'liud rieal X'b\L*-' standing on it, whoso thiok- 
iie.'is is dr, is represented by i rf dr. 

Hence, tlio element of voTiimo of the sui'faco of revolution 
is TTi/'d.r, and tho entire volume comprisod between two soo- 
tioiis:, coiTcsjionding to the nbsois.sio a and / 3 , is obviously 
i-qii* SI lit* d by tho d*'linilo integral 


TT 




in which the value of // in terms of r is to be got from the 
equation of tho geueratiug curve. 



The Sphere. 
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Ill li ko manner, tlio volume of the surface generated Ly 
the revolutio n of a curve a round th e axis of^is represented 
by Tr/cc’^^^taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 170; and hence tlio 
surface cfonerated by (f-s in a complete revolution round the 
axis of X is"represented by ^wydji ; and accordingly the entire 
surface generated is reprcsentecTby 


2n 


k 

yds 


taken between proper limits. 

"Wo proceed to apply tlicse formuho to a few elementary 

examples. . 

172. The Sphere. —Lot r’ + tf = (d be the eqtiation ol 

the generating circle ; then, substituting (d ~ x' for wu got 

for tbo volume 

V=7r^(a* -sd) dx = tt + const. 

If wo take o and a as limits, we got — for llic volume of 


tlio liemispboro; tlio entire volume of the spliero is 


. ‘iJTfd 


as iu Art. 170. , , i 1 ii 

To find the volume of a siVncrical cap , let h bo the Icnglli 

of the portion of the diameter cut off by tbo bounding piano, 

and we get for tbo corresponding volume 


TT [ (a* - 

Ja-h 


(lx = Trh^ \ (( -I* 

3 


Again, to find the sunerficiul area, wo have 





llonco, the surface of the xoiic contained between two 
parallel planes corresponding to the absciss® a*, and .To is 



udx = 2n't (r, - xd) \ 
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tliat is tlie product of tlie circumference of a great cirolo by 
the broadtli of the zone. This agrees with Art. 170. 

173. Riglit Cone.— If a denote, as before, the angle 
which the right line which generates a cone makes with its 
axis of revolution, we gc*t 1/ = x tan «, taking the veidex of the 
cone us origin, and the axis of revolution as that of x ; accord¬ 
ingly, tli«r element of volume is t tan'a 

lienee, if /< denote the height of tho cone, wo get its 
volum e equal to 


TT tan''a [ a.^dx = tau^u ; 
Jo 3 



- X area of its base, as in Art. 160. 

3 


Again, to find its surface, we have ds - SQOudx; 


• « 


■1: 


27 T f yds = 2n tan u sec « xdx - ttA* tan a see a 


wlii<h a'U'i cs 


with tlio result already obtained. 




ti- 


l>a • I'f u ryliiiil. r ;i (iu lu afLii is mii.il to flio surfaco of 



of the soctur. 


Tl 10 c , 


5. T\mi foncs li.iYo n c'-mni<in lijso, the radius of wluch u 12 ft. ; tho alii- 
ti. .. of -.HP ,s ft. : :,n.l llm! ..f iho oth-r is 5 ft. ; find Iho radius of a spbcro 
..iitno hurlu-.o IS tiiu i] to tho turn of Iho areas of tho cums. 

2 \/21 ft. 


174. !• 
til in of a 
volu iiio of 
axis of a- 


aralMilt»i<l of lte>olutioii. —Writing tlie equa- 
juirnbola in the form f = 2nu\ we get for tho 
the gi'lid g-'iuratcd by its revolution round tho 


27 T/II J xdx -■ 7 T)):- " 


eniift. - • y a t const. 



Surface of Spheroid, 
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Hence, the volume of tlie siirfsice generated Ly (Ijo revo¬ 
lution of the part of a parabola between its vertex and tlio 

point (jr„ y,) is represented by ^ i. e. is equal to half the 

volume of tho circumscrihitig cylinder. 

Again, to find the surface of the pnraholoidj wo have 


y da = y 


I + 


yv 

my 




Hence, the surface of the paraboIoi<l, between tlio same 
limits as above, is represented by 



+ fn'‘‘)'ydy = 


2ir 



, * 75 - «l>l»eroids of JKcvoliiiioii.—If wo sni.pose an 
ellipse to revolve round its axis major, the surface generated 
by the revolving curve is called a prolate aphvroid. If it re¬ 
volve round tho axis minor the surface is called an obhde 
‘spheroid. 

Tho volume of a spheroid is easily obt ained : for, taking 
^ ^ * as tho cfpiation of the curve, wo get, on substitut- 

3 'f’ 


ing 6* I 


r = n j [if - x")dx = — X ( «* - -j 1 -h const. 

Hence tho entire volume is —In like manner, tho vo- 

3 

lumo of an oblate spheroid is obviously —h<d. 

176. Murfuce of ^»iitieroltl. —In the case of a prolate a 
sDiieroid.wo have 

yds “ (y 

[ 17 ] 



Volumes ami Sur/acca of Solids. 


IToiioo, if CiV” = Xi, CM = Xi,, we get for 5, tlie zonegeue- 
ralo'l ill a complete revo¬ 
lution Ijy (ho arc PQ, 


S = 2Tr 


fa} 


a 


. t. 







%■■ o-lM'ii}Now, if we take CD = - 

* IT ^ 

,,.s mid construct an elliiiso 

1 1 • / • / i 

\vhn.-<! Bviiiiaxes are Ci> 
and ('If it is easily seen 

;Ail. ijy^ that the elementary area between two consecutive 

ordinates of this ellii'So is — - x' \ dx. lienee it follows 

tliul the area of th e Z'>ne "• ii'-rated by the arc PQ is tt times 
tin; area of tht^^^tHion Vdi <j.P. of tliis ellipse. 

A^'a1ii7il APx he dll' - (aii;,o-nf at the Verte.K of the original 
( llip---, \\eS'’ethal ihe enlire surfat e of the spheroid is 4n 
• ill-' area Ht'APi; but this i^t'cein without dillieidty, to Vo 

ut . O-nt) , 

s 27t/>' ~tt — sin ’tf. (l) 


111 111,,. ii.;inui-r. we g-'t l’•>|•(ll• siu faeo «S’ geiierateil by lliO 
r- ‘.•-luli--u -d an elly-.>e romul it^minor axis 


6’ 


2 7rj .'-d: m >f j dy 


ir i' 

// 


0) 


i ^ V / 

(//•-* —. dy. 
\ a-f! 

. iUci..r it * 


( I 


Jl tills be integrate-l, as in Art. iM, wo get, after sc 
.vi. 1 , 1 ^ ie-lu.';i..us, S-- 


some 


.S 


i/y , , (>’ 

.1* ^'t f / • TT - 

fd * ^ 


/'■ W y } {fd V' iP + 

ng . 


I ' 

r' 




I' <i, I- 1 bi iwi'. ii the limit'- o and //, and doubled, wc 

"I 1' I • } b-- -'111 ii',- Mirl.ii'" <d llie elHi-'^oid 

/ , I . . 

‘ 2Tr-r , TT l-.g, —— . ( 2 ) 
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It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is tt times the area of a corre¬ 
sponding portion of the liyperbola 

a-* 

bounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a (U*- 
hvnerbola round either axis admits of a similar investigation. 


ExAMIU.liS. 


I. Find tlio Tolumo of Iho eurfucu ytn< rated by llio rwvoluliou of a cyeluid 
round its base. , 

Here, referring the cycloid to JJA ami N L C 

DU os co-ordinate axes, wo have (see Dili'. 

Calc., Ai-t. 272 ) 


X = ii(<p ■\ bill y = /r(l ^ cos^*), 

where L I'CL = 


llonco 

J J'= jry-rfx = irrt^(i +CO 3 0 )’</^; 
for the entiro volume V, we get 



F= 2jr 


i ff r ^ ^ 

(I ^ cos = l6wfi^ j CO.V- -d-p 


J '4 A 

nakiiig - ss d 

0 ^ 


UcQce 




Here 


2 , Find Iho wbolo surfaco gciu.TilcJ in the kutho c*k 86 

2 


I ^ * — 

{ «*. -TV ' • 

y d$ • ^wtt^ 1(1 * tos COS ^ J 


Lcnco tbo entiro ourfaco u, 7 ^ ^ \ 


. tfs 


[17 a] 


Ca 




vlr* 
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5. Fiml t}ie volunic and ibe surface of tlie solid generalcd by tbo revolution 
of ih*; tiarlrL\ its oJiLi. 


= - (»j- - ; 


laucc tliO \uliuuo geucralcrl by 
lliu I'orlioii ATia ^ ^ 


> 


• y 3 

TJ^ vobirnt' pi JioialfJ by Ibu 

f/*, , . . , , ,, 

civtirr tiMr.liLx i5i — a’; i. e. ualf 

.3 - 

th' ytjluTuv of the fe]iheru wbuaC 
ra^liiifc ii OA. 


Fig. 4** 


( 2 ). TLu fiuifavc - gcncTuled by A Pis 

{ ^ ^ly 

2tr j j ^ All. 134) 



« 27ra(ri - v). 

11 Ml tilt I utuc frutlabc gi/iKtaUil ii 2 ir.r; i.c. lialf tlic fcurfaco of the fepliere 
r»l i i lius 0-i. 

4. I'iriil lliO vuluiins rtri<l aUo Ibo surface, g» rKiati*<l by tbo revolution of Ibe 
i .ilvuarv ijcumicl tlio a\i> of x. 



( 2 ;- tuif*0 


Fig- A^. 


, / - --\ , •/.fr 


M u bavo 


J V 





Surfaces of Revolution. 
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Conscquenlly the surface, generated by FV in a complete revolution is - 

X the volume generated ; i.e. = v{>i$ + ax). 

5. In the rame curve to firnl the surface generated by ita revolution round 
the axis OV. (o’*-**.- r- 

'~”ircre 


S = ar I xds = j 

Again , 

f* - * f* * 

j xt" (lx = axt" “ " J f'* dx = a{ 




xt^ - flr’ t 


Also the value of 




a). 


ilx 


is obtained by changing the sign of a in the lust result. 
Hence 

I xe ‘'dx^ a* - axe ® - a*e 


5= T jia- + ax ^e“ - - fl® H e "j j 

= a»{a® + xr - mj). 



J‘o 




K 


K 






177, Annular INolids. —If ft y 

closed curve, which is symmetriool 
with resi'Cft to a right line, bo niuJo 
(0 rovolvo round a parallel lino, then 
the superficial area generated in a 
ccntploto revolution is equal to tho 
product of tho length of the moving 
curve into the circumference of tho 
circle whose radius is tho distance , 
between the parallel lines. 

This is easily proved: for lot 
APBP' he any curve, symmetrical with respect to AB^ and 
suppose OX to be the axis of revolution ; and draw PN, QM 
two indefinitely near linos perpendicular to the axis. It is evi¬ 
dent that PQ = P'Cr. Again, let PN= y, P'N^f, PQ^I^Q' 
= (tSf DN 0 ; then the sum of tho elementary zones. desci-ibed 
by PQ and P'Qf in a coTnpleto revolution is ioprosonto«l liy 

2 7r(y + f)<is — 


N M 

Fig. 43. 
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Ooueeqaontly the surface generated by the entii*e curve is 
2TrbS, where S denotes the whole length of the curve. 

A similar theorem holds for the volume o f the solid ge- 
nern^od : viz., the volume generated is equal to the product 
of the area of (he revolving curve into the circumference of 
(ho same ci’.cle as before. 

For the volume of this solid is plainly represented by 

TT I (//' - f") dXy 


or by ttJ(//-/)( y ’ ^ 

Uiit the area of the curve is represeutcl by 



0 ‘ns»!quoixtly, denoting this area by A, and the volume by F, 
wi' liiive 

V = 2irb X A, 


111 those results the axis of revolution is supposed not 
to iutoi soct the c urve ; if it doe.s, the expression znb x A 

_roprosonts the difference between the volumes of the surfaces 

goiicrated by the portions of the curve lying at opposite sides 
i)f (lie axis of revolution ; as is readily seen. A similar alte- 
ndiuii must bo luado in the former theorem in this ease. 

''-5If a circle revolve ruimd any cxtornal axis situated in its 
plane, the surt’aco generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is .^r'lrb ; wlicv) a is (ho radius of the circle, and b the dis- 
fim- of its ocnlro from the axis of revolution. 

In like manner the volume of the ring is 27 r*rt* 6 . 

It would be easy to add other applications of these 
1 h'.'orcni'i. 

178. TlieoreiuN.—The results established in 

the prec eding Article are l.mt piirticular cases of general 


• Guliliii, Cintr. harineit, icii </<• fcntro graiitatis tritim apecierum quantiUitit 
contitiiia. I 03(luliUn finivfil at his prinoiplo by induction from a giuaUnum* 
ber of olciuontnry cases, but bis attempt at a general demonstration was an 
oiiiiiient fiiilun:. Soo Montucla d'» Math., tom. ii. p. 34. Montucla hasiny-n^ 
sbiiwn, totn. ii, p. ')2, tb;it GubUn’s tlieorenis can bo f«labUshed from geomo- 
iri. Ill ■ oTiaicKTalioiw, witliout recourse to the ralciiinn. 


k 
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QuhUn's Theoremfi. 

propositions . usually_callo^Oiil(liirs^Tlieorem?, but originally 
enunciated by Pappus (seb \\ralloii’s ^fcvhaiii> ‘il Pro^ilcmny 
p. 42, third Edition). The}' may be stated as h'llows :— 

(1) . If a plane curve revolve round any external axis, 
situated in its plane, the area of the surface generated^ h eqwd 
to the product of the perimeter of the revotdnu curve h\j the 
length of the^}ath deacribedy during the rcvolutioiiy by the centre 
of gravitu of that nerimeter . 

(2) . Under the same circumstances, the voliunej if the .solid 
generated is equal to the product oj the area of the gcneratiug 
curve into the path described by the c_cuir^qf gmvdjLPf the re¬ 
volving area. 

To prove the former, lot s denote the whole length of the 
curve, Xy y, the co-ordinates of one of its points, .r, //, tho&e 
of the centre of gravity of the curve; then, from the delh 
nition of these latter, we have 

y = 

2jrys = 27r J ydSy 

i.o. the surface generated by revolution round tlio axis of .ris 
espial to the product of 5 , the length of tlie generating eui\c, 
into 2rry, the path described by the centre of gravity. 

To prove the second propo>itioii ; lot A <leuoto I ho area (i^ 
of the generating curve, and dA tlio element of area corre¬ 
sponding to any point j-, y. Also leti-, y he the eo-ordinatos 
of the centre of gravity of the area, then 

y = ■[ii^^^f^{Kul)Stituting dxdy for*//!) : 

^ A A ^ 


• « 


l-rryA == 2tr \\ydxdy - tt\ y'dx\ 


whore the integral is supposed taken for every point round the 
perimeter of the curve: but, from Art. 171, tho ui ogn-al at 
the right-hand side represents the volume of the solid geno 
rated; hence the proposition in question follows. 

For example, tlio volume of the ring generated hy the 
rnvolutio'ir^r ah ellipse around any oxlorior Imo sitnatcl in 
its piano is at once 2idabey where a and b aro tlie s.-rniax- 
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of the ellipse, and c is tlie distance of its centre from the axis 
of revolution. 

It may bo noted that these results still hold if we suppose 
tho curve, instead of making a complete revolution, to turn 
rouml tljf n\is tlirougli any ang le.. For, let Oho, the circular 
nieasuve of the angle of lotatir.u, and in the former cose we 
Jiave 

0^8 -Oft/ ds. 


But Oy is the length of the path described b^' (lie centre 
of gravity, and 0 j f/ds is the area of tiui surfuce generated by 
the cu VO ; t'ce. 

Ill like manner tho second proposition can be shown to 
hold. 

Again, Guldin^e theorems are still true if wo sui^pose tho 
n ituticiu to take place ai^ound a number of different axes in 
succt-fesion : in which case the centre of gravity, instead of 
describing a single cii'clo, would describe a number of arcs of 
circles coiipcoutivol}'; and tho whole area of the surface ge¬ 
nerated will still be measured by the product of tho length of 
tho gcuieratiiig curve into tho path ot ils centre of gravity; 
for this result liolds for the part of the surface corresponding 
to each axis of revolution sei.aratoly, and tliei-eforc liolds for 
tho sum. 

Again, in tlio limit, when wo suppose each separate rota¬ 
tion indefinitely small, we deduce tlie following the(»rem. If 
any i>lano curve move so that Oio path of its centre of gravity 
is at each instant perpend ic ular to tirp moving nlane. then the 
surface generated by tho curve is equal to tlio length of the 
curve into the path described by its centre of g’•}lvit3^ 

Tho corresponding theorem holds for the volume of the 
sui'faco generated. 

The.<o extensions of Guldin’s theorems were given by 
Leibipjlz (.j 4 c 7 . lu ud. Lips., 1695). 

ijrfrvrxitvvssiou for Volume of any Siiolid.—The 
method given in Art. 171 of investigating the volume hounded 
h^' a BUidaco of revolution can bo readil}’ extemded to a solid 
bounded in any manner. For, if wo suppose the volume 
ilivided iuto B]i< e.s by a system of parallel planes, the entire 
v( 4 umo ma^', as before, bo regarded ns tlio limit of the sum 
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of a nxunber of infinitely thin cylindrical plates. Thus, if we 
suppose a system of rectangular co-ordinate axes taken, and 
the cutting planes drawn parallel to that of xy ; tlien, it As 
represent the area of the section made by a piano di awn nt 
tlio distance z from the origin, tlie entire volume is denoted 


taken Let ween proper limits. u .♦ 

The ai*ea^ is to be determined in each case a^jjjunction 

of z from the conditions of Uio bounding surface. ^ . 

b'or example, to find the volume of the iiortion of a cone ..v.i » 
cut off by any plane; wo take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, i 
denote the area of the base, and h the height of the cone, it 
Is easily seen that wo have 

, 2?z» 

As'. or As = ; 


• » 



i- i? X A; as in Art. 169. 

3 


If the cutting planes bo parallel to that of yz, tlio volume 
is denoted hyjA^dx; where A^ denotes the area of tlio sec¬ 
tion at the distance x from the origin. t t -i. 1 

Volume of Klllptle l»aral»oIohl.— J iOt it ho 

proposed to find the volume of tiie portion of the elhplid 
paraboloid ^ 

- + — = 2Z, 

1) n 



cut off by a plane drawn perpendicular to the axis of the sur¬ 
face. Here, considering z as constant, the ar ca _ot, tho etl j ps e 


£ + = 2Z. by Art. 128, is 

P 7 

Hence, denoting by c the distance of the bounding piano 
from the vertex of the surface, we have 





if- ‘ 
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This result admits of being exhibited in another form ; for if 
B be the m-ea of the elliptic section made by th^ bounding 
plane, wo have 


B = 2TTC-^^pq. 


• « * pC> c. ^ 

Ilence V = \ circumscribing cjdmder, as in paraboloid of re¬ 
volution. 

i8i. The —Next, to find the volume of the 

ellipsoid 


jr’ V’ s> 

^ 6» ? 



The section of the surface at the distance s from the origin 
is the ellipse 

y* z* 

— = 1 ^ — • 

a> • 

the area of this ellipse is 




TT I - - j</A, 1.0. A, 


K 



Hence, denoting the entire volume by P, wo have 



iTrnb 




1^2. Cnsp of 4ll»li4|iic A\e*<.—It is sometimes more 
convriiient to refer the surface to a system of oblique axes. 
In this case, if, as before, we fake the cutting planes parallel 
to tliat of ry, and if ti» bo the angle the a.xis of g makes with 
tlio pi ano of jy, the expression for the volume becomes 


sin tu j A^dZf 

taken between proymr limits, where -/a represents the area of 
tlie st'C'tion, as in tlie foriiior case. 

l''i>r exunipTe, h-t us seek tlio volume of the t )nrtion of an 
ellipsoid c ut utf by any plane. 
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Case of Oblique Axes. 

Supposo DEjyE' to represent the section made hy the 
plane, and ABA'B' the parallel central section. Take OA, 
OB, th oraxes of this section as axes of / 

X and >/ r espectively ; and the conju¬ 
gate diameter 00 as axis of s. 


Then the equation of the surface 


IS 


4 . + —= 1 - 

b'^ ’ 



I'ig- 44* 

where OA - (^t OB - b, OC - (f» . . i *t 

It will now be convenient to transfer the gngin to the 

point C?', without altering the directions of the axes, when the 
equation of the surface becomes 




2Z 
~~7 


~7%' 


C c 

The area A, of the section, by Art. 128, is 




(3) 


hence, denoting C'iVby A, the volume cut off by the plane 
DEJf is represented by 

f^/22 S' 


tth 1 / sin cj 




or 


Tra b Pin (o[-z ~ —„ 

c \C 


) 


But, by a well-known tlioorcin,* we have 

o'AV sin a> = abc, 

whore a, 6, c, are the principal soiniaxes of the surface. 

Uenco the expression for the volunio V in question be. 

comes 


V ~ nabc 


'^L - 


( 4 ) 


Salmon’a Oeomttrtf of Three Dimeusione, Art. 96. 
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C^N 

nr, <lonriting —- liy k. 



■ndhrl. 


\ 3/ 



Tliia result shows lhat tho vo lume cut off ia cona^ut f(^r all 
sections for wliiili k has tlio snmo value. Agam, Iftice 


ON 


00 


= t - /•, tho Innus of iV is a similar ellijJsnM ; and we infer 


that [fa phtne <nf ti consfanf vnlumc from an tUipsoidy the locus 
ofthf' renti'C of the seilion is a .siinilur and similarly situated 
ellipsoid. 

H.Krtiisa iS 3 * KlliptSo Paraboloid.—llie corresponding results 
for the elliptic paraholoi*! can be deduced froin tho preceding 
by adopting tho usual method of such derivation: viz., by 
taking 


a* * pCf b* = qcy 


and afterwards making c infinite; observing that in this cose 

Q 

tlio ratio becomca unity. 

Making those substitutions in (4), it becomes 


V - n \/)«i h '- ( I-- ], or tt/i* since c'-^oo. 

3 ' / 

irenoe, if a constant length be measured on any diameter 
f)f an elliptic jeiiiihtjloid and a conjugate piano drawn, then 
tlio vulurno* of tho sognient cut from tho paraboloid by tho 
plane is cunstunt. 

s.T* the area of an ellijitic section by (3) is 




;t tihc. 

or —.- 

V sin «ti 




* 


-S7 I. 


I'ur n mnro •lln-. t inv.- lliu id refrrrcd to (i mi moir 

rr..i...rii— -if iUo Quartfrlv Joiini.il of S/,aff;nalirx, 

liV I'l-ifV-'-.r Alim.in 


"On 

June, 
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Ou makiug the eamo substitutions, tins becomes for the 
paiaboloid 

ZTT y P<I 

6in (it I 

Now, if we suppose a cylinder to Maud on tliis section, 
tbo volume of the portiou cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying tbo area 
of tbe section by h sin w; and,' consequently, is 

27 r 

i. e. is double tbo corresponding volume of tbo paraboloid. 
This is an extension of tbe theorem of Aiu i8o. 


c«« 

#•1*... 


Examim.ks, 

1. Provo that tbo volunio of tho segment cut from a parabol^iJ by nny plane 
IB Jibs of that of tbo circumscribing cuuc etauiliug on tbe secliou minle by the 
[llano as base*. 

1, A c vlitidcr intersects the pi ano of xy in uu ellipse of semiaxos OJ = 
OH as i, ooJ tho p btno of xz in an ellipse of BOiuia.^cs OA = n, OC* tbo 
edges of tbe cylinder being parallel to IIC ; Cod tbe volume of tbo portion of tlic 
cylinder bounded by tlic three co-ordinate planes, Afts, ^ aoc, 

Tbe axes of two c<[ual right cylinders inlcrsccl at right angles j find the 
volume common to both* An$f where 0 is tbo radius of either cylinder, 

surface is called a Qroin* 

'*^V54? Volume by Uoiible Miilogrutloii.—In tbo ap¬ 
plication of tbe preceding method of finding volumes tbo 
area represented by ./!*, instead of being imuiodiately known, 
requires in general tTpreviou H iiifcogration t so that tlie deter¬ 
mination of tbo volume of a surface in^ves two successive 
integrations, and consequently V is expressed by a double 
integral. 

Thus, os tbo area Az lies in a plane parallel to that of vs, 
its value, as in Ajrt. 126, may generally bo represented by 
/ zdi/, taken between proper limits. Uouco V may bo ropre- 
souted by 

J[/zrfy]t/x; 

rii 3 


or, adopting tbe usual notation, by 

jjzdt/dx, 

taken between limits determined by tbo data of tbo question. 
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The value of s is supposed given by n relation z =/(*, y), 
by means of the equation of the bounding surface; hence 

fs'O/ = y)^y- 

In tlje (letermiunfiou of this integral we regard x as 
constant (since all the points in tlie area have the same 
value of a*), and integrate with respect to y between its proper 
limits. 

Thus, if f/i and denote the limiting values of y, the 


definite integral 


L* 


beeomoB a function of x : this function, when integrated 
■\villi rch^peet to a* helwcon the proper limits, determines the 
volume in question. 

If .J i and a*,, denote the limits of x, V may be represented 
by the doubly iutcgrul 


fyi 

T } u 


Wo shall (*x(Mn]»lify Ibish>' a figure, in which we suppose 
tln’ Vdluiiu' li<»u!Hb d by lh«‘ ]'bin'- of .r;/, by a cylinder 
iMTiu-tidi'-nlnr to that j-hnu.aiid ' 

also by any surface.* 1/t ^ 

ropicscnt the section of - ^ 

the eylindcr by (ho ]>him' of xy \ > /, i L 

and siipjioso to b--(he I'- 

seclion of the V'duni''by a jhino ) ! 

I'aialh.-l toys at the distiiiKO .r i j 

from (ho origin. Let PL - //„ 1 .- -I -j: U - 4 L_ 

UL = //„, tlien the area PMNQ 'li^ ^ 

is reiirescntud hy the integral •' ,• I K 


-'.Jlk 


0’ 


J '/ 



1 L. 45. 


i \\r (It ttiun itjiMi of a A nf ;>i^v t«>nn ^ ill nail \ lontaiiicil in this. 

VK»r, il \\\: ill, ftiui.ui ciri uiu‘.cnl*t<1 a cyliinli r jarj^oufliculur to tlie 

plane <1 the rci|nii\*l volume will beromo Iho diiu*jenoo between two 
M^III IgunJed ]r\ {hv upi^ r ind b^wer p rlinnct (*f llie 6urlat:t\ iTn>evUvol^ 

Fee Pvrtrand, riih\ Jt l. 




Volume hy Double Integration. 


271 


The values* of and y. in toms of ^ are obtained from 

at tJ infimtesimal distance from 

elementary volume between DUNQ. and VM IS U P 

eented by 


dx 


zdy, 
, y. 


Now, it ijrand KT he tangentsto the hounding ciirvo, 

drawn perpendicular to tUo axis of j?, and it (/ >^1) "» 

the entire volume is ropresontud by 


f 


zdydx. 


o d 


It sliould be observed that zjhj^ represents the volume 
of the na rallolcpipc d whose height is z, and whoso base is the 
inf mitosima l rectangle having dx and dy as sides; and conse- 
qu'ently the volume may be regarded as the sum of all such 
parallelepipeds corresponding to every point within the area 

liDD^Q- . u 

It is also plain that wo shall arrive at the same result 
whether wo integrate first with respect to t, and afterwards 
with respect to y, or uce-vema ; I o. whether we conceive the 
volume divided into slices parallel to the plane of j-s, or to 
that of yz. 

Wo shall illustrate t he preceding by an examplc .t 
Suppose IlPItQ to be the circle 

{x - ay +{y- by = R\ 

and the bounding surface the hyperbolic paraboloid 

xy = cz) 


• In our iavchtit;;ilion wo Lave assumed tLal iLo pamllcU i ntorsuc t Iht 
cur\-e iu but two poinU each ; the general enso is oiiUtUd, as tbo soluUyn in 
•ucL cases can bo rarely oLiauivd, and also as tho invf“stigfttion U unsuited for 
»n clcnicnlarv trealiso. 

t Tliih and the next example are taken from Cauchy’s Applicdtiotu Giomi’ 
trijue$ du Calcul ItiJinUtiimal, p. io^. 
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thou wo have _ 

t/o=b- \/ Ji' - {-f- !/, =ff 


and 


(■ 


•" / ^ 
- 'll/ = - 

.’y. 

Again, 


a- 


zOj 


:v. 


xijdij - — (Vi* - Ih^) - ^ AJ" - (■*" - «)* 

C 

^ rt H li, Xu ^ u - II ; 


V 






%/ li' -{x-(if xdx. 




Now let .1 - = ii eiu 0, and wc get 


$$ 

y ^ — J — [ cos'O'n + It eln 0 :iiO. 

C I n 


But 


p 

eo^‘ O'd) 

* n 



f 


i (» i) fiiu OdO - o, 



ahU' 


TT 


(• 


Again, if for tlie eyliiidvical suvfuee ^vhk•ll has for its 
huso the eirelo we suhstitute a eyslcin of fQ.m‘._y]aue3 x = a*©, 
^ = A', y = .y,, y - }', we get 





4 
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in -wliich Si, Sj, 2,, are the ordinates of the four comer 
points of the portion of the surface in question. 

Again, from the well-known properties of the surface, in 
order to construct the hyperholio paraboloid it is suflicieut 
to trace the gaucho quadrilateral whose sunnuits are the 
extremities of the ordinates ri, Zj, z„ Zi ; then a right liin- 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane parallel to the other paii”, will geuerate 
the paraboloid in question. 

Hence we arrive at the following proposition:— 

Having traced a gaucho quadrilateral on tho four lateral 
faces of a right prism standing oii a rectangular liase, if a 
right line move on two opposite sides of this quadrilateral 
and be parallel to tho planes of the faces which eoutaiu the 
other two sides, then the volume cut from tho prism by the 
surface so generated is equal to the product of tho area of 
the rectangular base of tho prism by one-fourth of tho sum 
of tlio edges of tho prism between tho vertices of the 
rectangle and tlioso of tho quadrilateral. 

. iSo- Wouble InteRratioii.— From tho preceding Article 

it IS readily seen that the double integral 


mbaUQ^nf ^ volume ; and the deter¬ 

mination of the double mtegral, when tho limits are niveu is 

inrS“^^ fi>i<li»gthe volume of a solid with coriipoud- 

“““Plo >0 the preceding page is equi- 
valent to Budiug the value of tho double integral ^ ^ 

taken for all values of * and y subject to the conditiou 

(*-«)=+(j,_ 4). 

in other cases. 

When tho limits of * and y aro constants, as in 

la |/(a y)</yrfr, 

fl8j 
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the double integral represents the volume out by the surface 

s =/C^. y) 

from tbe parallelepiped whose base is the rectangle formed 
by the lines 

X - X =a\ y = y = 

It is plain that in this case the order of integration is in- 
diffeivut, as already seen in Art. 1*5. 

186. It is Bomotimes more convenient to refer the curve 
KVJiQ to p olar co-ordinates , in which ease we conceive the 
area divided into infinitesimal rectangles of the typo rdrdd. 

The enrrosj)onding parallelepiped is repi'cseuted by 
zrdiulU, and the oxpr<‘ssi*in for V becomes 



taken between proper limits. 

Por instance, if the hounding surface be a sphere, whoso 
centre is the origin, we have 

z = \/id - 


and the equation becomes 


r = 


- r’ r (Ir dO ; 


but 


I 




IIoncQ, if Y denote the volume included between the 
S[)here and t)io exterior surface of the cylinder, wo shall have 

f" = i [ («’ - >^)' <10, 

where wo suppose eaeli nidius of the sphere to out the 
cylinder in hut one point. 

For example, let the base of the cylinder be the pedal of 
in olli[tst‘ w imse major axis coincides wth a diameter of the 
sphere; llicn 



r’ = tr C08‘W + Ir sin* ft, 

V \{.r - lr)i f 0 dO. 


Double Integration. 
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If tliis be integrated between the limits o and - we 
the ^th of the eutho volume; hence the entire volume 



^ (rt* - 



Examples. 

I. A sphere ia cut hy a right cyUml. r, tho ni-lius of vvho.-o ba-u is bulf that 
of the spheroTaud one of whose edgf^ piisses through the ctiitie ul tho splieie, 
find the vo lume commo n to both sin faccs. 

(/ being tho mdiua of tlio Mpliero. 

3 9 

2 If the hose of tho cyUndor bo the complete enrvo r.-pres,-ntud by the 
eouatioii* = flC 03 ««, where n U any integer, find the vo ume of the solid be 
U-een tho surface of the ephero and the eiteroal surface of tho cylinder. 

187. It is readily seen, as in Art. 141, that Me io/>o,w in- 
eluded within the surface represented by the equation 




is uhc X the volume of the surface 

y, z) = o- 


For,lot? = /, - = s', and wo slmllliavo 

* a o c 

zdxdy = abez'd/ dif , 

and f / zdxdy = ahe \\z dJdij ; 

which proves tho theorem. . . 

Hence, for example, tlio determination of the volume of 

an ellipsoid is reduced to tliat ol a sphere. 

Again, if tiio point (r, y, z) move along a plane, tlio cor¬ 
responding point U lf> ^ \v ■'i"l 

this propertV tho expression for the yo umo of an oHip^oida 

cap (Art. 182) can be immediately deduced from tliat of 
spherical cap (Art. 170). 

[18 al 
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In like manner the volume included between a cone en- 

veJopiMijan cUipsoid and the surface of the ellipsoid is reducible to 

the correspondiny eolumc for a sphere. 

188. tlnadratiire on the Sphere.— We next propose 
to ffive a brief ais« u5=>ion of quadinturo on a sphere, and 
comm.^nco with the rcpults on the s\ibjoct usually given m 
trcali:>es on Siborloal Trigonometry. In the tirst i>laee, 
since the area of a lime is to that of tho entire sphere as the 
angle of tlio lime l‘» four right angles, the area ot a luno of 

1 mI hy \ wln*ro h ih tho r&diiiB 01 

tln’^spheiv. ami .1 is expres-scd in circular iiieasuro. 

A'^aiu, 1h<' ari-a ef a snhcr ical t riangle JJiO is expressed 
by ]f{A \ B I 6' - ir) ; for, tlio sum of the three lunes 
exceeds the lieinisphcro by t wice the arch of the triangle, as 
is easily seen from a figiiro. 

llcnco, it readily follows that the area 2 of a spheneal 
] inlvg n n of u sides is represented hy 

V - /^-{ J B ^ r + &c. - (n - 2)7r); 


A, B, C, being tbo nngb*s of the polygon. 

This result admits rd lu’ing expressed in terms of the 
sides of tliQ polar I'n lygon ; for, representing these sides by 
a', h\ c, &c., we have 

A = TT ~ a\ B = IT - //, &o., 

and consequently 

2 = - (a' + + c' + &o.)). 

Or. denoting tho perimeter of the polar figure hy 5 , 

2 + 7?S= 2itR\ (6) 

This proof is perfectly general, and holds in the limit, 
when iho pidvgou becomes anv curve : and, accordingly, the 
nn'a boumh'd hy any clcised spherical curve is connected with 
nr.. prrimc f> r of its polar curve hy the relation (6). 

Again, the spherical area hounded by a lesser circle. 
(Art. 170) admits of a simple expression. If p denote the 
circular radius of tho circle, or the aro from its pole to its 
oiivumferoiico, the area in question is represented by 

2-it ii’ (1 - cos p ); 
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for (see fig- Art. 170) have 

AN= AC - CN^ A(i - COS/*). 

This result also follows iuimodiately as a simple case of 

Agrinfthe area hoiindod hy the lesser cj^ ami Ly two 
drawn t o its pole is plainly represented hy 

J^-a(i - COS/*), 

where o is the circular measui'C of the angle bet ween the arcs. 
We can now find an expression for the area bounded tiv 

any closed curve on a sphere; for 
the Position ol' any point P on the 
surface can bo expressed by moans 
of the arc OP drawn to a fixed 
point, and of the angle POX 
between this are and a fixed arc 
through 0 . These are called the 


polar co-ordinat 
are analogous 


[‘S of the point, and 
To ordinary polar 



l-ig. 46 . 


f 


co-ordinates on a plane. 

and draw Pit pVrpendicular to 0 / ; then, 

the limit the area PQA, the elomontury area OIQ by the 

preceding is reprosopteil hy 

Vd'(i - cos/»)'/'•>. 

Henco tho <iroa buuii.lo.l l.y two vectors from 0 is 
expressed by Ibo inlogrnl if’ j (' - »-»t>)''' ' 

“'“^if'tbe curve be closed, tbo entire superneiul areu becomes 


f (i - cosp)rf't>. 
J 0 


The value of cos /* in terms of w is to be ^ 

each cose hy moans of the equation of the hounding curv . 
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Tlio integral j cosp rfw obviously represents the area 

includea between the closed curve and the great circle which 
has O for its pole. 

Tlie length of the curve can also be represented by a 
definite integral; for, regarding PRQ. as ultimately a right- 
angled triangle, wo have in the limit, 

r(f = Pie' -J UCf : also PR = Bin pdto. 


Hence = dP + sin^x/w', 



Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
urea of its p o lar curve, and vice cersd. 


ExAMrr.as. 


I. Fin<l tlif area of the porfinn of ibo of a spticrc wliich ifl micr- 

-1 u riplil cvl>n<lerj one nf wljusc cil^vs piiSTs thruiigb the centre of the 
fcipiu r<“, and the niiCus of whip^o ha.se is half tli.it of the sphere. 

Here, the equation of the base mav he written in tlio form r= .ft siu a>, 
7i heing the radius of the sphere, und u being measured from the tangent to the 
cin tjiar bx<c. 

Again, from the ephere wo have r = K Bin p \ p ^ w is tho Hiuation of 
l)io nirvo of intfTrcctinu of i)\v ^ithrre ainl Iho cjUiuKt ; hcoco the area id 
<^a 08 tiou IB 


2 7f ‘ f (I - COB w) tiw 
} 0 





'I’his hf'iiig duuhh il givo.s ihr whole intercepted oren ts iwU^ - 4/?*. 

Thi" in thf roUbrUfJ Florcntinc_eujtuja, prop(»scil hv Vincent Viriani &a a 
* liallengo to the Mulheinuilcuus of his Uujp, in the folloMin^ form :—“ Inter 
vi UcrahiJia ohm nra^'ia? ruonumonta extat fidhuc, perpetuo quldoDi duniturum. 
'J’i'inphim aupustissimuin ichnographia circulari Almto Geometri® dicotiun^ quod 
Tfjjtudine intuH perfectc hcinii<ph®rica operitur; ecd in hac feocetrarum quatuor 
®qua!eB urv4JD (circum ac supra ba&in hcnuBph®nD ip>iuB diBpKMitarum) con* 
aniplitudme, tautaquu LuduBtriu, ac ingonii acuDiino sunt 0 XBtruct®| 
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ut liifl detractia auperstea 1691- 

t , U c.n, 

written in tbe form R sm P-^ («)• , . , evUnJer bo less than half that 

For example, let the diamclcr of tbo n^ht cjUnae ^ ^ ^ ^ 

of the sphere; then wo cct R rin p = n sin w. or sin p = k sm t<> 

^hcr,t‘<^t^^hre!l:^ar 0^ of ...l.oro aaa 

the cylindor* . , , i v^ 

Ilcncc tho intercepted area u denoted by 

•r 


(I --/l - K-Eili*w)(f« = K Bin wrfw 

Banco tlio area in quCBtion ilepenJs on ll.o rectification of an ellipBC. 
c. FinJ tho area of tho portion of tho surfacojifthoci^ mterceptoJ by 
the Bplicro, in tho precodii.f. roprosented by 2 ( r*. whe-ro 

d,d“oTcroJoTtrourrn^.^ »-. corrocpooding to tho 

“'‘'noiv (.), when tho diaiaotor of tho huso U oaual to tho radius of tho sphero, 

t = ii COSO), and rfs = Rda ; 

... aroa in quesUon = 2 if‘ ( cos = qK* i -■ square of the dianretor of 

the BTihcro. . , * 

2 . AVlion tho diamclcr U less than tho radius of tho sphere. 

#• 


J sdi = 2a I ^/R* - n' sm*oi(/o) = 2aR^y/i 


eiii'w dw \ ic. 


“.Urtiis; 3 i 

from olemontary geometry, wo sltall h.ivo 

« f ^ j 


,h = ooaO(lS, ()r</.S = flOO0<^.T. 


lieiico 


S = StT 0(/<7, 


takeu betwcou suitaljlo Uniitb 
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Tlio applications of this formula usually involvo double 
iutegration, nufl are generally very coinplioated ; tliere is, 
however, one mode hy wliidi the dclenuinaf i«>n of (he area of 
a portion of a surface can he r edueod to a single integr ation, 
c-v nn<l hy \v1io?g aid its valuo can in some eases be found ; •nz., 
hy supposing (he surface divided into zones hy a system* of 
curves along each of whioli the fm^le (i hetw oon ilie taugenj 
plaiip iiiid-aJixcd plnTie is constant ; th<-n, if dS denote the 
sujierfi<ial area of the zone hetvvcen the two infinitel3' near 
curves corresponding to the angles 0 and 0 ^ dO ; and, if dA 
he tho t>rojc< tiou of this area on t)ie fixed plane, we shall 
liavG dS - see OdA. 

If we suppose tlie surface referred to a rectan gular 
system of axes, the ^ipd plan e being that of ^ ; and 
adopting the usual notation, if we talco A, /i, v as the dircotion 
angles of the normal at any point on the surface, we get 
for dSf tho area of tho zone between the curves corresponding 
to V and V + dvf the equation 


dS = sec vdA, 


where A denotes the area of the projection on the piano of 
j-i/ of the closed curve defined by tlio equation i- « constant. 

Now whenever we can express the area A in terms of v 
and constants, tlion the area of a portion of the surface, 
hounded hy two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method arc 
furnished h^' surfa ces o f tho sec ond deg rop. to which wo 
procced.to apply it, coninieneing with the paraboloid. 

iqo. Uuadratiii'c of tlic l*ural>oloia. —Writing the 
equation of tho surface in the form 



• Tlilfl mf;tliod liiis ItPn in a more or less modified form by 

M. Ciildaii. LtOKtiifr, tomo iv., p 3:3. by Mr. JcUett, Cumh. an.l iHih. .Valh. 
Jourx.il, Vdl. I , ax aUii l.v other writers. T)in ciiiros ciiij.k.ved .iro culled 

by M. I.rb, >KHC, Livuville, lomo xi., p 332, imd Cuitai Uokltntr 
^onnauHf by Ur. beujolimcli. 
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the equation of the tangent plane at the point {r, f/, s) is 

P Q 

whore X, F, Fare the co-ordinates of any point on the plane. 
Comparing this with the equation 

X cos X + F cos // + F cos i» = P, 

wo get cos A = — cos y, cos n-~'- cos V : 

P q 


substituting in the identical equation 

cos*X + cos*^ 4 cos’p = I, 


we get 


jc* y’ . , 

— + — = tan*v. 

P ? 


(7) 


Consequently the curve along which tlio tangent plane 
makes the angle v with the tangent plane at the vertex is 
projected on that plane into the ellipse 

4 ^ = tanh'. 

P^ 

The area F of this ellipse is Tryjjtan**;; acoordingh’, wo 
have 

dA ~ Ttpqd (tan* v); 

d8 = vpq sec vd{ifm‘*v) = npq sec i7(f(8eo*v); 

hence the area of the paraboloidal cap bounded by the curve 
V - a is 

secvrf(Bee*K) = ^^7)7(660*a - 1). 

Also the area of the belt* between the curves 

V = a and y = a' is ^7r7J7(seo®a' - sec®a). (8) 

quadrature of a T.ftrul.oloid is, I believe, due to Mr Jellctt- 
"A ' J*- given 
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191. 4i«ia«lratare of the £lli|isoi4l.—Proceeding in 
like maimer to the ellipeoid 

x= w* 2* 

^ + -5 = *» 

a' O’ r 

the equation of the tangent plane at the point (ar, y, 2) is 

Xx Vt/ Zz 

a^ If <r 

Hence, comparing with the equation 

X 008 A + Y 008 fi + Z cos I' = P, 

wo get 


c’ X 


c* u 


cosA = —, cos V, cos u = — - cos V. 


a' z 


llonco, wo have 


, c* /a;’ y*\ 

= 


cos* A + cos*/I = Bin’v ; 


or, suhstituting i - ^ - v? h)r 

a 0* <r 

^ \^f sin’V + c’ cos’ ~ sin* v + c* eos’i-^ = sin’i*. 

This shows that the projection on the plane of xt/ of 
u curve along which v = constant is an ellipse. 

Again tho area A of this ellipse is 

TTd'lf sin’v 

(rt’ sin’ i* + c’ cos’ i'}i {If sin’ i- + 0’ cos’ i')4’ 

anil ncconlingly, tho urea dA of tho olomentuiy annulus 
between two consecutive ellipses is 

) sin’r I 

dv i(r7*8in’i< + c’ C03’v)i{6’ sin’r + c* 008*v)4 

Tlio eorrosponiling elementary ellipsoidal zone dS is 
represented by 

na^ b' d ^ _sin’v t 

cosi' (/i» ((rt’sin’v + c’cos’v)i(6’ ein’v + c’^sMi) 
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No., i.« 

curves corrospondiug to v - a and v 
reductions, it is easily seen that 

S = ir(rb'‘c'‘(I + I'), 

sill V dv 


where J = > 0 ^ {<r mu' ^ 

f.' sinvdv _ 

= J „ v)^ {Ir Bin*+ c* cos .)i 

of ahyperWa; it bo"'? 4' - 

For, assuming a ^ ^ ’ 

making cos v ■= a*! 


_i_p* _ 

J coa a (* ” 




I p* 


dx 


Again, let r.r = sin 0 in the fomcr integral, and - sn. 0 
in the latter, and we get 

(/i r dO 

Now, since. > c' ^ho 
arc of an ellipse, and the latter an arc 

Ex. 19, p. 249). ___ 

. ThiB form for tl.o 

the memoir already roferred ^- ^ conica of the rc^nprocal e“‘r 

For apphcalWD to H j tuomou. 

the etudcbl le referred to Ur. 
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1Q2. Integration over a C'losed ftjurfucc.—We shall 
conclude this Chapter with the consideration of some general 
formulro in do\ihle integration relative to any closed surface. 
Wo commencehy adopting the same notation os in Art. 189, 
whore A, ft, i' are taken a.s the angles wliich the exterior 
normal at the eloinont dS makes with the positive directions 
of the axes of x, //, z, resjiectivcly. 

Again, lot each elonicnt of the surface ho projected ol 
the piano of r//, and snpjiose* for simplicity that each s ordi¬ 
nate meets the surfaf-c in hut two points: then, if the indefi- 
nitcl}’ small cylinder standing on any element dA in the 
plane of xy inti-rscets the surface in the two elementary por¬ 
tions dSx and dS^ (wdiere dSx is the upper, and dSt the lower 
clement), and if r, and vj be the corresponding values of v, it 
is plain that ri is an acute, and an obtuse angle, and we 
have 

dA = coBi'if/iS'i = - cosi'jrf6V 

Hcncc, if wo take into account all llm elements of the surface, 
attending to tlio sign of 00s i-, wo sliall have 

f/coR vdS - o. 

In like manner w’c got 

//cos Arf<S'= o, and//coa = o; 

the integrals extending in each ease over the whole of the 
closed curve 

Tliose formulio are comprised in the oijualion 

JJ (a coy A H ji cdSfi H y cuH i')diS = o. (10) 

Again, if r, and Z: he the vnlr.es of z eorresjionding to the 
element dA, then, denoting l.y <0^tlie eh-mont of volume 
stainling (»n dA and intercepted hy tlio surface, we plainly 
have 

(si - Z2)<IA = zit/Si eos j', + ZidS2 cos i-,. 


• It it caflUy Focn that tlii* nnd tlie following demonstrations nro porfoctly 
pciioral, iiiiiMmu h ns ru. li or.linat.-must meet a closed surfacu in ou oven number 
of puiut4| wliicii xuA)' bo cuujiJtTcd m 
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and the sum of aU such olomentB. that is, the whole volume, 
is evidently represented by 

J|s cos vdS. 

Hence, denoting tlie wliole volume by F, we have 

r = J/a; cos \dS = g cos (idS = zcos rdS ; 
tbe integrals, as before, being extended over tho entire 

surface. , , , 

Again, it is easily seen that wo liavo 

= IJ y COB W/S =•■ o, JJ cob„.« = o, 

/Jj,cobX,/S^o, Jf = cosA,/.S'=o, ff = cos = o. 

For, as in the first case, it readily “1’?''^ thes“o integ'i'air’''" 
are equal and opposite in pairs m each o hose intcgi.us 

These results are comprised m the equation 

JKair + /3y t ya) (<■' cosX . ji' cos,. i / cos ..)iW 

= («ii 4 +yy)y- 

For a like reason, wo have 

JJxycoBvdS = o, /fzxco8p,iS = o, JJy= cosX./S = o. 

Also fJx=C0Bl.</S = O, JJx’c08y<iS = O, &0. 

Next, let Ufl consider the integral 

jjxz cos vdS. 

ThiB integral is equivalent to //* 

J, y, a, he the co-ordinatea of tho -f ^ 

enoloBed volume V, we get fj « cob vdS = JJK 
like manner [/ cos = z F 
Again, the integral 

IJ s’ cos vdS 

coneUtB of eleraentB of the Ibnu (r,' - i 

(«,’ - zf)dA = (=. ' =d(=i - 

= (s, V z,)(lV. 
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But the a 

, . , Sj + Si 

plainly- 


ordinate of the centre of gravity of rfK is 
and consequently 



3’ cos x’dS- 2 


W « 


s, + z, 


vr= 


2 ZV. 


In like manner it can be shown that 


|/4-^co8AfAS= 2xV, = 2yV. 

Accordingly wo have 

= Mix'- cos A (/.S' = |f.ry C 03 ;i (/5 = //j-s cos i/f/S, 

V'J l/y-r cos A (/5 = i/fy-cos/i^/.S = //y3cos 1.^/5, 
Tz^f/sr cnsA (/5 ^ J/z//cos/i (/5 = z’cos i/f/S. 

19 3. Kx|U'OKNion for Wolnine of A C losed Surface* 

-—Next, if we suppose a cone described with its vertex 
nt the origin O, and standing on the elementary base dS^ 
its volume is represented (Art. 169) by -\})dSj whore;; is the 
Inigtli of the perpendicular drawn from 0 to the tangent 
plane at the point. 

Also, if r bo tho distance of O from the point, and 7 tlio 
angle which r makes with tlio wfinin/ normal, wo have 

;> = r COB 7. 

lienee the elementary volume is equal to -^r cosyc/S, and 
it is easily soon that if we integrate over tho entire surface, 
tho enclosed volume is represented by 


r cos7^/S. 

194. Again, if wo suppose a sphere of unit radius described 
witli O as centre, and if r/<,» represent tho superficial portion 
of this s]>liero intercepted bytho elementary cone standing on 
dS, then it is easily seen that cos 7f/6' = r’f/ui; 

, COSydS 
(fu} = -i—. 

Now if 0 be inside tlio closed surface, and the integral 
be extended over tho entire surface, it is plain that // (Au = 4^-, 
being the surface of tho sphere of radius unity; 


f r cos V (/.S' 
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Again, if 0 1)0 outside the Burfaoo, the oono wiW out the 
surface in an ovou imiubor of olemouts, for whieh the vahu'S 
of cos 7 will bo altorimtoly positive and negative, and, the 
oorrospondiug olemouts of tho integral being oipial but with 
opposite signs, thoir sum is equal to jsoro, ana we shall have 



008 7 (IS 



If 0 bo situatod on the BuiTaco, it follows in like maninu- 
iliat 



Uonoo, wo oonoludo that 



«t7r, 27 r, or o, 



aooording 08 tho origin is iiisido, on, or outside tlio Hni-rnoo. 
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ExAMrr-Ks. 

1. A gpliero of 15 foot millus is cut hy two parallel pianos at distances of 
3 OQil 7 feet ITom if5 centre-; lind tiefeuperlicial area of Ino p^atioQ of the sur* 
face iacluded between the planes appi-oaiiuatcly. Aua, 376.9905 sq. feet. 

2. IleiTif; given the 5lant l.«*jght t>f a ri^t cone, find tbo cosine of half its 

verlieal w h*’n its voln 1110 is a inaxiniuni. i 

Ans. —s.* 

3 

3. Provo that iho voluino of a IruncaleJ copo of height h U represented by 

w/i 

-(A- ♦ AV ^ r^), 

> 

whoro Ji and r am the nnlii of ils two bases, 

4. A cono is eircuniseribcd ton sphevo of radius 7?^ the rerlex of the cone 

being at the dij^tunce fi<»m the ceutio; tind tlio ratio of tho eiipcificlal area of 

the i i/ne lo that of the ^l)hero. Ij^ - iC- 

Aru. -• 

^Dlt 

Two sphere:^, J atul //, have for radii 9 feet and 40 feet; tlie siipcificial 
anviuf a (hinl j»7^hto vt\n:x\ t'» iho sum of the ureas of and //; uilcuhito 
thy excess, in culiic • t, nf the Viduuio of C'ovcr the jmm of tho voluuios of A 
and B. Ans. 17558. 

6. If any uri* yf a piano curve revulvo suoec^sivoly roimd tNv o narnllc d axes, 
jihow that the lilKncucu of ibu j^urfuces generated is eijual to llie prcvluct of the 
length of th»' arc into tho rircunifereuco of the circle de.-cribed hy any point on 
ritli*T axis turning louml tho uthcr. 

If tho axes of revolution lie at ojgavilo sides of tho curN-e, the sum of the 
surfaces must he taken iufrlcad of tho dilforenco. 

7. FituI, in tcMiis id the hides, tho volume of the solid generated by the 
coiiijdelo revolution of a trian glo round its side c. 

Am. - o) (*- ft)(* " g) 

*3 

5. Apply thcoiom ty detormino the dUtanco, from tho centre, of the 

rmtio nf trnivily, («) f*? « ?fjmrirpuliir area ; (2) of n ectuicirciiliir arc. 

Ans.(i)^, (2)-. 

3ir T 

0. If fi trinnglo revolve round any external axis, lying in its plane, find an 
e\pto*?*ion for the area ihr .'uriare geuciatc<l in a complete revolution. 

JO. Provo that the volume lul fjum tho surface 

t** Ax^ 4 


by any plane parallel to Uiai of r//, is part of the cylinder standing on 

tli»> pintu* sort inn, and tonninrifc.l by thn pVino nf xy. 


Ex(tmpk 9 . 
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0 J l'o4'^e""be tre of t 

rpLtw^^VaoHhocone.otb»to£,be,-p^e.o. 

elfei^’and the couvei fluiface of the cylinder. 

5!l, wheio c ifl the length of the portion of uny edge of the cy 

6 

mterccpled hy the sphoro. , , iv„ iI.a volume of tho solid gcneiuUd 

Tins question U the same 03 that ^ ^ involution lound the 

alameter paraUel to the chui.l. 

,3. Fiud the volume of the .olid geueia.ed by the 

circle round iU ehoid. 3 ' 

where « ^ mdlus. r = dlMonro of chord f.om centre, and ro3 a = 1. 

1 ti'.n n fiomicirclo • the modification when it 
In this wo suppose tho arc loss than a scmicirt 

is greater is cosily scon. 

14. If tho ellipsoid of revolution, 


r* + ** + 


“V=a> 


and tho hyperboloid 


a* — i* 


♦a 4- s'* - *--■* “* “ 

ar + * i* 


v» = 


1- u, in the axis of revolution, prove that the 

-r ir;“c 5 'r o“;..... 

- . 1 hv the noMtivo sides of tho thico co* 

15. Find tho cnUio volume hounded !•> tnc p 

ordlnute pknee, and 




Am. 


a he 

90 


. ; wss;5irs= iss-i 

“"'‘ 1 . wlu.,0 . is «.o o' ‘ 

a „„ diss.ctc,. of Ibo psnlou psssios .iToobU .1.0 mbldlo po.n. of .h. 
‘ A .pho,o of .odi^. is cu. •"» 

the dilloronco of tho Volumcs 0 vertices are tho oppo.-ito 

circle in which tho phmo cuts ll I . tuUinij plane, 
ends of the diameter pcri>CDdicuhir to Uic tuliu g p 

[ 19 ] 
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18 Find the area of a ^HeritaL triangle; and proTe that if a cur?# trao^ 
on a sphere have for its equation sin A = /(/), \ denoting latitude, and / longi¬ 
tude, the area between the curve and the equator = \fil)dt. 

19. Show that the volume contained between the surface of a hjoerboloid 
of one sheet, its asymptotic cono, and two planes parallel to that of the real 
axes, is proportional to the distance between those planes. 

JO. Find the tnliie volume of tho Burface 




An$, 


5 - 7 * 


21. Till? veilcx of a cono of tho second di'irroo is in tho surface of a sphere, 
and its Intelaal axis U the diameter pxf.un;: through its vertex ; Cad tho volume 
of tho portion of the 6[diore iutcrceptcd within the cone. 

22. lht>ve (hut tlio vijhimo uf (lio pnillon of a cj^liinVr intererptod bcLuioea 

anj* Iv^'o i'* equal to tho pioduct ul t)»e area (»f a poi-jicmlu ular seetioa 

into tho di^' inTo liotwucn the c«*utioH nf gravity of tho aiOst^ of tho bounding 
flecti'>'ii. 

1 j If A bo tho area of tho eecUon of any suj face made by tho piano of ry, 
prov^, 'as in Art. 192, that 


A ^ //cosvi/S, 

inti'gidl litMug c\t< n led tluough lh<* porliuu of tho eui*facc whb h lies above 
llic of x;/. 

24. If u light cui^ ^tand gn aa prove that ita voluuio is represontod 

by 

- (O.J . em*a cos a; 

wlioro 0 tho vertex of tho cono^ A and A' tho extromitir:^ of the major axis 
cd llio ellipse, and a is tlio eciui-anglo of tho cono. 

35. In th»> s line prove that thu dupoiCiiul area of the l ouo if 
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from 


INTEGllALS OF INERTIA. 

■ of Inertia.— The following integrals are 

ir;uc” Reciuent oocu.Tenoe In .ueoh.uical 

that it is proposed to give a hnef diseussiou of them mtl- 

.VrnUlpuThy th'^ square o/it^ afsfunoo^nm 

S. ."j '!■" —•' i”" '■>' '■ 

In like manner, if each element of mass of a body bo(„> 
mulUplied by the square of its distance frpni a tl‘o 

Turn of sth produces is called tUo ,no.ne,U of u.rt.a oj ike 

Oodu relalive to the 

If the Bvstem bo rofen*cd to rectangular axes ot co 
ordinutos ZnThe expression for the moment of inertia 
rolaUve U represented hy 

Similarly, the moments of inertia 
X aml7aro^;op.-cscntod by M’f + ^ 

"”‘wnfthe quantitios SxV,«, 

moinets of inertia of the body with respect to tbo plants 
S ,r«, and X!/, respectively. Also the qnant.UeB i,ry 
V‘:C^y^d.n,^ called the pxodacU of merl.a relartvo to 

LX" n) .Vrb-a e/ M. Wy arV/M... ! 

the pit. Thns the nronrent of inert.a 

relative to the origin ib S (a^ + V* + » ) 

[19 aj 
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Iiifi ffi ah of Inertifi. 

iq6. Moiiieiits of IneHln relative to rnrnllel 
\xeK, or l*laiie»*. —Tlio following result is of fimdnmcntal 
importaueo:—r//f moment 0/inertia 0/a body icith respect to 
ant/ axis exceeds Us luoimnt of inertia u ith respect to a parallel 
axis draten t hrough Us gf gravUu. by the product of the 

mass of the h"d>i into the square of the distance beUreen the 

parallel a.n s. , • i. n 

For, let 1 1)0 lUo moment of inerlm relative to tUe axis 

tlnniigll llio centre of gravity, 7'tlmt for tljo parallel axis, 

.1/ the mass of the I-mIv, niul a the distrmeo helweon the axes. 

'J’Ih m. taking tlm oeiiiro of gravity us origin, the fixed 

axis tl.r-)iigU it llio axis of =, and the plane through the 

p;ira11.‘l a\i-s fnr lliat of c.r, wo shall havo 

/ - H y-)dm, r = :^\(x + rt)* + !f\dm. 


Ilonco 1 ' — I — 2a^xdm -i- — a*iI 7 j 

since :i.rdm = o as the centre of gravity is at the origin; 

/' = 7 4 irJM. (2) 

Consequently, the moment of inertia of a body relative to 
any axis e:in he found when that for the parallel axis through 

its (M-ntie of gravity is kimwn. 

Also, the moments of inertia of a b-idy are tho same for 

-^ jiarallel axes eitualed at the same distance from its centre 

of gravity. 

’ Agftiiit it iiiJiy bo observed tlint ot fill punillol axes that 
which passes through tho centre of gravity of a body has the 
least mDineut of inertia. 

» It is also apparent that the same theorem ludds if tho 
moments of iin-rtia he taken wilh respeet to i)arallel .planes, 
instead of parallel axes. 

’ A similar luoperty also connects tho moment of inertia 
ivhitivo to an}' poinl with that relative to the centre of 
gravity «>f tin* hoily. 

N.c<, In finding the moment of inertia of a body relative to 
any axis, wo usually suppose tho hoJy divided into a system 
of indefinitely thin plates, or lamince^ by a system of planes 
perpendicular to the axis; then, when the moment of inertia 
is determined for a lamina, we seek by integral iou to find 
that of the entire hotly. 


liadius of Gi/rufion 
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.. .* .f r xr ^ii»t\ —If /.• <lenoto llie «lUtanco 

may remain nnaUereO, we snail ha^e 

Tlie length A- is called the radius of gyration of the Ixjdy 
with respect to the , . , . hero treated of 

principSTI^ce the mass of any part '’'‘"f ' 

volume, the preceding cciuation may bo written in the form 

k-‘V = 'S.ii‘'IV, 

where dF denotes the clement of volume, and Ftho entire 

HoVee t Sgeneous bodies, the value of A,is indepen¬ 
dent of the density of the body, and depon.ls only 

Wo shall in our investigations icitrescnt tlio momon 

inertia in the form j ^ . 

and it is plain that in its determination/or homogrueou^ 

bodL ,ce man Me the elcmealofcolmiLc/f «.<; “J 

and the total volume of tliehody instead of its nia.s. ^ 

Also in findingthcmomentof imrtiaofajamiuci, Miieeit.. 

radiusof gyration is independent ofthethiekness of the laniina 

Tmavtako the element of area instead of the clomont oi 

mass mid the total area of the lamina instead ol its mass. 

-ihS It A and h bo the moments of inertia of an infi¬ 
nitely thin plate, or lamina, witli respect to hvo reetangular 

axes^OX, OF, lying in its piano, ami it 0 ho tiie mnm. nt ot 
inertia relative to ^drawu perpendicul ar to tli e piano, we 

have //. (-l) 

For, wo have in this ease A = 2 /dm, li = 2.r'«/m, and 

Again, for every two rectangular- axes in the plane ut lie- C. 

himimi, at any pointy wo have 

Sx’dm I- 2 /dm = const. 

lleneo, it one ho a maximum, the other is a minimum, and 

""^We shaU. in all investigations concerning laming, take 0 
for the moment of inertia relative to a line perpendicular to 

the la niinai 
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199. i:iiirorm Kod, Iloftaiicular Ijaniiiin.—We 

oomnu'Tif'c witli flic sinijile < nsp of u vd, tlio axis being pe^en- 
diculnr to its loTigtl), niul jmssing t bron p^li oitli or oxtronnt y. 

Lot X bo tbe distance of any eb inent dm of tlie rod from 
tlio cxtroniity; tlien, sinoo tbe rod is nnif'irm, dm is propor¬ 
tional to d.r, and we may assume dm = /idx: hence, the 
moment of inertia I is repr' Seiited by fi'SiX'dx, or by 

H [ x\U, 

J 0 

where / is the b.-ngtli of the rod. 

llrnee I = M-. 

3 3 

If (li«‘ axis be drawn tlinai^'h the middle point of the rod, 
jiorpoiidicular to its length, the moment of inertia is plainly 
llio same for each half of tl'o rod, and we shall have in this case 

/ .U 

1 2 

N'-xl, lei us tale a rei-ta ngular lami na, and 8U}>poso the 
axis ciniNMi thi'iiigh its <ciitre, ] ]nrallfl to ono of its sidi.-s 

Here, it is evitlent tliat tin- lamina may bo regarded as 
made up of an infinite number of parallel rods of equal 
h-iigtb, perpendieulur to tbe axis, each having the same 
radius of g3’ration, and consequent!}' tho radius of gjTation 
of the lamina is the same aa that of one of tho rods. 

Aeenrdinglv, wo have, denoting the lengths of the sides 
of the rootaiigli* hy 2<( and 2f>, and the moments of inertia 
ruuiitl axes tlirough tho ecntiv j'arallel to the sides, b}' A and 
Jiy respectively, 


j//<, n 




<i 


(5) 


I 

3 3 

lleiH'f' jiKo, b}' (4\ fbe inomeiit of im rlia round an axis 
threiij^h t)u‘ eo ntre of gravity and perpendicular to the plane 
of the i.iiuTna, is 

( 6 ) 

By applying tho principle of Art. 196 we can now find 
its moments of inertia with respect to any right line either 
lying in, or perjiendioular to, the plane of the lamina. 


Ciycitfor PldtCy 


2'J'j 


200 UeotangHlar i-jiralleUMiiiK'il.— f^inre apavdUfl- 
epipedmaybe conceived as consisting (d' an ^lute numher 
MJaminiD, each of whicli has tho same radius of prahon 
riTativ^ an axis drawn peri>endicular to their iilanes, i 
follows that tho radius of gyration of the parallelepiped i. 

the same as that of ono of the laminro. u i • i i ^ 

Hence, if the length of tho sides of tho parallelepiped he 

2a, 2b, and 2r, respectively; and, if yl, B, 6’be 
the moments of inertia relative to three axes drawn thro gh 
the centre of gravity, parallel to tho edges of tho parallel¬ 
epiped, wo have, by tho last, 

^ = id/(&’ + c"), B = -M{c* + a^), C = ^d/'(o’+i'). (7) 

3 3 >5 

201. Circular Plate, Cylliuler.— If tho axis be /. 
drawn t hroug h its c^tre, perpeiidjeular to tho piano ot a 
circular ring of infinitely small breadth, since each pniut ot 
tho rincr niay bo regarded as at the same distance > fiom the 
axisTiu moment of inertia is r^hn, where dm represents its 

Henco, considering each ring as an clement of a circular 
plate, and observing that dm = fi2iTrdr, wo get for C, lUe 
moment of 'fho ocular plate of radius a, 


f* , TTua* ,,«* 

C = 2ir\x J r'^d,' = = M 


Consequently, the moment of inertia of a whoso (-'5 

outer and inner radii are a and b , respectively, with respect to 

the same axis, is . 

rt* - 6* „ r" + ^ 

27 r/ij f^dr = n{x —^— =-^ ^ • 

Again, hy (4), the moment of inertia of a ciroular plato v;.) 

about any diameter is M —, since the moments of inertia are 

4 

obviously the same respecting all diameters. ^ _ 

In like manner, tho moment of inertia of a ring relative Oi'; 

to any diameter is 


4 
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Also, the moment of inertia of a riglit ovlindcr about it« 
axis of figure is 


nr ^ 

^7. 


a being tlio radius of the section of the cylinder. 

Again, tho moment of inertia relative to any edge of the 

evlinder is - jl/hb 

2 


202. icialit C'oiic.—To fiinl tlie moment of inertia of a 



iiilinito number ofcin-nlar plates, -whoso centres lie along tho 
axis; and, demoting by .r the distance of the centre of any 
section from the vertex of the cone, and by a the semi-angle 
of the cone, wo have 


ioi . 

j 7r/itan*n 


r 

j 0 


X* dx = 


TT^ 


}fh 


10 


where h is the heiglit of the cone, and ithe radius of its base. 

lli'uco, since by Art. 169 the volume of tho cone is - b'h, 
wo have 



203. iciilptic —Next let us suppose the lamina 

an ellij.Sf, of sem i-axes «? and 1 ', and 
let A and }i lie llie moments of inertia 
relative to tjieso axes, respcctivelj". 

Dosi-riho a olri'h' with tin* axis 
minor for diunntfr, and 8up])'*-e tlio 
l.miina dividrd info r<tds b\' srt'li'ms 
piTjM'iidiiailnr to this axis. Lot If bo 
tbo mojiit'nt of im rfia fi-r tin' circle Fig. 47. 

round its diamotor. 

Tlion. douofing by dj! and dlf the moments of inertia of 
corresponding rods, we have 

dB -.dir = {npY ; (,(/)= = (ort)» ; 

B : If - : b\ 
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. . J/'6* 

But £',Ly Alt. 201, IS ——; 


Similarly, 



Ilenco tlie momont C round a line through tho ceulrc ot 
the oUipso, perpendicular to its plane, is 

— + ( 9 ^ 

4 

It is plain, as before, that tho expression for tlio Tnoniont 
of iuci-tia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Spliere.—If we suppose a sphere divided into an 
infinite number of concenino spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters; 
and accordingly, representing tho ma«s of any clement of a 
shell by dm, and by x, y, 2 any point on it, wo have 

(4 Ift. T- , 

^x^dm = ’Stf/dm = ^z^dm. 


But S (a:^ + y’ + 2’) dm = 2 r* dm ; 


S(a:* + y*)dm = ^ SrVm. 

Hence, (a) tho moment of inertia of a shell whose radius 

is r with respect to any diameter is - mr*, whore m ropre- 

3 

sents tho mass of tho shell. 

Again, (/>)for a solid sphere of radius li, since the volume 
of an indefinitely thin shell of radius r is 47rrb//', wo get 

S)-*rfp = 47r ( r*dr = = - VII'. 

J* 5 5 

When this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

\MIf. (,o) 

V 
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205. IClIip^oid.—the equation of an ellipsoid be 




and suppose A, B, C to bo tlie moments of inertia relative to 
the axes a, h, c, r*-speetively; then 


V V • 


Now, let 
and wo get 



C = firibc 


{a'r^ + 6 ’^’) dAdi/dZy 


whore the integrals arc extended to all points within the 
sphere 

J" f y * + s ’ = I. 

But, by the last oxumj'lo wo have 


dx dy d% 


f 


y^dx dy'dz 



0 = y tr fiabc (rt^ + 6*) = — (fl* -f 


(II) 


in like manner, 


A = (i* ^ r), B = —(c’ + n*). 

5 5 

It Bl»o\ild bo romarkf-d that the moments of inertia of tho 
ellipsoid \^li respect to its tliroo prindv al vhnes ara 


M . , 

~ fl , ~ respootively 

0 5 5 
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Momenh of Inertia of a Lnmma. 

relative to this Unc, we have 

I = '2.f dm = S (// cos a - sin af dm 

= cos’ a^tfdm^ sin* a S^* dm - 2 sin a cos a 2 ry dm s 

^acos’a + tsin’a- aAsinacosa; (* 2 ) 

where a and h represent the moments '"^ro&nei Id 

the axes of x and t/, respectively ; and h is the product 0 

inertia relative to the same axes. t t o 

Acain, supposing A and Y to be tlie co-oidinatcs of a point 

taken^on the^ame line at a distance It from the origin, 
get COB a = ^, Bin a = J; and, consequently, 


Jfi* = rtZ* + 6K* - 2/f XT. 

Accordingly, if an ellipse he constructed whose equation is 

aZ* + ty* - zAZK = const., (U) 

we have 

7i2* = const.; 

and, consequently, the moment of inertia r elative to any lino 

drawn through the oi-igin varies ^ 

the corresponding r adius vootor of this ellipse. 

The form and position of this ellipse are eyidontly indo-5.^^ 
pendent of the particular axes assumed; but its equation is 
more simple if the axes, major and minor, of the ellipse had 
been assunied os tli© axes of oo-ordinatos, A^ain, since in 
tliib case tb© coefficient oi XY disappears from the eqna- 
tion of the curve, wo see that there exists a,t every point in 
a body one pair of rectangular axes for wlii glL,lhe quantity 

h OT_ ^xi/dm = o. 

T^hia pfiir axes is Called the principal axes at the 
point; and the corresponding moments of inertia are called the 
^iticipal momenU of inertia of the lumiua rolutivo to the point. 
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Ap'ain, if A and B represent the principal moments of 
inertia, equation (12) becomes 

I ~ A cos*a + B siu*(i. (14) 

ITenoo, for a laniiiin, the moment of inertia relative to 
any axis throu^li a point can be found when the principal 
inonunls rc*l?niVe to the point are detonnmed* 

Tlio equation of the ellipse(i3) boeomos, when referred 
to the principal axes, 

AX^ ^BT^ ^ const. 


(■1 
- • 

bX 4if I i 


(if'i 


207. Momeiital SJHipKo.—Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity arc known, it is snfiicient to consider the case 
wliero the origin i>< tiLUlG centre of gravii^. With reference 
to this case, (ho ellipse * r.. 1—n ^ or ^ , uiu) 

l }«*■ It* ' 

A\ ^ + B F’ = const, f- *■ (15) 

is cnlM'd iho of tlio Inininfl. h' 

Again, ii two dillViv iit dis 1 rihiiti"U^of matter in,the 
Bunie jilmu' havT^i connnun centre of gravity, and havS"\ho 
(.saino j»rit:''ipal axes and'"princi['a] moments of inertia, at 
(lint ]>oint, lliey luiw llii- ^ainc nnauents of inertia relative to 
all axes. 

Tin's is an immediate consequence of (14). Hence it is 
easily seen that tl)o moments of inertia for any lamina arc 

tlio same as for the sj'stem of four equal masses, each —» 

j'lac'cd on the ]■^iuf^i])al ax es, at (lie four dis¬ 

tances 4 (I jin«l 4 fi.ijtii (In-centre of gravity, wliero a and 0 
aru delcriuiued by llic i-qiiutions 


A - - iMb\ 

2 2 

Afjaiu, if hvn systems of the same total mass, in a plane, 

have a common centre id gravity, and have equal moments 

of inertia r^Wive to any three_axes^ through their common 

centre of gravity, TEoy liavo tLe same moments of inertia for 
all axes. 


yft, w..».C. r- 

AS ^ * 

TV 
f» 
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This follows immediately since an ellipse is determined 
■when its centre and thi-ee points on its circumference are 

Again, it may he observed that the boundary of an Gv) 
ellintical lamina m ay be regarded as the moiueiital ellipse of 
the lamina. 

h’or, if I be the moment of inertia relative to any 
diameter making the angle a with the axis major, we have 


But, by Art. 203, 


1 = A coB’ti -I- 7 ? sin*Cl. 


A =- — />*, Z> = — a ; 
4 4 



of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. 

208. Profluottt of Inertia of Ijuiiiiiia.—Suppose the 
lamina referre d to its principal axes a t a point 0; and let p 
and q be the distances of any clement dm from two axes, 
wliich make the angles a and fj w ith the axis of .v ; then we 
have 

'S.pqdm •= S (y cos a - a: sin «)(y cos fi - r sin P) dm 
=> coBa COB (5 S//^c//« + sin a sin (i '^x^dm 

- Bin(tt + / 3 ) 'S.xydm 

« A cos a COB /j + 15 sin a sin (3, 

Binoe A = Sy’t/w, E = ^x^dm, and 'SiXydm = o. 

Hence, if 'S.ygdm = o, w e have 

.il COB a ooB p + J5 Bin a Bin /3 » o, 

i 


I 
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and accordingly the axes are a pair of ooniugate diameters 
of the momental ellipse 

AX^ + = const. 

Hence, if two lamiino in tlie same plane have for any point 
two pairs of axes for which 'S.pqdm = o and 2;>Y<//;/= o, 
they have tlio same principal axes at the point. This follows 
from the easily established property, that if two ellipses have 
two pairs of conjugate diameters in common, they must be 
similar and oonxnl. 

209. Ti'iiiiistilnr niitl Prl$tin. —Suppose a 

triangular lamina, whoso sides nro r/, ft, c, to ho divided into 
a system of r-jds j^*arallel to a side </; 
and let -d represent the moment of 
inertia relative to a'«Kne parallel to 
tjie sido (jy and drawn through tlie 
opposite vertex; also let p bo the 
perpendicular of the triangle on 
the sido </, and x the distance of an 
elementary rod from the vortex; then 
wo have, since the moss dm of the 

elementary rod may bo represented by /t —t/r. 



A = '^x^dm 


P 


a {P 

fi - x^dx != 
PJo 





In like manner, let B and C'be the momenta of inertia 
relative to hues drawn through the other vertices parallel to 

6 and c ; and lot y, r bo the corresponding perpendiculars of 
tlio triangle, and W’o have 



Again, if A^, li,,. 


represent the moments of inertia 


Triangular Lamina and Prnm. 
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relative to three paraUels to the eides, dray^ through the 
nontrs of gravit y of the lamina, wo have, by (2), 


(i6) 


^0 - Yg” i8 

Also If C,, helheVoments of inertia relative 

i^lSO, 11 yii, ^vy n liL'tt inniiUOr. 


A 1«A it As X>i* lyn UW lUVJ - 

toiMSlku, K .. respectively, it follows, u. hke .nanucr, 

= = (.7) 

Again, it is readUy sen (hatO.e valnes of -I, ,J 

are the same as it the whole mass M wme divi.lcd 
ZaUnassos. placed respectively atUm^moMlo points of the 

^HIII I v^,r: 4 . 4 .» cj 

^■Consequently, by Art. 207,'the moments of inertia of the 
triangula? lamina relative to all axe s are the same as toi 

three masses, each -, placed at the middle points of tho 

3 

the moinont of inertia of a triangular 
lamina witli respeot to tho p erpeinlioular to its piano drawn 
throughlts 

(>8) 

A 36 


c. 

o) 


This expression also holds for the moment^of inertia of a 

rifrht triangular prism with respect to its axis. . 

^ In liko^nanner tho moments of inertia of tho triangular 

lamina relative to tho throo porpondioulr^s to its plane, C- 
drawn tl^^n^t^vciticcji. aro 

’T-ra 


and tho same expressions hold for a triangnlar prism relative 
to its edges. _ 


. Uy Iho^axis vf a pri.a. i» vnd«n,lood U.o right line „ 0,rough its 
cenUo of gmvity pariiUfl to lU 
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3 


210. 9 Iomental Ellipse of a Triangle.—>It can be 

pliowTi without difBouUj that tho ellipse which touches at 
middlo points of tlio sides * *• tf.utj! s-.rv rMo) 
rhay ho t^n for the mo- 
mental ellipseof tho triangle. 

F«»i’, let .r, y, s bo the 

middle poiuts of tho sides, . .. - -^\- 

find it IS easily seen that o ^ 
is tho centre of this ellipse; 5 . 
also, if /i, /., J3 ho the ' ' - 
momoiits of inertia of tlio 



z** e 

t 

t'ifj- 49- 

laiiiilui n-hitivo to tho linos c/.r, Ay, rz, respectively, it can be 
nmdily slmwn fp-m (17), that wo havo 

^ ' f-* ■ 

I I I 


/. : A : A = 




{ory • {oyf • iozy' 

Accordingly, by Art. 207, tho ellipso xyz may bo token for 
the momentnl ellipse of tho lamina, 
cj.ijc zoift 2 11. 'S'etraliedi'on.—If a solid tetrahedron bo supposed 
divided into thin Inminro ]*nrallcl to one of its faces, and if 
-t, 7 ?, Cy 1 ) ropresout its moments of inertia with regard 
to (ho four p/nues drawn respectively through its yorticos 
pjiiiil lol to its faces ; then, denoting the areas of tho corre- 
s])i-»nding fact's by a, A, <•, </, aud tho corresponding pcri»en- 
tliciihirs «)f tlio tefialu'dp'ii by y, r, s, respectively, it is 
f“!i>ily soon, ns in Art, ic^^-hhat wo shall havo 








.3 


A ^ - It S.r’c/’—: (Ar - 


7 *’ 




-ft - - J//r, 
5 5 

In like manner we have 


li - - Mq\ C = ^ Mr\ D=^ Ms\ 

5 5 ’ 5 
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A"iiin, if A,., B.., a., B.. lu tUe conesiiOTi.ling momi-nts of 0 
inertia relative to tlie parallel planes drawn tJ^OA.gU .tlis_ 
centre of gravity of the tetrahedron, we have, by (2), 

= C;„=Ad/rS = (.9) 

Also, if A,, C„ D, be the moiaeuts of inertia relative 
to the four faces of the tetrahedron, wo have 


A. 10 


10 


10 



2,2. Xolid Ul.is.*-If a plane elo.-ed enrye, whieli is 
.ynnietiielil with respect to an axis All, ho nnnh, to ,evolve 

round a ]) arallcl axis, lying lu 
its plane, but not intersecting tin- 
curve, to prove that llio iiioinent 
of iuertia / of the generated solid, 
taken with respect to tbo axis of 
revolution, is roprcseuled by 

it/(/r + 3^^-^). 

whore M is the mass of the solid, 
h the distance between the parallel 
axes, oTtrlj^f lin radius of g^Tation , 

of tbo generating area relative to ils axis. • i- . 

FoJ^,iftl.o axis of rovolnlion he taken .as he 
and if y, Y be the distances of any point 1 
Konerati^ >»oa from All, and from OA', rospeet.ve y; and, 
ff <IA he the corresponding element of the aien, * 1 '™ * ‘ 

volume of the clomeidary ring geiierafcd 

and its mass 2ir,r Y<IA ; hence the moment of ineitia of us 

elementary ring, relative to the axis of X, is 2wn 1 

Accordingly, we have 

1 = 277/1 SyVM = 2 TTti'Z{h+yy(lA 

= 27 r//S(/<^ I- + y')dA. 

Jt-A*-' * _ 


O 


• The tJicorcms of tbia Auiclc were given by I'lyfuEsoi Towusena in Iho 
Quarterly Journal of 
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Moreover, since tlie curve is symmetrical with respect to 
the axis AB^ it is easily seen that we have 

XydA = o, 'Zy^dA = o. 

Also, hy definition, 'S>tfdA = AJ^, 

Hence 1 ~ ziryhA (A’ + 3^*). 

Again, hy Art. 177, M = znyhA ; 

J=.V(A* + 3A*). (21) 

This leads immediately to some important cases. 

Tlnis, fur oxuniplo, tUo moment of inertia of a oircmar 
ling, o f radius a, round its axis is 

M ( A* H- ^ a\ 

\ 4 / 

Again, if a squ are of side r^revolve round any lino in its 
l*lune, situated nt the distance A from its centre, we have 

i = -y a*). 

I’liure is no dilliciilty in adding other examples. 

21 5. Cpieiieral ioxiM CN-^ioii for l*rodiiot.s of liierlla. 

_"Wl' sliall comludo this C'iiapler with a short discussion of 

tlio gt'iM-ral case of the moniculs and products of inertia, for 
any body, or system. 

* Let us suppose the system referred to three rectangiilj^r 
planes, and let }>, v, r represent the respective distances of 
any element dm the ihroo plaues 

a- cos a + y cos /3 + s cos 7=0, 

X cos 1/ + y cos ft' + s cos y' = o, 

■X cos a" + V cos ft" + z cos y" = o. 

■I'lien 

'^J"jdiil - s (rCOSa ^ //005/S + 3C0S7){.rC0Sa' + yC0S/3' + EC0S7')</wJ 
^ tusti cus</ e eos /3 <:06ft''^ifdm + cos y cosy' dm 

4 (cos a cos ft' 4 cos ft eos «') ^xi/</m 

4 (cos 7 cos a' 4 cos « COS 7') Sr.rffwi 

4 (cos ft cos y' 4 cos 7 COS ft') H^yzdm ; 

and we get similar expressions for ^j>rdm and 'S.qrdut. 
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Now, suppose that we take 

2 a:V»i = a, SyVw = ^ 'S.z^thn^c, 

^tjz(lm=f, ^xzthn = g, '2 .xydm=h\ 

then the preceding equation may be written 

'Zpqdm = cos a (« cos a + h cos fi + y co& 7 ) 

+ cos p (A cos a + 0 cos fi' + / cos 7') 

+ 003 7 (y cos a +/ cos ft I- C COS 7 ) » 


( 22 ) 


planes arc so assumed as to satisfy the equations 

'^pqdm = o, '%rpdm - o, Sy» dm - o ^ 

ju"at? L'S'i 

equation 

<,Z> + JF- + + zfTZ + 2,jZX + 2hXT~ const. (23) 

Uonco it follows that oUm^ there exists one^ </ 

'"Sr »■“ f sstts:',.;.'; 

body relative to the point, and the right lines ni n hicii y 

:■» < 

common B.Ystcj| of planes for ;;f= o; 

^i!:;rtho'^n^^l(:::i MSrs^;.C/i tlm .Jents of one 

centric ellipsoids have one common sy.slcm ot diamotial plane . 

^ or U o .pLore, 

will conaidcretl euUcfjucntly- 

L 20 aj 
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Again, if two solids have for any point more than one 
of jihmos for wliich the foregoing six products of 
inertia vanish, tliey must have the same principal planes at 
the point. This follows since the two ellipsoids in that case 
must he similar and coaxal. 

215. l*iiiiflpal IWomcnts of Inertia. —Let us now 

suppose the co-ordinate planes to he tlie principal planes of 
the hotly for the origin, then the moment of inertia relative 
to plane 

X cos a -I H cos (i + z cos y = O 
is 

"Sijrdin = cos« -» i/cos /3 seo.Sy)^//^ 


= cos\i.r(/m -4 co.v/1 -i- eos'y (24) 

since in tliis ease we have 


'^.n/if/n = O, = O, ^t/zdin - O. 

Aj^ain, let J he the moment of inertia of the hody relative ^ 
to me lino tliiou;;]i the, o rigin whoso dii'cction angles are 
o, y ; tln-n w«' liavo . • rw.,.. j 

J 1 = 2{.r’ + // H 2^) f/zj? ^'w 

/. I = eos'd + z')i!m + cos’f^ 2(2" -f x^)(lm 

4 COS' y S (.r’ 4 - y*) (fm ; 

or I = A eos'n + B cos */3 4 C vos'y, (25) 


c*. 


»« 




wlicrc A, y», C are the moments of inertia of the hody 
relative ti» it'i tlii\‘t’ jaiiifijial axes. 

A, Jl, ('are called the f/ir<e principal moments of inertia 
of the l.ioily r^ativy to the origin . 

It' the c<.‘utrQ of gr avity he taken ns the origin, the 
coiTespMii'liiig vaUu's of A, />, (' are called the j'rineipal 
mv)u< iii'< of' iin r/ia of ttie botfi/. 

AVe suppose, in ge neral, that A is the greatest, and C the 
least Ilf the three priiieipal moments. 

It fnlluws from (25) that the moment of inertia of a body 
it lative to any lin«‘ pa-^siog (hro\igh a given point is knowji, 
wli' iiever the angh s whieh tlie lino makes with the principal 
axes are known, as also the moments of inertia relative to 
these axes. 
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216. Ellipsoid of Cyra«o.^-Supposo, a=^ before 

solid referred to its three prmd^xes at any point, and 
a, f>, c be the corresponding ra^ of o^'rat i c m. i.e. let 

A = Ma\ B = MIj\ C = dA% 

and T= then equation (25) becomes 

h- = rt® eos= « + (r cos =/3 1 (/'cos'y. (2b) 

Now i^w'e suppose’'an'^llipsoid de^L-ribed baving UiO 
principal axes for the directions, and ii^^jLlordho>ng i 
of its^corresponding semi-axes ; thou ‘ 26) shows that liu. 

of (^vmtion of the body, rel^iycJ^Jh^erpcTukeulai, 

any tangent_p bm^ to Th^s ellipsoid .s 
equal in leng^th to this 

.„UHv^nt,ho noint. It sliouVl. however, he oh.erved thet 
bv tlio ellipsoid of gyration of a body is meant tho elhpson 
in the iiaidicnlar case where tlio origm_is al_tho_c.eutru oi 

gravitv^ of the body. jt y v 7 hn tho co- 

oVainates of a point R taken on tlio 
. origin 0, whose direction angles are «, ii, y.^wo liavo 

OR cos a, OR cos (i, Y - OR cos y. 

Substituting tho values 0/ cos .1, cos cosy, deduced 
from these equations, in (25}, it becomes 

I .OR^ = AX^ + BY^ + CZ\ 

Suppose, now, that tho point R lies on the ellipsoid 

AX^ + BY^ 1 - C/Z = const., ( 27 ) 


and we got I . OR^ = A, denoting the constant by A ; 

A 


/ = 


OW' 


(28) 


Ilcnco the moment of inertia re/a/irc to amj (uis, <tnan, 
fhroHoh the orujin, carien hnem’/y (ho xquare of the co;- 
rennondifuj diameter of the c/Z/pson/(27). , , » 
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From this property the ellipsoid is called the mommtal 

When the“p^'i8 taken aUlr p-ntre of^o^ of the 
body, this ellipsoid is called the centra! ell,psoul of the body. 

‘ If two of the p viiicipal m o ments of inertia relative to any 
point W^ual, tlie moinentalTirpsoid hecomes one of re¬ 
volution, iu this case all diamot-rs p. rpendioular to its 
axis of revolution are principal axes relative to the point. 

If the tlireo pri ncipal moments at any point ho tpah the 
. llipsoi-l hrcnnirs a ^•h‘'iv, anM The moments of inertia for all 
axes drawn through tlie point are equal. Every such axis is 

a principal axis at the point. . • i 

Fur c vsinple. it is plain that the tlireo principal moments 

for tho centre of a cube are equal, and, consequently, its 

momonis of inertia for all nxcs.^throuEli its centre, are equal. 

.. 218. Kqulmo»»ici» 4 «l Coiie^—Again, sinco 




COS*« - CO.s"i3 -I- cos’7 = 1 


equation ^25) may ho written in tho form 

{A - I) coshi 1 {It cos’fS + {C- /) oos’y = o ; 

licuoo the equation 

(7?-/) r* + (f'-/)Z’ = o (29) 

represents a eoiic such that tho moment of inertia is the same 
ftjr each of its^'^goF.'"‘‘Such a cone is called on equimomental 

roue of tho hody.j^^ . 1 * 

A^aiu, the throe axes of any equimomental cone , for any 

-nlltl, uif tlio principal axesof the solid relative to the vortex 
'll tlie Clio. 

■\\Tion 7= 7>, tho cono brcalvs up into two planes; viz., 
the oyelic Fcctiniis of the momcutal ellipsoid. 

hor a more complete discussion of the general theory of 
moments of inertia and priiuipal axes, tlio student is refenx'd 
to Ihmlh’s lii'jiti iJf/uitiuies^ ehni»tors I. and ii.; as also to 
I’riifi >s'>r T’owusmid’s papers in tlio Canib. and Dub. Math. 
Joiiniiil, 1846 , 1847 . 


ExamphB. 
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Examti-ES. 

, I f 5ur rli i in llie following, tla- 

Fiad Ihe e.arcsMoa. for Ac 

bcla, .apposed ioarogcneouc m oU c. ^ 

,. A pcmUclogram. of Bides », i. and an„lo , v 

jn». -Psyi^^B, -a-sm-B. 

.Arod.of,cng«.«.4Aeesp-foann.:spe:pc„dfea,arfoff.^ 
at a distance d from iu nuddlo point. Jf ' 


t * r. relative to a line in iU plane ut Uu 
, An equilateral triangle, of «do «. relati>e 

tot’ncc d from its centre oF gravity, j, ('il , d^) . 

\24 


totince d from it. centre o. gravicy, ^ ^ 

a A riglit-ansled triangle, ofliypo.licnnse r, roIaUvo to a pe,pen.Ucular lo 
it. p\ne pLing through the right angle. 

'■‘;.°'a hollow circular eyUnder, relative to its axi.. 

, MtUl where r and r’ are the radii of the hounding circles. 

jifU, M ^ f 

6. A truncated cono vrith reference to its axU. 

y^^ i and i' are the radii of iU b-ases. 

eono wlA respect to an axis dmwn through its vertex pcrpoi.. 
dicular to it. axis. ^ ^ ^ 

and Mhe radius of its base. u, „ B v with lu 

’'8:'An V, . . 

I.crpcudicular to tho pl'i^o* 'JlH-'HL. 

Ans, —^ <i6 - 
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Examples. 


X square, of ei'lo <i, relative to any line in its plane, passing througli its 

centre. 




<i) 

Am. 

— 11 


loj qiO II. A wgiilar polypon, or prum, vrith respect to its axis. . * r 

xf t}- ,\ ’i'* f /?• + 2 r^^ , M'h<Tn li aiiJ r aJcAho niclii of tJ^o 

circles ctroumserilie 4 , anJ in^icribed to tlio polygon. 

R#r f^4C ion I 

J 2 . I'rovo tliiit a panillvlMgmm and its muxinmm in 5 <:iil>ed ellipse ImTO Iho 
same prjiici(ial axes at their c ommon centre of figure. 

M ^0^ t 

13 . Trove (hat the moments and pro<luct 3 <>f inertia of anv triangular 

xr u ^ C b. M • 

lamina, of mass 3 /, are the same as for three ma^si^s, each —, pmeeJ at the 

3 li 

three Tcriiccs of the triangle, combiiicil with a mass - J/ placed at its centre of 
gravity. 

tit 

14 . IVuve that the moments and prmUicts of incitiu of any tetnihodron are 

the S(\;uo as for four masses, each —, placed at the vertices of the tetrahedron, 

4 

romhliud \s ith h in;i«^ ^ . 1 / jilacc^l at il^ centre of gmvity.^ ^>^ 

i.S- If sviifc'm of eqninioini'ntal axes, for any folid, all lie in a principal 
piano lliriiiigh its o iitro yf ciiivity, pi'ovr thiit tlicy nivrlop rn-onir, 

)i i\ itiji fli ii point for c'cuitv. iiml tin- pvin* ip:il in tlio pltin<.‘ for axc3. 

16 . J’rov.) iil-o llml tlie fllip-ps oliLiiiicd by varying tho m;igiutn>!e of iJio 
iiiotiK iit of inc-itia furin a ( oiifix al ityKlL-Di. 

17 - I’lOvo fb:i( tlip ?uta of tho of inortia of a body rolativo lo any 

three rictaiigiihir ax *“3 «lr.iwn through the .-amo point is constant. 

15. Iro\o tliat 11 priu<:i])at axis belonging to tJic centre* of gravity of a body 
is also a principal axis with ro.spect lo every p"inl on its kuglJi. 

ly. Prove that tho envelope of a piano for which tlio moment of inertia of 
n body u constant is an cllip^ojd, c.-nfocal with tho ellipsoid of gv-ration of tho 
hrlv. 


20 . If a system of equimomentul phmes pass through a point prove tlial 
they envelop a cone of tho second degree. 

2 .. For different values of the constant moment the several onvelopod cones 
arc cnnfof'iil r ^ 

21 . The common axes of this systetfa of cones are the three principal axes of 

tho liO'ly j'>r the pomt f * 


23 . The throe principil axes at nnv point are tl 
f Ki o c.nf.x al to the lUip-i.id of gv'ration, whic 
(Ni. lUnet, Jour. Je t'llx-. i't./y. 1813 .)' 


e the normals to the ilueo sur* 
hicb pass thixmgh tlio point. 


1 
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CHAPTER XL 


MULTIPI.E INTEOIIAI.S. 

2ig. Mouble Intefsratlon.—lu the jueoedin" Chaiders wn 
liavo considered several cases of double and triple integra¬ 
tion in tbo determination of volumes and other problems 
connected with suidaces. Wo now proc(*ed to a short treat¬ 
ment of the general problem of Multiple Integration, com¬ 
mencing with double integrals. _ 

Tlie general form of a double integral may be written 


rX cY 


\ 


/(x, i/)dxd!/, 


Vo 


in which wo suppose the integration first taken ^h_resp.^ 
to //, X'egardiug x as constant. In this case, E, y,,, the ^limits 
of y, are, in general, functions of x ; and the limits of x are 

constants. 

For example, let us take tho integral 

u= [" r.r' ' 

J 0 :* 

in which is supposed greater tha n m. 


Here 


f v’*'-' (lu = — 

J, '' m 


. 7 m 


' - - 
V^:”* 


m 


1 r® /«*'" \ 2 ( 1 -*”* 

theroforo ^ J ^ " /- - /«*’ 


It should ho observed that in many cases tlio variables arr 3 
to bo taken so as to include all values limited by a certaiu 
condition, which can bo expressed by an inef[ualLty : for in¬ 
stance, to find 


U 


I ft 

= 3J-1 y».-i 


dxdy. 


extended to all posUiie values of x and y subject to the con¬ 
dition X ■\r y < h. 
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Hore the limits for y are o and /( - x ; and the subsequent 
limits of X are o and h. 


Hence 



h fh-S 

0 . 0 


.r''' //"’ '(Ixdy 


Let X - liu 


tiK-n 



(/, - 



' -r(/H m TT)-’ 



hy iVrt. 12 1. 

220. C'liaiigc of Oi*«ler of Integration.—We have 
seen (Art.'^^5) that when tlie limits of x and y are constants 
we may chanfje the order of integration, the limits remaining 
unaltered. But when the limits of y are fnnotions if 

the order of integration he changed, it is necessary to find 
tin; now limits for r as functions of //. Tliis is usually best 
• ihlaineil from o metrieal considerations. 

Ft*r in tho infogial 


•t o limits for y are given by the right line y = x and the 
vperhola j-y ; and tlie integral 
i‘.\t'‘ii'lB to all points in tl\o space 
b“umled by tho axis of //. the hy¬ 
perbola A />, and the riglit Hue O.l, 
whore A is I lie vortex of tho hyper¬ 
bola. Draw A li pi r]'en<Ueular to 
the axis of y. Now' w lion the onlor 
"f integration is tdianged, we snji- 
jioco the lines \vln<-U tlivide tlio tu’«'a 
into strips taken parallel to the axis 
of X instea<lof tliat of y. Thus the 
iutegrul breaks up into t wo parts —one corresponding to 
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the triangle OAB, the other to the remaining area; hence 

0-= [ y) Ay<>^- + J/t'-' 

Ae another”example, let us interchange the variables in 
the integral 

U=[ r Vdxdg. 

J 0 J »»X 

Hero, let OQ and OD bo tho 
lines represented by y = ^ 

\j = mx\ and let OA = a. 

Then the integral is extended to 
all points within the triangle OCl). 

Aceordingly,chaugingthoordor, o 

wo got 



A \ 


u 


la 


jma . 


Ydgdx + 


y 


Vdgdr. 


Examples. 


1. Find the ▼aluc of tho douhl© integral 

f' 

^ ~ ' 0 10 •/(«! - ar)(j:^ y) 

lU-ro, changing tho order, tho integral bcoomoa 

»f«* f(y)fyf*. 


rr-^ 


Utit 


i: 


dz 


0 J y V(a - JC) (a? ^ V) 

; hence {/('*) —/f®)) 


l/(a - *)(x - y) 

2. Prove that _ 

vi''-"'!'= r i”'!— 

\ if. ‘^d*Vrt« y* 






316 


Multiple IntegraU. 


4 

3' IIcDcc find the value of 



+ i/^)x dxdy ^ 
V.jfl-r- — (x* y^)- 


An$. ifo^ {^ ♦ (o) ) • 


4 , Chanixe iho order of integration in the double integral 



VitxJif. 


% 



'I'he limit.-* of y arc represented by tbo circlo » 2 ax, and tho parabola 

s 2ax; Aiid wo readily find that 



221. llirii‘lilot*N Tliefireiii. — Tlio result given in 
equation (i) lias been generalized T»y Diriclilet (Liouville’a 
Jonrntf/^ 1839), and extended to a largo class of multiple 
integrals, as follows: 

Commencing with three variables, lot us consid- r tho in¬ 
tegral 



J.M 


2 ’‘‘‘ (ijCihjdZf 


in which tho variables aro 8U])po8ed always po.siVtVe, and 
limited by tho condition 


2 ^ + f/ -f* 3 < I. 

In this caso tho limits of z are o and i — — y; those of 

y are o and i - j*; and those of x aro o and i. 


n ri-i ri-jr-y 

Hence | dxdtjilz. 


It is easily seen, from ( 1 ), that 



= (l - 


rfm) rp/ ) 

t- o t-1)* 
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Therefore 


r(wi -» » + 0 Jo 


(Ix 


r(w) r(H) r(0 r(»» + »__l! „ (,) 

“ !■(»< + «+"0 ■ + 

Again, in the eamo multiple integral, i£ r, '/, =, >5emg sliH 
ahcays fiositivey are subject to the condition 


we get 


a; + y + s < ^<> 

I'(/) Vim) I'{») 


rr_ ^ ^—i—(3) 

r(/-t m + «+ 0 

This readily appears^ hy suhstituling ^ = hr, // = /'//. 

z=‘hz\ in the raulliplo integral. to nnv 

There is no difficulty in extern ...g these 
number of variables. For wo readily proceed lioni b toj‘»- 
case of four vanables; and bo by iiiduction to y 
Thus, the value of the multiple integral 

U^ijf _r'"* ="■' • • • ’ 

extended to all positive values of J", //) "» 
condition 


IS 


.'c + y + 2 ^ ♦Si'C. < 

r(/) 

r( I + / + 


(0 


Again, in the integral 

If = y’"“' 

suppose the vanables to bo still always posili\o, but 
by tho condition 
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then making 


^ ^ (y^ « 

a) \ 0 J 



te, 


the integral transforms into 


ir= 




pqr 

where w 4 r + < i. 

Accordingly, 




I 


«.i 2.1 1-1 

14 P 19 t(f diidvdtv^ 



(5^ 


Again, from ( 3 ), tho value of the triple integral 

jjj j'-* //"' ■’ e’“‘ (Ixdf/tlz, 

extciidL'd to all positive values, subject to tho condition 

X + y 4 c > u and < » 4 (/«, 
is immediately found hy differentiation to he 

. .)» . ■'</». .. 

' ' I f/ 4 - Ul 4 n) 


\\ I , tu ■- n}-' ' • l'(/ 

lienee tho multiplo integral 

Ij i /■’(■'" + '/ z)x’~^ t/”*''z'"Uhiff/(h, 

taken hetwecu tlie sane* limits, has for its value 


!'(/ t m >- m) ^ ’ 
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Accordingly, tlie value of tlie multiidc iutogral 
\\iF{x + y + z) x'-' y"*-' z""' dxdydz, 

extended to all positive values of the variables, subject to tbe 
condition 

a; + y + z < A, 


IS 


r(/) r{m) V{n) 

r(/ 


+ m +■ «) Jo 


(6j 


In like manner it is seen that if tUo multi[)le integral 


U = 


x.P W+('=Y ‘■'-* 

a/ \0 j \cj 


+ (!!)+(-) i s’"* dxdyd: 


be extended to all positive values, subject to the condition 




WO have 


i/ = 


f'( 7 . 


t m n , 
^ * I 


pqr 


(I tn u \ 

r - + - + -* 

\P 7 *7 


F{u) Hi' ^ *■ dll. (7 > 


Those results can he readily extended to any number of 
variables. 


ExaMI’LLS. 


I. Find ihb vuluo of 


x' ' j/ ‘ e*'» Jxdij, 


extended lo uU i>oaitivo values, subject to z + y < A. 


Ana. —- (t^ _ n. 
sm fjT ' 
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2. More genf'rally, prove tlitit 


j j J”(-^ + y)-e'"'y'rfy = gj “ ^('’)K 


whrrr 

3. I'iiid lltc value of 


X + y < A. 


• • {ix\ 3 • » • 

extemlc J to all positive values of tlio vaii iMe*', t to i\v'. roudition 

Xp + + • ♦ ♦ + 2*11^ < A’* 


TT^ 

(7) ‘ 7 —7-/ 


4. Trove that 


fff dx(i;/tiz 
))) Vi ^x- - 8 


the iiit<*;:rul hoing extended to nil poiilive values of tlio vaiiabKa for \>liieb the 
e.xp^e'si^^tl is leal. 

5. SLunv in general that 


fK»'\ '/»*3 »* I 


fi*i 

•• 


Vt - xr - . . . -x„- 

under the same condition as in last. 




222 . Transformation of Multiple Intejsriils.—XVo 

now jn’oc'ocd to consider, in gi-noial, tlio Iraiisfnmmtion of a 
multiple integral to a new system of iiulepeudent variables. 
Suppose it bo requin <1 to transform tlio integral 

//> =) 

to another system of variables, n, i\ >c ; being given x, //, z in 
lerius of tty I'y ir. 

I’liis transformation implies in general three parts— 
(i) Iho expression of ./’(.r, //, z) in terms of u, r, ir; (z) the 
dcterniinutioii of the new system or systems of limits; 
(3) the substitution for ifrih/tlz. 

The solution of tho first two questions is n piu*ely algebraical 
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ss. Jisnsa- 

j Ch s dy S/V-!/, ‘) ‘'"• 

In the integration ;\:,;u:L"=Ty 

ft3 constant; Vcxi.i-csso.l, l-y 

variablo ?f, wo snpi - ' ^ I wo replace (/- by 

equations, mtenusot A 'A 

111 ,/„.. Again, to transform the integratmn Ironr y to , 

suppose y expressed m ter,ns ot , , , ^ ^ 

i,v 'll Jv : wo next suppose .r replaced hy t . 

^ do 

finally replace 

dr dy fl« by 

It should he i'f’ fXiMralou^ilui"'"'’ 

Brt^B "‘the trausforme,! expression ,s 


, ,, ±'II‘!£ ,/„ Uv ,l,r, 


( 8 ) 


where , (». g-™'. 

The preceding ^ csnccially in tho uivcstiga- 

a problem of in^he order of into- 

gr,dil.''‘'i'i'"«“““';“''‘‘-'7j;^;e,r 

wXov^y'ctnlont‘winch errters rnto tho original expres- 
Fion. and no more. iii^t in tho foregoing traus- 

„,„£’„i 3 ;s slr;,":V“. ... 

‘‘rsi;vr:;r 3 

suppose ^ expreW m terms of ». y, - , a. 

(l.C 


bv — dll, and BO on. 
•' dti 


[ 31 ] 
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As an illustration wo shall consider the ordinaiy trans¬ 
formation li'om rectangular to polar coordinates, ^iz. :— 

x-r sin 0 sin y = r sin 0 cos z = r cos (I. 

Hero wo have 

d*’ + + z’ = H; 

thcrofore 

= >•» ~ 


hence 


Again, 


tlierefcre 


f/.r »• I 

tlr X sin If sin tp 

(h . ,, (h/ . . 

= - r Kin Oy ■* - r sin v sin tb ; 

aO ((<p 

dr dz (/// 

'/■ lit ■/■ = *" 

(//• {(u 


and fur lUo cleinout of volume dxdydz we substitute 

r* sin 0 dr dO lA/t, 

a result which can be also readily shown from gconn'trioal 
fonsiih.-rjitiuns. 

Ni'xt, lot us consider the more general transformation 
d^rsinyy/1 sin* f/i, // = rBin«;.^/ i-n* sin't/, z = rcusfloos^, 


in wliicli 


i/d + id = I. 


Sipiuiing, and adding tlie tlin-e equations, we get 


J" -f 




III rrpln. ing r by >\ wo get, tlioiefonx 


sin U y/ i - nd siii*i;> 


1 
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Next, to replace y liy <p, we must eN^ress y in terms of r, 
A, ai.d z : thus __ 

__ I ir ^ 

y^rsmi> ym^ + cos^O = sin <p 


Uenoo 

f'/ 


eos '/> 

tan tp ym'r cos-»/» i irz 
m' r'* sin’ ff> 


fly >_---sin fp 

-7- = 8eo’<6 y d cos ti + « s — ^^ ,j 

tl<p r r* cos'«/» + >< - 

m’r’ cos’^ + Ji’z^ soc’^ r fm'’ cos’./> + »’ cos’t?). 


r’coa’'/» « n^z' 

^ = - r sin 0 cos 
du 


cos f}, ynd f n- cos^ 0 


(9) 


yod 

anc], finally, 

Uouce for dtdydz we substitute 

;■* (;«’ cos’0 + n’ dr dO dff> 

y 1 - //*’ siu’i^ y I - fd l;iu '‘0 

In general (Z>./. Calc., Arts. 338 , 3 (2). tlie product 

(/» dy dx 
dw do du 

is the Jacobian of the original system of variables, r. y, s, 

regarded as functious of the now sybtcin, //, 

Accordingly, the general substitution for dx dy dz is 


dx dx dx 
du do dw 

dy dy (l£ 
du do dw 

d% dz dz 
du do dw 


du do dw. 


(10) 


221 Transformation for Implicit Functions.— If, 

instead of being given r, y, * oxpUoitly as functions of w, e, «•. 

[21 a] 
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Multiple lutcf/rals. 


wc are given equations of the form 

Fi(xpj,z, u,i\w) =Oy i-2(.r,T/,s, UjVfic) = 0, = o, 

we have (/>//?. Otic.j Art. 341), adopting the usual notation 
tor Jaeoliiatis, 

^/( K K /;) 

(1 ('• f/, _ (/(», r, /n 

'■, «•) “' ^r/TT/TTI) * 

(/ (r, //, c) 

And for (Ixeli/dz we must llion snhstituto 


-p (Ilf (li'dir, 


(■■) 


e'''''" of equations 

vs, o.»l J, tlicir Jacobian with 

lespect to Iho original s>'Mom. 

22.1 Tni„^f,,r,„„ti«„ „r Kicmeiit of n Surraoc — 

Jf the equation f,t a furfaco be referred to a system of rect- 

nf?h sn^r'-‘r f‘'o»> Art. 189, that tbeedement 


dr ill/ 


J 


' /f^sV 

\^v)* 


Accordingly the area of a finrfaoe may be represented by 


LjdzV /Vzy 


(12) 


taken between proper limit.. In this result z i. re-nrded as 

Mirt: " the equation "f the 

In trnnsfnrm this expression to now variables u v we 
by the pre.vding Arfiele, sul>stitnte * * 

'dr ill/ p,f J,.\ 

dff dr ~ liu iiiRtoad otilxdp. 
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Also 


(iz (Iz iU ^ 
(Ih (lx iln ily da 

dz dz dx dz^ ^ 

7 v~ Tx dv dtj dv ’ 


thcicforo 


dz 

dx 


dz dy 
du do 


dz 

dy 


dx (ly 
du do 

dz dx 
dv du 


dy dz 
du do 
dy dx 
du dv 

dx dz 
do du 


1 

> 


(■3) 


dx dy 
du do 


dy dx 
du do 


S.iUliluting in (12), tl.o expression for tlio superll. ml 
area becomes 

r if,h < 11 / d,j (/.7\'7 +(- ''i - - Y'/»'/<'• 

I do ~ du do j \do du do du) \dv du do du) 

225. fciciieiiil Tiaiisloi i.iiUioii K.r " T 

The (^nnsformotiou of iVrt. 223 eun lo rc.uUy B;-'-'" 
Tims, for the ease of 11 variaUos, 111 tlio trausfoimaliou 0 

multiple integral 

jjf . . Vdxi dx, dxy. . . dx„ 

to a system of new variables, yi, yi, ■ - • //«» substitiU 
dx, dx„ ,.. dx„ the Jacobian of the system 
garded as functions of y,, yi, ya ■ • • ’» n^jnco 

dx dx dxn = dy, dy, ,..dyn. {i 4 ) 

dX,llX,...<lXn 

And in the case of implicit functions, wo subtstituto 



Multiple lutegrah. 

wluTo Jy and J-. are respo<"tively the Jacohians of the system 
of equations with respi-ct to the new, and to the original 
system of variahles (compare Diff. Calc., Art. 341). 


Ex^m m.es. 

f. Tian»fr>nn the muUiplc inf* ^lal 

//(\ Vdx lydzdw 

by Ihc subslitudon 

x^r0 cos ip, y = r cos0 sin « = r sin (? cos u» -r sin 9 &in 
Tlic trail'^formed expre^^ion is 

/J/J * 0 co^ eJrJ$J(pil\pj 

wlii-ro Tj is tlie uow value of T. 





Xl 


nj 10 Ml 

-» « - , 

Mj M 2 




Ul Ml 



pri»\c that fll / dll di^dxz Iransftirnis iiifn 


J f M f'l l/flj dHf rfM|. 


226. Wo shall next prove that 


l“ i* 

f/'/'f dr 

d>r\ 

% m 


[Tx ^ dif ^ 

-y 1 d.r dij dz = 
dz j 



{11 cos A + r cos /I + tc cos v) dS, 


wlioiv the integration.'. I'espectively, extend over a closed 
vurla.'O .S’, and through the volume contained by the surface: 
A, n, being the direction angles of the outward drawn 
normal at (/.S', and /?, r, ir being functions of x, //, «, wliich 
are supplied finitu and eontinufius for all points within S. 

Ib-v. hin-c ,S is a el-.sed surface, nny intersectin''- right 
h.tio meets ii in an even number of points; consequently 


du , 

7: 


(«, - M,), 


whore H, on.1 i,, represent tlie values u for two correspon-line 
points of interseotion with S, made by an indefinitely thin 
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parallelepipod standing on ; and X denotes the summa¬ 

tion extended to aU such points of intersection. Now, as m 
Art. .92, letrfS,, rfS., dS„ &c., represent the corresponding 
elementary portions of the surface; and A,, A„ A,, A:c., tiie 
angles that the exUrior norranls make with the positive direc¬ 
tion of the axis of a*; we shall have 

dydz =- cos A, dSi = cos A, dS^ = - cos A, dB, = 00s A* dB, = &c. 

Accordingly, 

«COS A(^ 5 , (15) 


I f 


— (lx (Iff ih = 
(it 


under llio same restrictions as to limits as before. Uenco it 
follows immediately that 

'/(jn ^ ^\dxdfjdz = [f(HcosA+rco9/i + ?ccosi-)(f 5 . (16) 

\dx dij dzj JJ 

This result obviously holds good when the triple integral 
is extended through any space wliich is bounded extonmlly 
by one closed surface and internally by another, provided 
tile double integral is extended over both the bounding sui- 

£t 

^^\gain, if for m we substitute hF, for i\ vV, and for 
trF, wo get immediately 



tv'^p\dxdi/dz 
dx dy dz / 


11 r(M COB A + V COS/l ^ H' cos 1-) dS - 





iff iftf\ 

dy dzj 

in) 

under the same restrictions as above. 

227 C!r^en-»* TIicoroiii.-AVo shall now givo a brief 
notice of tl.o very remarkable theorem given first by tTreen 
(“Essay on the application of Alathematics to Electricity and 
Magnetism,” Nottingham, 1828, reprinted, 1871), as fol- 

^^'^Tf^ond Fhe functions of a-, v, the reotangnlar coordi¬ 
nates of a point; then, provMed U and V xxxQjimtc and con- 
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(inHom for all points mthin a given chstd surface 5, we liave 


dUdV dUdV dUdV\ , , , 


dx dr dg dg dz dz 


ufdS - 

dll 

vfdS- 

dn 


d''V d^v\^ ^ ^ 

^ Kd? ^ If ^ ^ h 


v{~ d 2 V_ 

V rfjr* ^ rf//* ^ d^ 




where the triple integrnls are extended to all points within 
the surface 5 , and the double integrals to all points on 5 ; 
and dn is the element of the normal to the surface at 
measured outicards. 

Her., since 

dx\ dx J dx dx dx' 

we have 


'UufXlrdydzY'f'li: 

dx V dx } * tl.v tir 


Mxj ixy 

—r~ xlx ifu dz 
dx dr 


••• giy 

+ U-r^dxd'/dz, 

dx‘ 

the integrals being extended to all points withiu 6'. 
Again, by (15), wo have 

, IJ i ^ IT) ^ ^ 

under the same restrictions os to limits ns before. 

1 Ii'iice 


dU dV ff dV 

./S=J/- cos 


d'V 


along witli corresponding equations for y and z. 
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Accorcliiigly, 

UdUdV dUdV dUdV^ 


dx dx dy dy dz dz 


dx dy dz 


1 


/dV dV dV \ 

j7^_cosX+ + —cos..j</6 

{d^V d^v d^V\ , , , 


Again^ we obviously Lave 

dx dy dz 

cosX = -, cos,* = ^^, 008..= ^-; 


dx 


dV 


dV 


cos X + -^ cos ft + — 
dy d» 


cos V 


dV 

dn ' 


dn 

dn 


dy 


y. cs) 


tberofore 
Hence 

rr f itz <u dn d. 

Jlj\f/x dx dy dy dz dz / 

■II 

The latter expression isobtained by the interchange of Uiim] 

Viii the preceding. 
li U= Vy we get 


d^U d^U d^U \ , j , 
Y[ Ul + + -rr ' 

^ ' dx:^ dtf dz' 


II 


yiE-dS- 

dn 


1 


Kl^^+ -^r^+ (*9) 


dx' dy' 


dz 
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If, aa iu Dtjf. Calc., Ait. 332, we denote 


iCV d^V d^V , 

-f — + —r by V* F, 


dx^ dif d'. 

then equation (18) may bo written iu the following abridged 
loriu:— ® 


dn dll 


» = Ij| Vv'U')dxdydz. {20) 

228. l Mliere U beiomoN liilliiite.—We shall now 
dotonniue the niuditieutiou to be made when one of tliu fuiic- 
tiuiKs, U for oxaiiiplo, becomes infinite within *S'. Suppose 
this to take place at one point P only: moreover, infinitely 

. near this point let ^bo sensibly equal to - where r is the dia- 

tancofrom P. If wc suppose an indefinitely smalLgphere, of 
radius a described with its centre at P, it is clear that (18) is 
aiipiicallu to all points cxlerior to the sphere; also, as 

(<C d^ ,/*\i 

W * dfr ' dz' y 

it IS evident that the triple integrals may bo supposed to ex¬ 
tend threugh the entire enclosed space, since the imrt arising 
Ironi points within the sphere is a small quantify of the same 

oid.?r ns a\ Moreover, the inirt of [| U dS, cluefo the sur- 

fueo ol'lhr ..Jiliore, is il.,U.Kllilel.^• M.i’all of'tlie order of the radius 

a. It only remains to consid<‘r (he part of 

Sl.lierioal surface Here, as f is sui.posed'lo vary conli- 
nuoudy, wu may take for it.*, value that (at the point P : 


I. .dir 

f . fAS'diictolho 

dll 


. / 1 \ 

_ d r ^ ^ ^ 

dit dr ily ' ‘ 




a 


% > 


consequently the value of 


\\,,dU 

sphere, is 

- 4 ^ r. 
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Integration through External Space. 
Tims (20) becomes in tins case 


IJ 


u'^dS- 

(In 


[„firv d^V dr. 



V^-^dS- 

dn 




dx^ 


dtf dz 


(21J 


whore, as before, the integrals extend tliroiigh the wliole 
volume and over the xvhole exterior surface. 

The same metliod will ovid-iilly apply however groaf^ 
may bo the number of points, such as P, at which either u 

or V becomes infinite. 

229. Integration tlirougli Kutonial Npaec. —l^r-t us 
next suppose a surface 5, drawn inclosing another surraoe 
and let Greon*s theorem bo applied to the space between 

these surfaces, we get 

u,iu.n^^d_ud_v^ du rffx 

dx dx dy dy dz dz j 


f/V* V dx dy dz. 


1 

U noi - 

A 

]] dn . 

J dn 

«r % 


Let us now suppose S^ to bo a spliore of indefinitely great 
radius; then, provided the double integral 


11 


TrdV ,(> 

U — aOa 
dn 


hecomo evanescent. Green’s equation can be applied *" 
tugrntion through the infinite space outside 6,, as well as 

through the finite space within it. 

Moreover, since iu this <-:ise 

fiV 

U ■— r* sin 0 dO dip, 

dn 

dV 


i( 
• » 


a^ds, 

dn 


viQ see that the double integral vanishes whenever r* U 
becomes evanescent when r is indefinitely increased; /. c. when- 
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ever UV ifl of lower degree tluui - i in the coorfliuates ; a 
jnojierty wliicli holds good in all jiliysical applications of 
Green’s theorem. 

230. A|i|>licatloii to (i>|)lierieul llurmonics.—We 

slinll coiieluile b}' establishing a few fundamental properties 
of spherical liurmonic functions. 

in Green’s theorem let U=Vi, V~ Fm, where F/is a 
solid linrmonio (Ili/l' Culc., Art. 333) of the degree /, and Fm 
another of tlio degree m. Now suppose a sjdiore of radius u, 
taken as the bounding surface jS, then equation (21) becomes 



Next, let Fi = r' Vf, so that Vi and Vm are 

surface liarmonics (Jj///: Calc. Art. 33 Ij; then 




h '-'T,, und'-''i^ 

tin 


r,,.. 


llcneo, since ;■ - a i)Vit the surfat'o 6’, equation (22) ho- 


C01UC8 




0«-l 




i m -1 i 


or 


{! "0 i',r„,/6' = o 


Accordingly, so long ns / <m(l m arc unequal, w’e have 


II FiYrndS = o, (23) 

« k 

whoro 111? iiitograticii is ixtoiiUoa to all points ou tlio surface 
01 (Ih‘ re. 

This nia\' be written 



F/} {In (1,1, =, o 


adopting the usual notation (/>///: Calc., Art. 336). 
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If we Bulstitute P, and P„ tor T, and T„, we get, so long 
as I and m are unequal, 


or 


Pi P^ flfi ‘l<t‘ = o. 


flu = O, 


(= 5 ) 


Bince P, and P„ are functions of ft only. 
Again, we have 


f I YiLmflfi^l* ^ 


(26) 


where is Laplace’s coefficient of the order {Dif. Calc., 

3 3 7 y * 

231. We can now find the value of 


ra» 


r*» 

.1 


TmLmflp^4>' 


For, let P he the point 2-, 2, and P' the point /. »/, 2 , 

then, since ~ satisfies the equation v’ (/ip) = °> 


pp -- ^ \Py) 

from (21), assuming S to ho a sphere of radius r 

^ rr _ F — f ^ 1 ^ ~ "■» 

pFJr^”' ^^UrKpH)) 

in wliicl. we suppose P' situated inside the sphere S. 

Again {Diff. Calc., Art. 337 ). 

> =1+2 



(-’ 7 ) 


(28) 


PH r 


fi- I ; 


41 * • 


honco 


<U ' \ _ i. - v"' 
dr\Pr) P 


also, since r„ = >■” 1',,,, wo have 

dV„ 


ih 


^ mr”'-^ Ym. 
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Substituting in (27), and observing from (26) that 




except when n = w, we get 


{2m + i) 


m 




/'m r^n -7 = 47r/’" Y'a, 

r 


[ I y ',„, (29) 

Jo J-l t- 1 

wliero Y'm is tlio vnluo that Y^ assumes at the point P', 
i. e. when p = p\ 0 = 0'. 

232. Next, let rj') = - i)i {£j p„, (30) 

in accordance witli the usual notation; then {Dijf. Cah.^ 
Art. 336) the general value of the spherical Iiaimonic K,„ 
may be witten 

Ym = AaPm h S(.. 4 , COS S0 + B, sin .';0) (31) 

If now we substitute for Y,n in (29}, it becomes 




♦ I 


47 r 


d-tm Pm dfl dtp — ttf 

-j 2 UI + I 


P' 

JL m* 


(32) 


(-9), 


Again, if wo substitute cos « 07 ’„,t'l fur I’,,,, wo get from 


Jo ^ 


I 


^ cos.-f7> A„. <f,, dtp = ^ COB s(p' (33) 


wlif-ro 7 donote.-> (lie value of when wo substitute p 
instead of ft. 

iVlso, sinoo L„, is a spherical harmonic, we may write 

Ln “ <*o-Pfn 2 (a, cos f0 + h, sin Sip) T„^’\ (34) 


in w'hich the coofficionts rz,,, ... r?,, /»,„ .,. arc for the present 
undetermined. 
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If this value of Lm bo substituted in {32), we readily get 


f in I 

0 j-i 


dp di> =p' 


2 m + I 


no 


since all the other definite integrals vanish identically. 
Hence, since a^ = P'm Calc.y p. 428), 


1 


^'{P„Yd,.= ^ 

- I 


2m -f I 


(35) 


Consequently, as = 


1 


2 ’" \f/ft J 


// 

^ f/-’ - ■ 1"’. 




2 m + I 


(36) 


wo have = 

Again, if we substitute for in (33}, we got in like 
manner 

f [ (cos cos 

Jo J - I ^ 


Hence 


a. " = —l^coss^'r'^C. (37) 


233. In order to detorraino 


I*' (W))’rf;<, 

and consequently <7,, wo shall commence by proving the fol¬ 
lowing theorem in the Differential Calculus, viz., 

{x - a)” {x - P-"*” I (a: - fl)'" {;r - ) 




+ n 


L 


m —n 


D”-** {{x - a)”‘ {x^h)”*], (38) 




in which m and n are integers, and m>n\ also D represents 
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Here, by Leibnitz’ Theorem [Biff. Calc., Art. 48 ), the 
generfl.! term in the development of 

((i; _ «)"• (j - 6)’”} 

is of the form 

(;» + n) [m + » - 1 ). ■. (»* + » - r + i) 


^^oro(^v^■■l^ ns Ihi:^ is ovaneseont so long as ris U^ss than », 
wn ran assume r = n f p, and the preceding may be written 


f n 


\ n + p 1 - y> 




or. 


I ? n + n [»* [jn 


I n t p I >n - p |_;) | m-n-p 

» 

Accordingly, the expression 


(x-aY{x-b) 


m-n-p 


(j - ( 0 " (x - lY B”-'" ((.r - «)•" [x - fi)"*) 

= S ;-^==- H I —— - {^-aY>P{x-b)-’’. iiq) 

pso pi f y) p/i -/J p‘ I HI - n- p 
Again, tlie general term in 

ma}’ bo written 
p/i - n 


L;^ I ~f‘- P 


. /r-" '’(.!•-rt)’". 7)P(r- b) 


pn - n p_a |_m 
p» p/i - n~ p pJ I- p [/n - p 


[x - aY*P{x - 


Cuinparing this with (. 30 ), the theorem in ( 37 ) follows im- 
inrdlatoly. 



AppUcntom iu ILn ntrnics. 


S-i 


a = 


Again, if we substitute ju for a for u. aiul make - i- 
- 1, tills result can be written in I{o<lrigues’ form, viz., 


I Wi + 8 

(,r- - I )* (/r - I /'• = D 0*' - 0 




(40) 


m - 8 


lienee, since 


T„y^ = 


Or - i)^/r-*r,r_0 


m 


*ji 


L'li 


wo get 


T <’'i 

* m 


,n + .V fM*- \ I 1) 

/// - .V 


m 




Conseiiuontly, nmlliplyiiig tbo two exi-ressions 


Therefore, 


I m - .V 


1 


»X 


.1 


I uf + ^ 

I- 




1^;^/ - .s ( 2 '"I fny: 




. I 


Again, integrating by ['arts, aii'l observing lliat the 4*”* 
outside the sign of iutegraticu vanishes Jor eilhci liniii. 

wo get 


r*i 

• 1 
«l 


J-1 


- 1 )"' (ffl 


% 

bonce, b}' successive integration by parts, wo get finally 

I** - I- I 

= (-iyJ 1.'";^///. 

‘ [ 22 ] 
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( cnseqiiently 


I 


\ju - « J , \ 




(ifi 


L'" 

w 


(- r;'“ - (/',„)'<//' = (- 'i 

^ - 5 J-1 


fi I 


I m + 

',1 '-nz:_ 

- S 2llt + 1 

( 4 ') 


ll -lli-f‘, flolU ( 36 ), 


(I, (_ 1)’I'--— coss'/yV'-: 

^iii \ a 


(42) 


iiiid Die (omj-l* to exi're'si''m for cat> be immodialely 

wiiUeii J'.'\vn. (Coiupare O/Zc., 1*. -pS.) 

231. Kvpniislon of a Fiiiiclloii in Mplioricnl Ilnr. 

nuMiirs.—AVc next I'lwed (0 prove Ibiit any fun<.tlou 
/■((', ''bi'li Is litiitf aii'l r oiilitiuous. rail bo cxpiiiiduJ 
ill a t'.'ii' S I'l li Tni'.'iii' S, t.c. that 

/(/I, </. ]' t y. + i . . . + + 1^0. (,}3) 

l'<a‘ if ^V' tis>uiiii- tills iiuiltiply butli >iilvs of Ibo 

i jualii'U l'\ L,„ auJ iiib-grate, \Vv g''t, from (26), 

.-.fr j .1 r.t .*1 ^ 

J J ./(Mj ^0 2^'*'V = I 1 y„L„<ffnifp 


^ 7 ^ 


2/1 + 1 


r',„ from (27), 


writing /t', >(,' f..r fi, ^ in {^3:, we liave 
/ ( } „ I } . t J . )',/ i Ote. 


I h ^ 

V 


• J 


4t 


M 




/ II, '!>■ Ln'h' {44) 
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Wo shall vorif y this result by proving that/(//', <i/) is the 
limit of the expression at tho right hand side of (41) when 
n is increased indefinitely. 

I 

For, suppose h=^-\ then since, by hypothesis, r is less 
than r, equation (28) may bo written 


(i -ihX + h-y 
whoro 


I -, = u 1 hL, i IrL, + ... 1 h"Ln > . . (45> 


A = cos POP' = f>fi + ■/' - n' ■ 

If wo dilferentiato (45) with ro.-pect to //, and multiply by 
2/1, we get 

_ 2// (A - h) ^ ^ ^ + . .. + ziflPLn + • ■ • 

(i - 2 hX + //*)'" 

Adding to (45), wo liave 

I-3/iA, + j/rA. + ... +( 2 a T i}/('*X,.+ ... ( 4 h) 

(I - zhX + 

Hence 


£‘'*(2rt+ !)/(“ 

/I 5 I 


/(/Ij 1 *) - 


Jj (i - 2 hX ^ h')- 


, (47) 


where the integrals are supposed to be oxtonded over tlio 
surface of a unit sphere, of which dS is an element, 
iionco wo infer that 


fj s» 


% (2/1 H) 


n al 


/{/I, Ln(lpd't» 


is the limiting value of 

wLou /< = I. 

(i - 2hX + h^y 

Airain, when i - h ia iu.Ielhiitely small, tho coefneient of 

^ [22 a] 


11 
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every eloiueut iu tlie lultur iukgial is iinlefinitely small except 
tho^e iui wliaL (i - 2h\ h /r)i, or 
PP'y is iudofinitely small, i. c. for 
which tho poiut V is taken iu- 
definitely near to tho point A on 
the sphere. Consequently tho 
integral has ultinialely the same 
value as if it were only taken 
over a very small p<nlion of tho 
siirfaeo around tlie j)‘iint A ; but 
thi'iughout tliis wo may 

assume./’( aj, ^») *!• )»namely, 

its value at the jujiut A. ileueo 



/ 


tho limiting value of 


—-r,— 

(i - 2/h\ H //•;- 


I'ic- 53- 

JJ (I - -I /i')’ 


Agaiu, binee A = cos ACI\ we may write for (fSj 

where ^>1 ift the angle tlie )dane ACJ-^ makes with a fixed 
plane drawn tliruugli ('A, and we Imvo 


f/.S 


JJ (l - 2/oV i h')’ 


'■in ■'* I 


(/A'/'/» 


0 J-j (i - 2h\ 1 h'y 

(IX 


- 27T 


47 r 


l - h^' 


J-» (i - 2hX + /dy* 

A' l ordinglv. for all values ol'//, 

f' {\-ir]ilS 

-= .}7r, 

.. (I - 2hX ■■ }ry 

when taken over tiio surface of a unit sphere; and we eon* 
eluile tliat 


fr ^ 


^ (_'/< S 1 j 

47 r 



«I 


,/X/l, <p) L„lln(/»P =./' 0 l', •j/}y ( 48 ) 


.'-I 


tljus vejitying equation ( 4 . 1 ). 

This IS the well-known general formula of Laplace; from 
which wc iuier that every tioito eoutiuiious function of g and ^ 



Expanmn of a Fxnction in Sphr-rlcal Harmomca. 
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can bo oxinossed in a series oi Spl.erleal Harmonics Tboro 
is noaimculty in si,owing ibat ll.e senes .s nnniue ■ ^ 

given function can only be expanaed m one in a .ci . 

of Spbennrl Ibal Ibe .letenninalinn of (be 

valne in spberical barn.onics of a give, fnn. tn.n o « am 
s . nnlly best obtaino.l by .noans of (be ..onvpon.bng solel 
imrmonic fnnetions. Wo shall illn-lrate (Ins (,y an eNan.pl.-. 

To (i-aiiHforin « = cus 0 siir 0 sin'./, os ■/,. 
lloi-o = .rys’; and wo readily sec thnl wo noiy suppn.o 

K = Y, r,. 

This gives xyz^ = F-Vi^ W, 

wiiero Vt and Vi are solid liarnionics. 

Opcraliiig with v' on both sides, wo get 

2X1/ = Vt) - 2-7 Vi ; 

hence 1'. = -fry, and therefore Yt = ~ /*' 'V 

from (50), 


s* - 7 j> 


... rt = /iv'T^^cos./>l(i-/d) 11. 

cos «/* ‘ OS .V/* 

- - ^ 

4 


» 


Again, since cos tp sin‘</» - 
we rea'lily get 


' f- (I. - cos <p - —"- cos 3 ^. 


4 


Ilenco 


COsO sill^O Viu^rp cos fp =^—^ - COS^ 

+ /n/IE2 <,05 ^ - ' l l ’ eos i<l>. 


4 . 4 

It is readily scon that a function cannot ho exhihllo'l in a 
finite Heru'H of Hplurieal hannovies unless tlio corrcsjM.n.hng 
expression in r, y, 3 is rational, or becomes ratioiml wie-n 

multiplied by r. 
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Ernmplrs. 


f. If 


Examples. 

Cr= o cos fi '•0 It cos ti + f sin u sin p, 


prove lliat [ f /(( 7 ) “in M f/n2ir f /(Atr)ili>', 

J «' J rt J 


where 

i.a 


J = ‘/fl- + + e*. 


J.ct ST = ro8 K, y = .sin h e-is r, c = sin n sm r ; 

tli^n {r, If, r) nro tho co<ii<linRtcs mI' ;i jti>int on n split-re <'f unit radius, with 
l entrc at tlio origin. 

Also lot fl =.ia, b rs Jp, e = Ay ; tlicii o, fi. 7 is also a point on tho same 
spliere, and 

<i ros II + b gin ti cos r -t c ein k sin i' = A cos 9 , 

where 6 is tho arc joining the puint o, fl, 7 to r, 1/. z. Again, tlio element of 
the stirfiii'C of the 'phorc at tho latter point may he n pre«oiited by sin if rt'ii rfr, 
nr by sin 9 rffl dtp, iiidillcrcntly. Con»fqucnlly, 

/ (ii f08 If + b sin If cos r 4- f sin if sin f) sin if d't dr - /{A ros flj sin 9 d 9 d<p. 

Integrating eafli of these over the eniire surfuee, wo get 

sin If dudrss f f f\^A cos 0) sin fl i/d i/^ = 2ir [ /■'./1 oa 9 } sinflfffl. 

0 Jij Ju Jo’’ 


2. lienee d-'flneo tho following; 


/■tfrair , 2ir'fi‘** 

j J /(t^) .‘‘in M C 03 ufflirfr =— J f{Air)todiCt 

f»r:ir 2irf f*' 

I I sin’ll C09 ri/iff/t'es 1 /{Ju-)icdi(i. 

)u .'0 A J-i 

These are dediioed from (1) by differentiation under the sig;n of integration. 
3. Shew tlmt tho integral 

U - Jl/(x + y) r'' y’"'' rfj-(fy, 

stippo<ed extended to nil positive value-' sul-jecl to the condition r + y < I, can 
be reduced to a single definite integral, by tho substitution 

X = ur, y = if(i - p). 

IToncf / + y=Hj nnclrfjrrfy bccoinea Uf/t'<ft’; also the limits for h are0 and it, 
and ih -so fir r are 0 and I ; lieneo 

r f-r)- »f/Hffp 

1 1t *ji 


Ju .0 


J *«/«. (Corap.iro Art. 52i). 



4. Show thftt the foregoing process cun be extended to the integral 

U= + y + *) 

when the variables are always positive and sobjcct to tl.o condition 

^ + y + 


3i3 


for 


Sul,„fUute for r .-.i «3 in la,t ; then .oganllnK . n, con*l»nt, .he Umils 

V arc O and l, and those for u are O un-l n - = , t" »< <> 


_ r(/) r(»i) f* f" 4. s) Jiiih 

r(/ + "0 - 0 Jo 


r(/) I^(«0 rH f“ ... rfu. 

r(/+ »« + ») Jo 


This process is readily extended to any number of viLriablcs. 

5. Find tlie value of the dcfinilo inti gial 


By Art. 120 we have 



I — tV'** VV 

0 { 4 ( 1 -v) Vac 


r{/) r(»»i) 

jjj-i ym-\ r-’ tlx <itj » —TTiT"* 


TransfoiTO hy the substitution x« 
aro O and I, and ihoso for 11 iue o 


s ui\ y « H (I -1»); then, since the limits foi r 
and 00 , wo get 


r(/)r(m) _ j‘ If (m' >,">^]t<Jvcli 4 

jjl l,m \ g j(| 

f\ (i - vY^ ^ i/v ^ 

= r(/ + m) Ja(i - r) + .o j' ’ 


ihercff^ro 


1 


1 — I?}"* * f/t' _ I'tO f I' ") 

0 {4ii(i - r) + “ r(/ t »") 


6. Prove that 


Oi> .00 


j” j F(« + 4y. a‘2 + l>'!/)'lxtli/ = 



whore 



E>'ampks. 




7. Prove 1)1 at 


It n 


w hen 


• ' • f CO!^- 6 + fr C03* f/0 w 

a.M */(I ^ w*-ein-(i - sin-^) 2^ 

+ »^ s I. 


'I‘lti< H an {mine'llla*e (onsoqiience of (<i), Art. 222. 

M. Mii»nv tint l.i-« iiAii;’.' 'riM on'm loniicrtiiij; loniplete cDiplif' intojrrali 
\uth ..[M OM.ht n v hioAiilt iuirhcAi it**!y t«oiij the preet Jing i*\aniplo. 


n< 


l.*-t /’("i' / — , —-, i >(»'0 t' 1 . I - !«’ sin- '/tf, 

^ • •« VI - M -MU ^ Jo » 

llica Ui-i f^ualiyii in Kk. 7 u iiniut'liulL'ly tranar'.Tiiu-d into 

F(iii) + jE.'{hi) >’(h) - F{n) F{m) =^. 

9. I’lovi.' tL.il thy aiva of ft surface in point- coordinates is represented ty 




l ikvii Lvtweytt suitaljly liniils. 

10. I' iiul iLe value of 


r Jir 

1 ^ L,.J<p. 


Alts. 2ir r„ P'm. 


II. Adopting llie notation of Art. 232, prove the relntion 


!;{»•■> i» r.„ //••' - ( C*'' j- + (-. - s){,n + j + 

whole H = fi- - I. 

lloi-O //• /»,.,) _ 

+ r„, + 2«(s +1) 2).M r„). 

Al-0, Art. 335 » sin'O Pn ?a1i:'lj(3 th.’ cijtmtion 

we Uvo D“»(,, r)r„) /). /•„ ; 

l.-iico uT»'- r„, -i ’,u(. V J) l» ' /'. _ + ,) If, 

'I’tli' Ir^lllf it! ■(IH HliiiTl f'.llnw' it»ilU'ili I'.-lv. 



E.uviiples» 



12 . 


IIcucc (Iclemune llic value of iLc •IrUuito inlegiul 


Mulliiilying the result in Ex. ll l»y «//*, and inlegiatins Wfwren Hi. IWi.it- 
^ I anil — I) \vc get 

f • I r'' 

I ('/«/*• ^ + j ( 

llcncc^ sulistilMliiig £ - i for 

J-'= - {m+ s)(«i+ I - *) I*' ( 7 ’.,/* 

f ’ * 

= (»/! + j)(m + » — I)(mi + I -s)("* " *) J 
B &c. 

But when j = 0, T,,/*' Incomes T...; hence, by equation (35). Art. 232, 


( 


, i i I'" + * 
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ij. Express cos'0 siu^O sin^ cos<^ in Surface Ilannonics. 
Proceeding as in Art. 235, we eiwily get 

cos'y aiu'J ain ^p tos <{• iV (‘ - 

+ i(l - - ^)«in 



( ) 


ClIAITKIl XIr. 

S- 

OS M^AN VAI.uk and PIloU A HI I 11 Y. 

’,56. A VKKY ronmrI%{\))lo application of Iho rnt«giiil Pal. ulus 
is that to tlio solution ot ijuostions on oilcan or Average 
Values and rn'bahility. In this Cliapfer we will consider a 
few of the less ditfieult questions on these subjects, whieli 
will servo to give at least somo idea of the methods eni- 
ph.jed. We will suppose tho student to be already ac¬ 
quainted wdth tho geueral fundamental priueiploa of tho 
theory of Probability. 

Mean Fa^ues. 

237. By tho Mean Value of n quantities is meant their 
aiitlmu-ticnl mean, i.o. the part of their sum. 

1') estimate tho mean value of a continuously varying 
magnitude, we take a series of n (.«f its values, at very dose 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
llio intervals, tlie nearer is this to tho required mean value. 

This mean value, however, depends on tho law accord¬ 
ing to whieh we suppose the » represeitfuhve values to be 
selected, and will be dilferent for dilYerent siij.positions. 
Thus, for inslanoo, if a body full from rest till it attains tho 
velocity and it ho asked—What is its mean velocity 
during the fall? If we take the mean of tho velocities at 
surres^ivG equal intiiiitesimal intcivnls of lime, the answer 
w ill bo but if we consider tho velocities at equal intervals 
of it will be Tho former is the most natural sup¬ 
position in this case, because it is tlie answer to tho question 
.} vol<^oity with w’liich the body would iiiov6| 

nm fornily, over the same space in the same time ?—a question 
whirh implies the former supposition. W© might frame a 
Hnnh.r question, of a loss simple kind, to which tho second 
value above would bo tho nnsw'cr. 
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Case of One Tmlependent VanahJe. 

Affain, if we wish to detormino the mean value of the 
ordinfte of a semicirclo, we might take tlie mean of a sonc» 
S ordinates equidistant from eaclr other; or thronglr equi¬ 
distant points of the circumference; or such that the aie. ^ 
between^each pair shall be equal: in each case tlio mean 

Thus we see that the Mean Value ol any conhnuously 
varyin- magnitudo is not a definite term, as might ho sup¬ 
posed at first sight, hut depends on tlie law assumed as to ,ls 

successive values. 

238. Case of Oiic 

will therefore suppose any variable magm udo ^ ^ 

pressed as a function ^.(.r) of some 
depends, and its mean value taken as r 
infinitesimal increments A from bo value a to <>'« 

Let n be the number of values, then nh = A - Uio mean 

value ie v 

But (Art. 90), 

h I*/) (rt) + </» (« t- /*) + '#>(«+ 2 A) + .•• ‘I 
Hence the mean value is 


ip (.r) dx. 


M 


0 - aja 


(0 


EXAMPr.ES. 

To And tho meanvaluo of ll.o orjioato ot a armliuclc., supfOsing U,e 
0erjos taken equidistant* 




wr, 


viz., the length of on aro of 45*. 

a. In the .;n,o oa.n, lot us suppos. .to ordinatos drawn througn epudmnn. 
points on Iho circumforenco. 

„„ 0,/e = - r the ordinnto of tho c.ntro of gravi.y of tho are. 


if 


I . 
- \ r 81 

» Jo 



3 IS 


On !\fean Viiltic rtnff Pi ohahility* 

’r?-* 

horizoiMlMSO of a projectile i« rmio for (Jifferci.t 
angles of vIc^at,o.lirom 45^-0 to 4S> + «; given Ihc loitial velocity 

If a lo* the angle of elevation, (he miige is 


Ifciti.O 


IIh M f-TO 


J/ = 


f 

i 5 


}’• 

f? - .'in 3a. 

9 

r'» . 

.'111 3.i'/a, lictwccn till' tiniifj ^ 

f’^ ^il^ .’rf 






I h- iMCtin valuo for all dovali. n-, fioi.i o' t-i <,0', h 
of '' ™ value 


' /'s 

9 ' 


^l... 


-M'’”'* "ftalon .t n.n.l.„„ (ho ciicm- 

... r";;;"«v;;Z "'’‘r'"’ -e a< „„.l ...o o,hor, B, 

blM.iiliUmlv li ivo tl. ‘Uiiiml. ieiKo; binee ly altuuig tlie position of .-f we 

■in lu.l tin 1 . ; Vi '‘i"‘V •‘‘l-ia-Ml: leltfbe the anKlo between 




tt 

^ ^ 


Jf = 1 2r cos 9 i \9 ■= 

. 0 T 


l-vwV' 


j 


I I \ 

r r 
i f - 

fl 


I I 


n 


l I 

n n 
l i .. 
n 


that it, flio in. ,tin value of the function — as x in. irx, . » > • 

,u * ‘niioa>ia by equal iDcromciits 

tioui I to 3 ; tbeufore 

2 f - 1’ ' 1 

7. T., lino ,l,n 1 „0 

x*-ax+l>-0, 

..... 
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•> 

rr- 


In tlii< case h is c<i«iaUy likely to Inwc any value from © ^ kence, for tLo 

greater lOOt, 


21 




db 


I A 

4 . j a (2a - a)ifu ', siiiie i = a('i - a); 


tlurcforc 


7 rt. 

0 


. I 


The n.ran value of llie sniallti lOot js 

T1.0 mean fqum^s of ll.c two roots a.e These mitjUlW .loluctl 

from the former icsults, eiiico 

- «.lf(2) + ^n*') = O' 

8. Vind the mean (positive) ahseissa of M i.onitsJ ncludeJ hetwe^the a.^Os 


_ of X and the curvfl 


* 


y = rttf c’ . 


r 


j^ns. —1 

Vrr 


TliC iiuan $(junyc of (lie uLsci^su is 


23Q. If N Ijo the moan of w fniaulillos, ami il/' tlio moan 
of tn olliors of tlio samo Uintl, ninl if ft l)u tlio meau of the 
whole Wi + nt quaiiliiies, wo have evidently 


niM + m'M' 


fX = 


(2) 


7n ^ III 


Tints if it be required to find the mean distance of one 
extremity of the diameter of a semieirolo from a i«oiut taken 
at random anywhere on tlie ic/io/c perijihery of the senucuclo ; 
since the mean value wlien it falls on the diameter is r, ana 

the mean value when it falls on Iho are is —, wo have 


4 »’ 

2r. r A irr ■ - 

TT 


6 i 


n - 


21 ' •! Trr 


2 + TT 
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On Mean Vn^nc and Pt ohahiUfy. 


^^o. Case ofT^vo or More lndo|*cii(loiit Variables. 

—If c = 0 [.vf 1)0 uuy fuuctiou of two iudei»oudout variables, 
ftud X, y be taken to vary by eonstaut infinitesimal inoremonts 
//, betwcDii "ivou limits of any kind, tbe mean value of tbo 
fuuotioii c will bo 



\\zdxdy 

\\dxdiy 



b'lth iiifo^rids being taken between tlic given limits. 

'I’lie t•a^ie^t way of seeing tbis is to suj»posu J’, //, c the 
(oriKlinates of a point; aii'l to coneeive tlie uoundaiy, repre- 
s- jiling tlie limits, tnu.od on Ibo plane of xy^ and tlitm ruled 
by lines parallel to a*, y at intervals /;, U apart. AVo have 
tliua u relieubiliou of infinitesimal rectangles hk ; and if at 
eju'h angle an ordinate c be drawn to tlie surface z =■ <li{x, //), 
as the number of ordinates will bo tbe same as that of reot- 
anglc.s, we sball have 

Volume = sum of ordinates x /tk; 

also the phmo urea = number of ordinates *•< /ik ; 

so that dividing the sum of the ordinates by their number, 
th-al "ive e.\|iiVN''icn results. 

It may be sliown, in like manner, (bat for throe or more 
independent variables a similar expression bolds. 

It is evident that the above expression, viewed geometri- 
eally, gives tlie mean value of any function of the coordinates 
"f a Series of points uuilornily distributed over a given plane 
urea. 


Examples. 

I. S ipP '^e n sUaiglit Urn.- n -Uvi-U Jut uijidiuu at t\vo poiats : to fiad the 
-i'.. lag- of Ihfj Jiiodui t >'f th-r three tvgruciitP. 

I't till- di'turuo of till' two ji'-'itJts A', 1, fiojii ono end of iLo liDC, bo 
' "•■'•'bT fiibl till' (a w hen J > y ; the sum ol tho pioducU lor 

U-'.'t ia lidU iht; U li jl-• cUlll ; LcJltU 

/tJ (, 

^ Jm ()0 

r. A Tuim^n r a clivitletl into thny io 6nd iho lueflQ value of oqo 

jMll. “ 
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Ca^iC of Two or Mori. Tiideiwndeiil J aiKtbks. 


Lcl X, y, a - X - y l«c iLc parts; 


21 


r {"■' 

jii Jtj 


j'dd (ft/ 


I 


j: ir 


<fj (If/ 


= - a. 
•* 




\ 


« A. 


J ^ 
\ 


& . A 


This valut; uilglil Ijc de-luccd, wUhoui jKif-rmin^ It.c integration?, t»>- 
in MhJt the expression is the the teulre of (j.av.ly of UiO tn.v.gle 

Oxf, Oit boint'leti;;ths l iken on two leclun^uUu axes, cath -i. 

Of cou.^o tbo result in"this - use ie«iuiics_..o cajeu^; as the sum o bo 
mean values of the three parts must he = a ; and the three ine.ins must he Cjual. 

J t ^ a • 


.• • * Ci-')-, 

Tlic s'/uftfC of a pait ^ 


^ A nuinher « is divided at uuidom into IhM C parts : to Uu-Uho^nc^u Viiluo 

of tiic Uust of the three i-arts ; also of ih ’ and of the > 

Let X, y, n - X - y, be tho^reatest, mc *n, nnd le.i-l i iit*. Ihe mtan \^u 

of the greatest ia .1/= : the linnls of both ® 

being given uy 


intcgiiilions 


x>y>a-«-y>0- 

If z, y be the coordinates of a point, referred 
to the axes OA, OJi, taking OA = OB = ", th<: 
above liiniU lestiict the point to the tnaiide^f < il 
{AM b< ing drawn to bisect OB) ; and the above 
value ol M is the aWeissa of the cenlie of gravity of 



tills Itiiiuglc; i.e. - of the sum of the ubscissas of its 


l'‘t 51 


angles; heuco 


I / I I \ It 

'“= 3 rr'* 3 “) Tb"* 

The ordiirAc of the same centre of gravity, viz., 




1 V 


, the moan value of the BfiSU^ttU iK-m o the mean values of the th.ee p ul. 
eyoired arc reapvelively 


If 


iS'^’ iS'"' 


t* i 


4. To find the mean 6.tn...e of ''ilhin u given B<ioaie 

-iJo - 2rt;, fiom iho tenlio of tlie siiuaic. * ^r is-* z*) 

^a-J-aJ-a 3 : ♦ it* 


♦ ;C‘‘ 
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On Menu Vuhtr- nuff Vt ohnhilUij. 


C(. C.r«.r Tt— 


Tt ohvloii' fl-rii 111.' m. m squaio "f the distance of nil |ioints on .any plane 
nrcii from nny fixed p.iinl in tho plane is the square of the nf Qyradon of 

tie- area round that point. 

» 

£. To find the mea n di& tnncppf a point on the circumference ofa circle from 
all points insi.le tho cirelo. ' '\ 

T.ikir;; flic origin <in the eirniTuf- rence, and tie diameter for the axi.-*, if dS 
ho anv vlciucnl ol the iiu.i, wo Lave 




ffr./.S 


vii 


'. r. 

yf>r } - J„ 

J 


^‘ 9,1 

tulOJr ^ 

<J^ 


241, ^faiiy jii'uLlems on ^fean Yalaos, as well as 
rjuluiliility, may bo bo1vu<I by parficulnr artifi'-'os . wbit.-li, if 
attejnptrd iiy direct oalciilufion, lead to difUcult multiple 
integrals which could hardly he dealt with. 




, ExtMrr-ES. 

P^^U. 

I. T'» linl fhv xr\*^r\\\ e b* t\u.'*;n lvv_>jioi nts within ft given cin \<yt 

If .1/ l/c llir; ru^uired nio^in, lUu srinn of ihv >Ybolo number of cases U rerro* 
by - 

{nt •}' .V. 

]i { m c fiTi^i'l^r what u tin* < 1 i(Tvirril!al of thiv«, that Uy t?u: sum of tho iio\> 

i bv t:iving r tho iiu u uu ni i/r. Jf J/„ he iho mvau lii.tanru of 

a }d)ih{ Ol) th. < from .* ijojnt wiiliiu 11 m* circle, tho now cases inlni- 

by taking oim of the two points.1 nu (he iuliaitosiuml ammlus Zwyitr 
urc * 

. Znn/r : 

il ‘ ibling ibis, for tL*. cu^os wh« ic I ho p liut // \< luken in the iiuuiilii3\ wc g .t 


N .vv 


llarcforc 


ibcicfoto 


J/., = - (Ex. 5, Ari. 240); 

I’S r 

*'.‘.1/=: n\ 

.0 


Jf = 


p 

12S 

45 t 




2. Tu find tho nu-,n Mp: .rt -f tl:c di,ti.r..:e l.ot«ccn two poinK hilon on anr 
pi lit.,' n. * — 

wo h '“Utual dUUiUf, and 


.V^-.llil A ./.S’fS'. 
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Case of Tico or More huhpendcnt Varmhhs. 

Now f.xioR the elemei.t tho int. Rnil of is the monunt of In.ita 

of the .u’oa n i 5 und dS ; eo that if K be the radiua of g>'ratioo of the area round 

n ’• 

let r = distaiico of dS from the centre of gravity G of the area, k tlje radius of 
gyration round G ; then ^ ^ 


therefore 


M=k--¥^n>-dS= 2 k^-; 


tl,» n,ean s,uaro is e» io« (ho s,,„are of ,ho rajius of gyra.ioo of (ho oroa 
round its centre of gravity. 

oa2 The mean tlistaneo of a \mint P within a given area 
fconi a fixed straight li.io (wl.ieh docs not meeUho aiaav) is 
evidently tlio distance oftlio centre of gravity O ol tlic t^ita 
froin the line. Thus, if . 1 , B are two fixed iioin s on a hi e 
outside tlie area, the mean value of the area of tho triaiiglo 

'■ 0 ,.. i. .r, r, ziw. f W. 

taken at random in throe given spaces on a plane (such tlmt 
they cannot all he cut hy any one straight hue), the mean 
value of the area of the triangle XVZ istho nauglo GO 0 , 
detornuned by the throe centres of gravity of tlio spa< - s. 

Exam I'l.i;. 

I A point P is taken nt random within 
a tvifinglc AliC, and joined uith the Unco 
an"lcs. To end Uio mean viilnc ‘>f U»« 
tjrcultitl of tho three liiunglos into wltich 

tl.o whole is divided. 

Lot 0 bo the centre of gravity; then if 
the cicntest triangle stamls on AH, J i* 
rcfiufctcd to the tiguro CflOK, and iho 
m.an vulue of APH is tho same os if I 
w ere restricted to the triangln 6’t'A ; hence 
we have to find the area of the tiianglt 
whoM. vertex is tho centre ot gravity of 
6'C'A', uml base AH; 



thenforo 


Fig. 55 - 

M^^-{ACIS-\ AKH + AGll)=*-l^i ^ 


I 


hciuo llin nil”'' '■xluo i» 7 j ''“'"S''- 

Tl,o .ncan value, ot O.o K-..1 mul 'uen triangles ar. rcsrc tivoly ^ an,I ^ 

nU iutlion oun ■“Ji'y I-” sli-''" 
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On Mean Value and Prohahility. 


243. If Jl/be fhe ittonn value of any quantity depending 
on tlie positions of two points (e.g. tlieir distaneo) which are 
taken, one in a space A, the other in a space B (external to 
A) ; and if ^1/ he the mean value wlicu hijih jifiints are taken 
indiscrirainately in the whole space A -y Ji \ M,,, the 

moan valiios when loth points are tak<-n in A, or holh in 7?, 
respi clI n'cIv ; then 

{A + ByM'= 2AIIM i + B\)f^. (4) 

If the space A = B, 

4 dr= 2 M-I M^ ^M„; 

if, also, M, - Mj,, 

23 r = .V-f 3 /,: 

thus if 3/ he tho mean dislaiKO of’ a point within a semi- 
fiivle from a point in the oiipnsito seinicirole, 3/, that of two 
jioiiits in one seinicir.lo, we have (Art. 2 |i), 

.1/ H ,1/, - 

45 ^ 

a’o determine 3/ nr M, is rather diflicult, tlinngh their 

■wn// is thus found. I'ho vabio of 3/ is —” »• 

> 35 n- 


Kwmpi.f.'j, 

1. . .V, I'.-Of (iilan at Mte:om will.in a Irianjlf. ^Vliat is (>i» 

'.’""P’-' f'-"""' I’.v j-inini; ih,,n with on« of ho 

tlic inrnu'b : 

hi-.. Mhf by th- Jim- C/>: H .If, ho i),,. vahu- M-hcn h.tli 

■' 'i.''ritV”^ ‘ nn,! the 

2 jf = M, 4 . 1 /,. 

hilt 'h - ^ -V ; aii.l ^ 0 0 (\ whcio O’, 0” tnv tlio cetitio'. of ptavitr of 
■f' l-rh, ihi< a th-tl, in .\:t. ; ),..n,v 




.mo. 


... .... of 0 



Case of Two or More hidcpemlint Variables, 
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By a similar method this is found to be 


of tho whole square. 
io8 


3. What is the mean area of the triangle fonned by joining the same two 
points with tho centre of the square ? 

Wo may take one of the points X always in tlie square OA \ fake tlio whole 
square ns unity; then if J/he the moan, the sum q 

of all tho cases is 

— M ~ —1 JA + 2 — Jfj + -5 Afi, 

4 4^ 4’ 4* 

Afy, Afi, Mi being the moan areas when the second 
point 1 'is taken respectively in OA, OH, and Ob’, 
lint Afi = M\, for to any point 1' in OC iheic cor¬ 
responds one 1 " in OA, whi«h gives tlio area 
O.Vr'=r OXY; 

theieforo M = - d/'i l - dA* 



1 

Y 

i 

X 

Y 

C 


A B 

l ig. 56. 


But 



IL .1 jVj =3 -i-; hence Af = of tlic whole .square.* 
108 4 16 100 


244. If two spaces A + C, B + C have a common part C, 
and M be any mean value relating to two points, one in A + 
tho other in B ( 7 ; ami if the wliolo space A i- B + C = ij , 
and Mtr ho tho mean value wlion hotlt points are taken indis¬ 
criminately in JV\ when lakeu in A, Sic., then 

2(A + C){B + C)M= 7 V^M,r+C^M -A\V,-/PJ/^, { 5 ) 

os is easily seen by dividing the wliolo nuinher of cases 
into tho different classes of cases which compose it. 


• In qu^sliona aa ihn al^ovr*, rolathij^ (o nrens ili'toniiiiictl hy 

akon ut ran<lofn in n trianplo oi* |»riran« l*)j;iaiii, wo iiuiy cron:4i*ItT 
xpinutoruli and ihf' pai'fill^dtj^jrarn stHaequuro. Tliin willaj»|M ar tmin oi 
[.Hijoidion ; or by di*foiiJiing llie tiinn^lu into a «i*eond liiaiiglo on (Ir* 


LaHj and botwcon iho i?arn« pm-.dlelfl, when it is ensy to see that to ono or man' 
raiidotii points in tho foiimTiln'io rorr^^Rpond a likosot in tliohittfr, drtri niiniii;; 
tlio ►ariio areas. Tliis second iriaiij^lo may bo niado to havo a side vi[U i\ to a 
rifle of an ccjiiilatoral triangle of tho sumo oroa; and then ho ileformvd in likt* 
niannor into tho cciuilaleral triangle itself. lake wise a parallolaginni may bo 
dofomu*'! into a siiuaro. 

[23 a] 




0)1 Mian Vafuo and ProhahiUtij, 



Example. 


Two ficpmcnts, AD, CD, oi n slrriiglit line have a common part CB', to 
lind the nii-iin distance of two points taken, one in AB, the other in CD. 

2 AD. CD. M = AD’. -AD+ CD-. - CB - Ad .1 AC-JlD-.-BD, 

3 5 3 3 ’ 

since the mean disUiuco of two points in any line is - of the lino; 

3 


llivrefore 


Af = 


ArC-\ CIC- Ai DD* 
^'.^D. CD ‘ 


2.}5. Tlio coutsidorAtion nf prol^Aldlit}’ iha}’ ofton bo mndo 
to assist in iletovmiiiiii" mean vahies. Thus, if a givou 
H|i!U:o ‘S’ is included Avilhiu a given space -•!, the chance of a 
P'liiit J', taken at random on yl, falling on is 



But if the space S he variable, and Jf (.S’) ho its mean value, 



For, if we suppose S to Itavo n equally prohahlo values 
‘S|, *V., tlio chtiuee of any one -iS'i being taken, am/ of 

i* falling on .S„ is 



now the wliole probability /> - -t ;>j + /), 4 .. .; which leads 
at lo ill'' jiliOY«» expression. 

'Die cliiun c of /ao points falling on S is 



Tn sueh a ease, if the ]U'ohahility he known, the mean value 
fidlows, and rin r<r.\(}. i'lms, we )uiglit find the mean valuo 
-f the distiUKT of two points A', F, taken at random in a line, 



Case of Tuo or More Imiejn-mlettf VonaUes. 
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by tbe oousideration that if a third point be taken at rando.a 
in the line, the chance of it falling between A' and 1 is - ; as 
one of the three must he the middle one. Hence the mean 

distance is - of tlie whole line. 

3 . 2rt" 

Again, the mean l^ower of the distance is ^ ^ 2 )’ 

^liero « = ivhole line. For if /- is the probability that n more 
points taken at random shall tall between A and , 

M (xry = «V- 

Now the chance that out of the » + 2 points A shall be 
one of the extreme points is ; and if it is so, the chance 

that Y shall bo the other extreme point is 


r,X\Mri,K8. 


r From a i.-int A*. tal«*n anywlit-re 
i„ a ttiatifflf. l.amlK-lt. ,ii« tln.ttn to two 
of til.' sidtis. Find tho iiuan valmj «'l 

thu ti'iiOiulu UX1 ‘ , 

If II Bfcond point -V bo taken u« 
nuulom within the ehance of 

nfem vnluo of ""7’ 

of AX'. Ilut Iho inciin vuluo of {V^.r 


C 



It 


Fie 57. 


All. 


+ VC) U - AJIC \ us the whole triune'" 

0,.,. 1,0 divWod i..to tiaco ooch ,„au l,y dnavins Uaougl, .\ u o 

Thus , 

M{UXV) - ^ 

1 f r/r in-AB For cr is the pume fraction of Ali that the 

Tho mean value of CK I *rm u > 

altil.ido of A' is of that of C: see Art. 242-_ __ 

. Tl,o triangle may to coooidorod ciuilotcaa •. .00 ao.e, A.l. = 43 - 




0 " JImn Vdhir mi'l VnihubiHh/. 



CuK. Hi-m c, if p be the pi ij-einliriilir from X on dB, h tlic altitude of 
iLf tii.nglo Aht\ \su get 

If tbo area ABC\\<! taken as unity, mo have, since UXV:AXB=AXB:ABC^ 

(AXIiy- = r.Y/'. 

Thiis till' mean Hjiiare i<f tlio tiiunjlo AXU is \ If t\V'> utin r [.uints Z are 

0 

luk» ri at i.iruLni in t)n Hi the t hanco of tc^ih f.illirg on AXif is thus the 

fcaiiie n'> tl^ai :i **iugh' jiijint falling on VXV; i.e- Ilcncc Jnuy ua.^ily 
inft r tin* Tul.^nin;: t}M’' t* 


i4l . ^ 


D 


C 


It iLnr [irnnlb A', )', / . r^M iki-ri ut niinloiij iit a ii h an even 

•!: iiiM lli ii ], / lull Oh onr of the triiiiiilts 

JA'A\ ./AT, j.Xi\ 

2 . In a I nall»:b»gMni .11:* /, ^ X ii, UiVru at 

runtl-iii iri tlif liia’i.'i*' ./an l 1’, in 

I' iin] ’la < ^ j! • • tnat A i* 1. ./Im i (ii.t n i . 

A// ?,oji/’inial : tin* . h inri* i> 

JJi'' ifi , r 4 mI / // a . J /• ' 

l»u\JHh^XI J , HU'l i:.«‘hi' Oi uKa ol A /'/ i‘ * ./'*/? 


\ 


; IniH i tilt is , 

O 


h 


/ 


3 taki ii at laft lojii on ,i lii mi l 

linra li*' ainsMi thiinijli it ir- ux ihf angh->, tu liiii tiiu 
hii’invaaia if tln‘Iri i;;;*!* /•//'. Mi;. Mnn>.n ' 


I 


Fig. s 8 . 


B 


ll \rill hr t'> lin.) t'..* un in ai. i nf the Irian-lr J/. 7 \ ami Mjhtracl 

liiM‘ tJT,a - i:^ >alm- 1;^ ;, j/..\ wr j.ut a. 0 , y fu. tiii* tr;an;^:i'S lJOC\ 

Jf*/\ I! i'tM^y tt» jn•I mI 


Ah; ^.ABC. 

,a ‘ J f -;) 

If «.• ]i ;t til" vv!i. :i' iij. I .//;r -. J, ar. i if 
i/.'' be ihi « Iti'iit [ti ti, at <J 


\ 

A 




> 11 


M .1/ I - ^ 


/I , 


lie ii •|•:^rlliu!l nd; ; ovor the wliole tiiangle. 


59 


I! I if/'. / ni. • . j.ip.n.liuilars fiom ao«i the sides f', tf, it i.m. be easily 

SiioM ;i that tilt* * . *i*iU »’i ihi* urva is 


jj. 'b 4 

** ,— • dddy 2Y^ ,’v, 

i-in I iranj ' • 


Case of Tico or More Imlepemlent Variables. 
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Thus the mean value of AEF bccomos 

r> _2Py,ltl.iy , (' (9 _ , _ log 
)o)o Ci-3)(l-*7) -'o 

Again, by Art. 95, the deanito inlt gral 


$ lot; g 
t - H 




therefore 


J 

(.-^) = j -3 


Hence the mean value of the triangle IJEF is 

10 - IT", 

that of Also being unity. « 1 ru 1 

It U reinurkablo that the same value, io-tt’, has been found 
to be the mean urea of a iriut.glo formed by the,intersections ot three lines, 
drawn from A, IS, 0 to i)oints tukcri at random m <1, 0, c rcipccliveiy. 

4. To find llio uve raue urea of all triangles having a given perinKtjir (2s). 
I5y Ibis is meant that the given perimeter is divided at random in every i^ssible 
way into three pints, a, b, e, and only thoso cases are tikcii m which </, b, e can 
form a triangle ; then the mean value of 


= VsV-«)(*A ^ 

iMgs Co. 

bui to bu found. ^ i v ^ 

Take AH ss lot A', Y be tlio two points of divuioii, AX - A 2 - y 

tbe&u aic bubjcct to the oondiUoii^ 


t 

IS 


Now 


X < s, ij > y - t <». 
^ = 7(i - x) fy - ») (s - 1 / + x); 

Vs 


Vi 


( I V(s-x)(y - i)(s - y + ^) 

J_^^<__ — • 

p(* ./J/./X 

Again, by Art. 132, we have 

(‘ V{*-x)(»-y + x)i/x 
Jy t 


w tO 

yios 


. 9 


lienee^ 


Monn ar^'a = — ( 2 ^)** 
105 



On Mean VdUie ami Probahilihj 



In the same case we should easily find 

Jlean snuare of area = —. 

* bo 

5 . Three poiiils arc taken at rundum within a giren triangle ; prove that the 
iiieari area of tlic tri ingle f -rnicd hy them is — of the given triangle. 

Call the area of the given triangle A, the required me-m : wo will first 
j'love tliat if M ho the mean area when one of the three points is restricted to n 
side of the gi\cn liiunglo, 

J/ = ^ Mo. 

4 

I* I receive un area hva^Ulinr; to it aii infinito^*imal band 

Ml. lutlfd l)fl\sr»*n lliu base a and a lino i*aralbd to it; llio incioaso i»rr»lu» eiJ in 
i!io sum nf all liiv caries is fouiid by considiring one of the laTidom ptdnU-V 
lakvn in this bund ; the a<UUuoiial vases introJutcd will be reproscnteil by 

Tluf wlvde innea^o is treble this, for we niu^t c^n'-idor also the cases when 
i\ Z fall in t!ii^ hand ^iho cases when of the three fall in it may be 
nv?1i tt« d, their nuiiila v Im iii^ pmportional to the squai'O of </A). Now the sum 
“f all \)\o (aiginal ra^'s aMT; hence 


A U) JA- 


M 


Nmw — fill all liiuiigles ti'^le, 

A 

Alt. -’i.t;. 

hciiu' -- </. A‘ = 34 ' M,.Ja ; . 1 /= ^ .If,,. 

^ 4 


B 



P 

Fig. bi. 


C 


liij, t ■ iiinl .1/,, ><ij| id'-r the r.ui ! in ji'diit ,\li.x<d at .1 [i.n licul ir 
/' i)f ill'- ri. ()if iiili'-i • i( J'. /. r.iai-ing all <iVit I lie 1 1 iant;]r. l.i t 

■/ he till- Ilf 111 valu' I'l J>] /; the mmii ot all lin- ca>'’^, vi/.. A.l/’, ni.iy be 
'a\ 'in|i 1 • 1 iiila thi. f ci-'ui.i : (t) when }', X iit>'in .11:D ; ( 2 ) both in17>; 

jj oil" 111 • .1 h tii.iiigii- : 


1 y ]\\. (1 , At*. 7\], nnd i?i (U'*o (^) liie mean vuhu' is the area of tUc 

lii.iri.’!'* ( »(:ji i| \.\ j If wiTri tin* i>f graNily v\ .\L*D aud JCV 

(Att. (/►t I‘h^ .»y ultiu.d** i*\ tTi inL‘}i* py ntnl we c» t 

No^s wlh n the point A talU on the ehanetit r/j*, ilu &uui uf all the cases is 




Cme of two or More Imlependcnt Variables. 3Gl 

AMr.fi; and benco, wbeti X ranges fr^m if to C, the whole sum of cases is 
leprcbcuted by 

flA* jro = J“ A* M-dx = ^ ^ ^ l'^"' ’ 

therefore 


aA^jro = (ip)’^«*='«A"- 


I 3 * 

Ilence ilTo = - A ; and therefoie ^ = ^ H 

Con. Uence, if four points, A, B, C, J), are taken at landom within a 
triangle, the chance that they dcterraiuo a re-entrant quadrilateral is For 
the chunco that J) falls in ABC is the mean value of ABC divided by the 
whole triangle, that is ; and we havo to add to this the chances that C f ills 

in ABI). &c. The chance that ABCH is convex is 

6. Thu ini ati lUsUmcc of thu vuiii X of a triaiiyle from sill points in the area is 
eriiuil to its dUlanvu frxmi Uio centre of gravity, tncnsurnl along a paraholt^ p<t(h, 
which leaves the vertex in the direction of one uf its sides, and rcauhrs the 
centre of Ki*HvUy in adireclhui parallel to tl;e oOut -Ihu axis of llio psvrahgUi 
being parallel to tho base. 

L.-1 an iuduliuilo line AI’ be con¬ 
ceived to revolve round A, from tho 
direction AC to AB ; and us it revolves, 
euppoiic that all tho mass of the triangle 
BBC which lies to the of it is 

transferred continuously to the vertex A. 

Tho centre of gravity of the whole mass 
will thus describe a curvo starling fr.mi 
0, and ending ut A. When the line is ^ 
at r lot tho centre of gmvily ho at //; p| 
and when it is in the consecutive pofiiti.iii 
AP', let the onlro ho at As the 

muss of tho triangle yl/’i''has been tr:lll^fclrcd to ,1, yy is iiinallel to AP-, also 

. APB 2 
^ AHiT ■ ' 

2 

iince- AP h the di^^laiice traversed hy iW centre of guivity of tho traiislorrc'l 
portion of the whole 

But A V is the tnuan distance of all points in AVt^ from /f, lh»‘ ijum »d 

every clumunt in AW* nmltipUcd by its di’^taiico fioiu ^ API'’ x 

Hence tho sum of all the olennuitM gif\ i.e. the wlmlo aru GA = sum of every 
element of yiUG into its dislaneu fi<mi divided by Die area APL\ i.o. tho 
moan dbtanco required. 



l>' V 


See Kankinc, AppPud Mcchanu^^ P* 54- 



3G2 


<)n Miau V<ihu‘ uwi PrubahiUt//. 


It is Ciuv lo show tliut i(^Tis drawn parallul to we have 

4 ^ 

3 ' 

ixi\ \ that tlu* Mirve is ilie paruljula lueutiouc’d ahove* For A anJ p are in directum 
witli the i ciitu of ^uivity of AMP; and hcure, since ff is the centre of grav ity 
of AMl\iUii uf a ill A equal lo AI*Cy 


A r 

2 

- i’ 

j 



and 


JS2‘ _ j_ 
2:/ T ‘ 


2^6. Tlio »-:il* ulatic.ii lA' rroLaldlitiis, wLon tliu number 
(|1 favourulili! as null us the wliule iiunilur of eases, is 

fiiiiU-, is not a Mibjuct for tlif Ijiliiiitesimal Caluulus. It is 
^vboll llie iiuiJiber ol cases «lu|ii i)(ls on oolitinuoiisly varying^ 
maj-iiitm.lo, ami is tln-r. riu-.. iuiinito, that rccuurso'lias to be 
liiiub- lo llic iiicllunls Ml ill. Inloi^r.il Calculus. 

i lio saiiic iciuat k applies hero w'bi' li n’e had occisioii to 
iiialo- a> t.- mean xalius ,A\\. -37). The value of the pro¬ 
bability n J 1 d. |.i ml .III tiiv hnv aecurJiiig to n-hicli we select 
the sej'i. s ol , which w.- lalie as /vyov sea/hn/ the total 
imml <1 lliat is, it will depend <.>n whidi \'ariable (or varia¬ 
bles) We suppose to be lak. ii -it tiiat is, to l>roeeed by 

e<.nsl:nit inlinitesimal imreiii.-nts ;* in otln-r words, lo be the 

variable [or variublesi. Tims, if we have to find 
the elianee of the line, <lrawn Ironi a Jixed jHiinl to a *»-iven 
(niile stiaijt:)ii line, eM-ee.lin.- a M-iv^.n K-iii^tli, the residts will 
ilillori lit il, lirst, ^^uj»posi' m of linos dnnvu to 

I" :nls taken at random on the given line, or. seeondly, a 
seiies of lines drawn in r.aidoiu (/mv/ious from the fixed 

)‘'‘int. Jn many ea^.-s, however, the ].roblem lias uii obvious 
sense whieb joeeUides any sueli uneertaiiity. 

r.]7. Let ns eon^ider a simple (pmstiou on chances. Two 
inl.g. is are dies, n at lan.b.ni from o to 6 inclusive ; to find 


r. an ?*.. U- r..n.l..in f...r a variable do not 

rt .h i,„,u ui. . t,u -..a.. :. ,.t M.i.s: th..y iiooi give a iiumbor of poinU 

, h T'\ unifTiu d.-u»^(y, they ,,.av bu lakcu, 

I I u,i I t.ip' ol ciUi tilution, a« cqui-.laK'rvnl. 



J^yobdhUitii'^* 




probaUe, is easily seeu to be 


1 -t- 


6 , 


2 + 3 + 4 + 5 '‘’ 
and Ibe number of favourable oases is 

4 + 5 + 

BO llial the required cliance is y 

If howovor tl.e question is not conCiied to iutegeis but 

that ti,c two numborl eboscu may have “’'.V ^ 

from o to 6 ; or as wo may “{m cbauoo that 

titles are taken at rand-jin froiii o to « , . __ 

ilie L^rcater of the two is loss than a given \alu(. b ■ 

1 .t i- bo the uroater; tben fur any assignt-d value ul . 

greater falls betweou :r and x + (/x is moasuied by 

x</x; and the favourable 


whole number of cases is therefore 


cases are 


6 ^ 
x(/x. The required chance is ibeiolvue j' - • 

« t 9 \ 


rO S' I ^ 

Tlaslitunco willsorvo to show bow 
may enter into the estimation of nnmu'm a- 

luiglit easily be solved otUorwise , foi \ 
considered as the distances from one en 

l.oints taken at random in a hue of to 

measure a distance b from that end, the p ebunce 

iin.l the chance that both points tall within b , which cUuucc 

is evidently —. 

248. AVe proceed to give ^^'^f^Vihoirsolutioii, 

bilities ; general rules can hui-dly bo which may be 

the number and diversity of 

proiioscd being so great that no a e 1 , theory- ^Vc- 

made to classify or connect them in P (Joometrical 
will give, in particular, several on Local or Ueomau 

Probability. 



yU4 


On Jlmii Value and ProbabiUfij. 


>T0 


Kxami’i.e?. 

I. U an event It is known to have ociiinrd in a certain ccntnrv, the chance 
tJi.it It nut ihstiiiit mure tlian n years from the middle of the century is of 

^ mo’ three events, IS, C, are known to have occurred in the 

century, .•md that A preceded IS, and J) preceded C, let it be proposed to 6nd 
Jiow far tJii.., nmonnt of knowledge altn s the value of the cliance for IS, 

;.f .1 ■ ye^rs from the beginning of the century to the 

event y. then, for any assigned value of x, the number of triple cases is 
jr(ico-a;. heucc tlie number o( favourable cases divided by the whole number is 

1* 6“' N 


P = 


II 


.r(lOO- 


_ M / « 

^ 100 ^ \ 100 


)• 


(lOU - 4) iti 

4t 

2. Two mimbcrs, r, areibu'.n ni random bitween o and a: find the 
rhiiii. r tliat the pro<Iuct jy slmll be less iJiaii tie ati value). 

Here „ _ 

^ ■■ ■ ’ 

ti.o inl^'gral hmug by u > r > o. „ > > o, and a-// < We have 

4 

.n.or,li„):l 5 - u„ f,,,,,, „ „ hou . i, Ulvv,'.... c. ami ' : ;md from 

<f , 4 

too. j m bvtw.en - aii-l.i: Mmjh 

4 

a 

I I (0 <0/ = I a,fx 4 I ~ " 4 - 


>/ 1- 


i) 


lienee 


I t . 

/I = - 4 1,,;. 

I 2 


15 


D 


I 


/ 


>i 

C 


4 

/ 


/ 

/ 


/ 


/ 


v; I" fi.'.! Iliorhamo 

lli.il llJ It 01 ... I e.\. Ij^il \,.h„ 

...•-am . 7 ."'. 7 .; tua.;nr.in...l-ls f.om one end of .be 

"" .. . fit j, p. ii.t bik^j t,t .. 

in 11 uli.,si '-id- is 'Jims to i\i,v «as.. 

"t paii.ic ii i.f till- line cou. j,, l),.. 

Miuati - -I. Ii poinlsb-int. unit,.,,„|vjy,ir„ite,lor. r 

rH Mufa.' 

lliii.-. It in fbe ai.r.ve ijnc'-fii.ii fbi lb 

• 1 lam .-I of tl|.^ tw„ points, from me of fl,i. lin-^ 

'/ bring gr. alor than r, we Ima.- fo lin.] the . b.nue 
of o-x ex, e. ding e. 'J 1 ... point I whoso eo- 
rTdirmtes aio x, m the ^4Uare Ols (side = n) 
nifty take all possible positions in the triancle Obi/' 

itnocj'nditionis imposcdon it. lhitifv-x>f 

then if we measure OH = tlu- favonuibl.. c,me 8 Fid. 63 . 


O 


A 
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occur only when P is in the trianBlc Bm-, hence the ptobahmiy rciuirci 

liHI f^-‘V 

^ = [-ir] * 

In fflct this is only ptrforming tlio integrations m the expression 

i;P'’ 

P (afv 


. Two ynin.a being taken nl .nn.l..n, in a line a, to r.n.l the chance that 
one of the ihwo segments sKnll exceed n gfc\^ Z K ^^ 

Viie seginouts being as heforo, x, y ” " I'’ ^ ^ I z 

I>j[ = X, P/C = a - y, /'/ = y - *■• A V / ^ >„ 

be two cases.'-' ■* _ y/ 

{!). If takeOir=Pr=i).^=i'-‘V = c: T ^'y\ 


then it is easy to seo that the only ' 

cases arc when Pfalls in the hexagon 


Pi = 


ouv-i.ujjz 

OISD 


= - 3 C-f) ■ 



Fig- ^’4- 


(a). If a < la; take OU ^ BV ^ c. a, hcfo.e; then the only favou,able 


cases are when /' falls in the tnanglo liSl ; 


B c, K Z 


therefore fij = 


RHT 

TSui) 


ic - ay 


)■'- 


/R / 

since RST = ^ RT\ and RT= rr+ RH- F/i ^ ^ 

8mh cases of discontinuity in the funt4ions c 

cxprchsing iirohiihilitics ficquoiitly present them- /___ 

selves. 'Iho functions are lonncctcd by ver) \ 

1. markable laws. Thus, in the present question, 
if =/(f), p* = wo have 

f{e)-f{a-e) = R{a-e). 

is ruled with eouidistant parallel lines; j';;;;,', H;;; 

distance between each pairAcing. th.own at ^random on the lloui. to tm-t 

chance of its falling on one of the lines {IJu^on s h .«t lin«' 0 the 

Ul X be the diriance of tho ceiitrejif the_rM f.om 

inclination of the rod to a perpendic^ar folhe ^ ’ r , « i„.ikni n theiv 

of iho parallels, 2r tho length of rod; then a« ah values of x ami (t la lu ct n m 
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(■xtrrmp limits aro equally probable, the whole number of eafcg will bo repre- 
st JitoJ by * 


pp 

I T "= ir/i. 

• 0 J’ ^ 


.Nmw, if iho rr»il of il,.^ !mc-, uo ^ e >-: so that tbo 

t:tv<»MriiMu ciu»c3 Will bo iiUM-tin •! by 


A-i; ■ 


i/X = 


Thus tlio pmbtlKlhy roquin^l ia ?=: —* 

Tins liue^fii.u is remarkable n? luivinj; been the fimpre poari l on Iho subject 
noxr nil.cl K^raLlV-l’ ibiiity. It has been pii-posej, as a matter of curiosity, 
t.i -ho v ,I.,e ..f^fiom lliH icsiilt, by Mukini; a 1 :.-e minibiTof trials 

« III. a r .1 nt (.•n-tb 3 . : thr <11111, 'uliy, howevr, li. i e , .,n-i>ts in ensuring that 
tc- ri.il ylia 1 f ill r. a..\ at i.iTeb.m. ’I'lio cin-tiiii-taii,'. « ntulcr whi-'h it is thrown 
iniy .f m i.- fav..u.al.;.> to ..-rt.iin iia-ition- ihoi-l ihaii others. Tle.ir-I, no 
may be iiriabie l<. t .ke ,e r..i,nt ,i en-ri -i the . .ilso. of mi. li u temb ney, It wiil 
be mine! to reveil I.-, If tbr..!|eh thc i.icHum of reju-atcl triaK- 

2.19. Soninfiinoa a ro^iilt doponds upon a variable (or 
varinblos) all tli.* valiios ..f wltiob tiro not otjually prubablo, but 
aro .su<-ii that (In- pn.liability of a corlaiii valun for a variable 
tb pon.ls, nrcur-liu- to .semn law, on tho iiin;>nituiIo of that 
value Itself (aiel uU... pn-haps «.u tho vahiesof o'tlior variabU's). 
IliiiM a point luay bo tak.-ii in a straight line so that all 
l>n'iti"iis aiv not e-iually probable, but tin- pvobabilitv of tho 
-iistaiieM Ironi ono on.l having tho value r, l-.-itig proportional 
to ilsi.li. Tins vvouM 1.0 in faet suppo.sing tho series of 
I 'lnls in .juosli.m a.s ranged along tin- lino with a dcnsil// 

to .r: as, e. jr., if ^v-re the j.rojeelions, on 
J'"' liiiM ot points faln-n at rainlom in the spaee between the 

lin- and nn-.tli-r lim- drawn through one of its extremities. 

I " givo tin e\anit>h' ; — 

I u*. p-.iitp ato (akon in n line </, with probabilities vary¬ 
ing as llu- distane.? from one .-inl A ; to (ind the ebaucebf 
tlieii <livt;infi* exi't f’ling a length <■. 

I^et .r. y. be tin' d'i^taneo? fnim .-f, and suppose 1/> x. 
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Here tlio probability of a point falling between x an^l r + dx 
is not proportional to dXy but to xdx ; and tlio residt will bo 


P=' 


a ry-c 

ydy\ X dx 

e Jo 


ra 


nj 

ydy xdx 

J 0 


c \f C'* 

= I ! + — I- 

3 a/ \ a 


Tlie mean values of the three divisions of tlie line, in the 
same case, will bo found to be 


8 4 I 

— a. — n. -a. 

15 *5 5 


The above value of j) is also tho value of the chance, that 
the dijl'crencc of the alfitndrn of two poiutn within a trianf/h' 

shall exceed a given fraction - of the altitude of the triangle. 


Examplm. 


I. Two points being talccn on tho sMes OA, OTi, of a squiirc «•, the chance 
of their distance being l oss than a given value h is easily seen witliout call ula- 
W t 

tion to ho —, providcti 6 < ; as it is the chunco of a point taken at rand«»iu ia 

the ^rjuaro fulling within a quadratd of a given circle. Suppoj^e now that (tco 
points are taken on 0//, and two on OHy and that wo tak<j A', }\ (ho two point5< 
furfhtU from 0 on each Hido^ (o llnd tho tliaiuM* that their di,<tanre XV h'S^ 
than a given length A 5 {h < a). 

Hero the prohaliility of X falling between x and x + <lx U proportional fo 
xdx ; likewise for y ; heneo 



j j Xljt/Xlftj 

j'' j" si/dxdfj 


the upper integral being limited by -j hence /) = —, 

2/1* 

Thus it ia an even chance that tho point d<*(/*rmino<l by tlio cotndinatoi^ r, ft 

ihall full within the quadrant - ira^, 

z 
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2 . In a circular target of area A the area of the buirs eye U a. If a 
shot is heard to strike the target, the ebanco of its hiving hit the buirs oyo is 


of course —.• If, however, <iro shots have been fired, to find the chance that 
A 

the tlio two lias hit the buH’s eye. 

TlTis is oiisITy solv I liy rlfinontary <-nnei*K-nilion3; fls tlio chance of both 
Hji'iiw tho huU's eve ia 

licneo tlio loqiiiied chunco of tlie bofl'ehot having bit it is 

IiOt it be propo^cih however, fo hnd tho ebanco of tho boSfof the t wo_ 
si hits (i.c. that nearc>t the centre) having hit any given nrea n, traced out on 
ihc laigt t. 

The number of coses in which the woi-st shot falls on any element at a 
distance r froiu the centre, is nicosui'ed by rndS ; hence tho chance of tho worst 
shot striking the area u is 

H r‘rf*V (over n) m 

^ I I r^tl*S (over A) M* • 

whero .V, m are the moments of im rtia nf .f, a round tho centre of tho target. 
Nuw tlu* pruUihility of bulb sliots missing is 

{-rr^ 

honco that of a being Jut (by ono or both) is 


- (^)’ 


O’ 


and the chance of holh hitting it is —. But tho chanco of a being hit is 

ch.inee of host + chance of worst — chance of biith ; 
lionro if he tlio u ijuirej chance, viz., of the best shot striking 

i>i tv / A - It n m 

17 ■ "'" ( .^) * ~ 17’ 

wlicre ht, ai«* tho inenociils nf inertia ahove. 

tti', ue miLilit have coh'^iilered tho nuinheruf in which tho best shot 

I lih on ilie elriiienl J.V, viz., w{li' - whoro U = radius of target. This 

Mjeild h ivi* civen the repiirod piobahilily 

J{*it — m 

7c-,d-17’ 

\s Ineli i.s easily sho>sTi to be idi iUii al with tho above value. 


rf- 


• rii d iy, dl-iogarding the otrect or the nini directing it with gn^ater proba* 
lalily lo Im* rent re tA iln* lurgit. This would bo pmetically coirect in tho caso 
I'f a very had inai k*^iivui, whu fitajiientlv ini'sos the target allogethr*- 
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250. Cnrve of Frcfniency.—In questions relating to 
a variable, the probability of any value of which is a function 
of that value itself, it is often 
useful to consider what is called 
a curve of frequencu. Thus, if 
the probability of a given value 
of .r is proportional to '/>(•«-•), and 
we draw a curve y = 
then when a great number 
of values for x are taken, tho 
number in any element dr is 
proportional to tho area of tlie curvo standing on tl.at 
eloment ; tho ordinate at any p -int P ivpivsonting tho 
density or frequency of tbo points at P tho abscissas ot all 
points taken at random in tlio area of the curvo are equ illy 

probable. , ^ , . .... 

Thus, if two points X, Taro taken at random in a straight 

lino AB, and X means always that 
nearest to A, tho curve of frequency 
for y will bo a straight lino tlirough 
A ; that for X a straight lino tlirough 
B. This will often simplify ques¬ 
tions : e.g. suppose wo have to (iml 
what is sometimes called tlio nwht 

prohahle value for Al', i.e. such a , ^ n 1 . 

value AP that A Y is equally likely to exceed or to fal shoit 
of it. »Sinco tho curvo of frequency for Y is a line ^ 16 , 'vt 
have only to find P, so that PJ) bisects tho triangle ABC ; 

i. 0. AP = bccauso as many values of A F exceed .J P as 

V^2 

fall short of it. Tho most probable value is not tho moan 
value, viz., - AB, being tlio horizontal dhtaneo of tho centro 

of gravity of yt/iC, from yl. , 

A point y is taken at ramlom in a line AB - a, and 
thou a point X is taken at random in AY (or a rod may bo 
butuioscmI broken in two at ramlom, and ono of tho pieces 
tlien hrokon in two), to find tho chance of tho lenglli of ylA 
fulling witliin given limits. 

[ 24 ] 



Fig. C 7 . 



\ h 


Qji ^fcmi (iml J^rohiihihtu. 

Let r, >j Lo tho (listancos from A ; f-.*r any assigned value 

(if //, tho chance of X falling lji-f\v<’cu r and x + (fx is — ; 

hence the cliaiiee of X fulling belwc u 
./ and X ■! (/x, and of V falling I-lUvc-cii 
y and // ^ d.'/, is measured by 

d.rd// 

(/// 

lieui r ill'- wlol'-’ chaiiee of X falling 
bvtweeli X aii'l .»■ h dr is 

(/f i ‘ t/'/ - 1 

' ■' . lag X, 


1 / 


.•r 


V 


L_ 

A X 


B 


Fi^. as. 


if ibr siiiii'H'-ilv we I’ul (/•=!. . , . 

Tim- tha curve nf li-jU' ucy b-r X i- a leganthmie curve 

/yji, wlh'^e ol'liiiak' is 

c = - log X, 

llir fi. riU'ii'-y at A b' ing iidlnit' ly gryat. 

'I'll'- ai- a"l‘ tlii' cuivc fr-ni t' b) x is 


X I'lg - ; 

;ii;d this is 111'- I'l.'l ability of .1X1'-Ing between U and.r; 
th" \\li"lo av. a, wbrii - ), b.-ing i, a^^ it ought to be, sine© 
il is (ortain llial X falls uii . 1 /*'. 'I'lie eluuiee of X fulling 
1 " Iwt '-Il gi\' n linills r\ is of curse 


.r'lo;:- 7 -.i log-,. 


T'l tiii'l till- /and i nd-idd' value of x w’c sb*-ul'.l have to 

S' 'b 1 li'- ( "gial Joli 

./ (1 - I'lg .'■) = 

'l ids gives ub'.iUl "le liilli of the line ril). 
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The mean value of -c is 


xz<U 


f zdx 

In 


= one-fourth of AD. 


This last 

tl,0 lino et .1 lho.ugoes ll.rougli tko 

I; S-r: r “■ 

values heing AD. 

Kxami’M-s, 

1 1 nup of tlio v:""!«f»K«in divided at random . 

, A lino U dividod at random, and S.l.o ila^rts >liaU exceed tl.c sum ^ 

'77 

M„lh. Tripos, 1854 .) ^ ^ i„ two asagued edemenU <tx, i .-/ h 

Tlio i.rolinbiUly Uiat A, / snan uc 

-•o (Uking'‘= 0 » jidij 

T„i, ,.i,.vc„n,i Wi,.g wcgr..ca 

of -V, ebemg fam.l pn^ ^ 

[„lor i..to Iho f„;;„,, i„ 0.10 of IhOiO pono. 

'’'“'I'lahoVrcso^^^^ ’■’I '- 

‘ -Y^T- 

x<-<v<'f «>y-V 

2 / ’ t• ^ .s ^A 




llcnco ^')j)y -4 y ^ .. 

* An urn contains a lui^o number of Ua^.k 1 * ^ 

- ^A?u,o,'.„.bo. of 0 .. 0 W 0 . 0 ... ., 0 . 

bflw.fcn given Ijro^ ^ if --- 

'riio <iuf3non will uot l»o “*>'• . X \ 

* u tl.n Ii iUh rallied in «v lnio ^ 

£'Hg!:rorp.in? X ^ ^ 

th?n m +« r«‘"^Fig-^ 9 - ^ 



( ^ 




. • O , r i 


|. f EJT-*-}-*^-**!*•) ' <'■* ('--f ^ 

u' • 

r^ j^*"' ^i**-**--** 1^9 
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- ‘■^1'^^ * * 

liv^iiiiiirij; from .1, tif //i -j i* + l points falling at random on A7>. Tf AX — x, 
AM = I, tho uunilui of eases fur X liclwteu x and x + rf- is mcasuicd by 


L"' 

[„. I« 


x"'(l - 


llei.ee tbe j.rolal.ililv li.al tbe lati.. cf U.v wliil- b.tlli it. tfie um to llio 
mMo niitiJ u- lies liiw' n aii\ t\»u fiven ku.il a, ^ -llialij, that ibe liiiluniO 
liuiii -/ uf Uit* {*01111 A li*. • ^ 


( 

I j"' (i - 
n 

j a - {I - J ," <ij- 


. >t» 'i 


r'“v'^ 111'; an It c/j'u jiuuty lor tlic ) oiiit .V will b'- one whoie e«inalion is 

I, = j'" (i - 

'i i:e 11 1 ixi muiu oidiniite /I'T oesui? at a jh*ji I J\ divaliiii^ .IM in tli ■ ratio 
III : I . I liis is of < '"iiie wlial we sljoaM ■■.vpi • t: tlie ratio ol the iiiiiiibers of 
1.11 1. nr;d w l.il.- 1 ..K' i> iiiop- likel\ t" be tint i f ilm numb- r.-^ iliawn of lueh 
111,111 aiiv I.tli' i. ’ll.' Mihu foi ; .ib-.ve is sliiij-lv tlie aie.i u1 liie above cuivo 
b. u. U.e v..hKs p. '•! dni.leJ by tbe whole nica. 

flat lu siij i-oe, tor iii:1aiue, th.il $ while aa-l 2 Ma-.k balls li.ive been 

^ 2 4 

ili iw 11; '.n fiU'l ‘li.' <h ii'Ci- llial t:," plop itioii of w hite balls ii b..'!wc’' n - tiJol - 

1 f tli. wl.'.’i lha’. i-. lha'. it ililVels by le S than s _ fvjui i'.S llln>t natural 

5 S 

b: 11 II 


X [I - j) '/x 

=-5'' *S , -1 
_•. . ——— = - - = —, iieailv. 

J » t • ^ r • J 

I (I - a.-'/a- 


'D.t Mill iqi 1> to any cwut ib.U iiiiusl U\\t\ out in one of 

ls\ti \\.\\^ wlu'li uic ijii.tu.illy i-mIu'Im*, ti.i- Vcinp tho \\h'.»lc of vnv d 
1 r • Milh (o u—^th'* i<i io thf Miiih 01 vLilc IuIIj* the 

Mh ^ HUM..hit: iLi' uaI jui'l «ld:ity of cilhtr ONcnt, mouH ho 

1 hy an miu.hti oi liiaL. Wu will giu* ouc luoiv CMimi'lc of 

t).t • .KUA lau'l, 

3 All luli II* .1 wr liri.t*' ii’i i failnl tt in r;i ' n To 

I 1.1 Ua \ \ 1 at iljt\ tt.al, on I y I'otlivr it )ia|<j'i nUnud and 

r I 1 7 t’l.i . 


• Kni a ‘imI Ml of J tu' , Old ot \\}V tu -i falling on-fA, tho 

] - u 

• 5 -y *• • tiif Jlhll.Vcl Ol ^lub Stiff Ifi » 

L^lj. 
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That i- that p + q more points being taVcn at rnn^om in AB, p .hall fall in 
v’in liL The M nuu:he.- ..f cases >s as bef-ac. 

. i'l I f' 

I / — p - — I r»» (l — xV*^^- 

I_1 - xVv/x =•,—1„ i * / 


L'” L" 


j.,.(i_rVv/x=-r I 

0 


When any ,ar„V„!ar «< of p poinla. out of .ho , . , n.Wi.ional t.ial., fall., in 
AX, tlie uumher of favourable eases is 


TiFL” 


x*'»*p (i — 


1.2,3... > > ( 

Dut the number of/ifferent sets of p points is ,33 

/ 

/ ^ ^ A 


1.2.3 


Hence the ptoUhility is, putting as before [p for 

[ P-^g jg ^ * 


p . t 
• • Pi 


2 . 3 • 


Pi- 


w— • — • 

L£Li I x«(l-a)"<fx 

By means of the known values of the.o definite integrals (p. . 17 ), 'vo find 

\ p+q g [m+ »J_i 


Pi 


|7I? * L'ilL- 'L’!!±!LlJi±^ 

For in.U.nco, Ihe’chanco .hat i.. one furthor l.aal .ho event ahall happen ia[. 
■ Thi, is, asily vcriBcJ, a. the lino J fl has Icon divideJ .nlo m +,. + = 

_ .V • f> __ iMn) 4a 


M + 1 


ir the.«+»+. ■ pf if if 0,^^;^' i^y^Si 

fiaion i “a„d"».T;“ eSns out of .ho en.1,0 na.uhcr arc favourahlo. 

4. Traeo Iho curve of f^ney of Jho.ral!0 j . a and J bo.ng nua.bcrs .ake,. 

ftt random within the limits ±1. Y 

If wo uuasuru the values of 
tho ratio us abscissas along an 
axis OX, and make OA^ j; 

then tho lino M'lioso ordinMcs ^ 
arc nroiioitioniil to tho fie- 
qucncy will he, for vtaacs of 


VI 



rig. ;o. 

- conilJriavu uvwf.x.%... -- 

1 . the s.raiehl line JIB-, but, for value, hoyoud ihc.o Irur.ts. aril consrst of 


? tompriacd between ibc limits 

b 


the arcs BC. JTC’ of the^urve = *• ^ 

,t is thi-autv’errHkrrc'o .hat tho ratio Ue. i.self between .ho l.uuts ± .: 

Uri. would also appear by a co.u,lraetion such tha. given to ^rto ^ ^ 
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wT * 




251. Errors of OI»*<crvalioii.—One of the practically 
7no>;t importnni, as well a-^ tho most„di|liiiult, departments 
of tho tiicorv of Proliahility is tlmt whioli treats of ICrrors of 
Observation. Wo will give here a!\ exiimplo of tho simplest 
(h'.sorijition. 

Two niagnitu'los A and /» are inea^nred ; eacli measnre- 
ment being Hiihjaet to an error, of excess or defoet, which 
may amount to t «, a ll values h>>(,ween tlie.se limits being 
siipjeise*! cfin ally p robable.* determine tho probability 
that the errm- in t he .<^11111 , A t 7 >*, of the two magnitudes, 
shall lie within given limits; also its mean value. 

'J’hus the angular distance of two objects A, C is some¬ 
times found by measuring the angle between A and Bj an 
intermediate object; and afterwards that between B and T, 
and adding the two angles. If each measurement is liable 
to an error ± 5', all values being equally probable, to find the 
probability of tho error of the result falling within assigned 
limit'^: its extreme limits being of course ± l o'T) 

^riio question is moro ea sily comprclionded by means of 


a gcMniftricnl construction than by 

inti'^Viition. 

Take AJi - 2it ; then all tho values 
of tho first error are tho distances 
from (> of ]'oinls 7 ’ taken at random 
in .//>; positive wlieii in (f/>; 
ncgalivo when in (Ki. !Make also 
A II' - 2« ; the values of th'.* SL*coud 
error are given by ]ioin(s in A'/i'. 
'I’aho any valuc.s, (> 7 * -- x lor llio first, 
op’ - .r hu- tlie second : these values 




K 


A 


; 1 

P'; 

I 

->■. 

J 

0 

t 

V.\ 

1 

- i 


B 


I'k'- ?'• 


taken as co-ordinates dotermiue a pi*int T’’eonvsponding to 
one case of the compound error a-a /; and such points V 
wilt hn uniformly distributed over tho square //TT. The value 
cif tho compound error t corrc-ponding to the point V is 

c = a; + .t' = OS, 

if r.S' be drawn at 45'’ to the axes. Now all values of the 


' 'I'hi- •'ipii .i^ition ititisl not bo tftkon to bo prin tically • t.rn-i t. Tlii'Thi '>» y 
"[ I'.i I •! tluit tlie pr«>b;il)ility of an oiror of ma^nituilu t is riroiiorliiokal 

H t*- l'>f* 
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= r y -wliieh cive x tho same, give the same value 
errors r, x •wmcn jj. to com- 

S-i Jr. :f =f "-3 3., »J 

area of this .infinitesimal strip is evidently 

(2a - s) 

Uenoe the probability of tbo error being between 1 and 

' + (21. - 0 

/; --• 

Tills bolds for negativej ndnas^ provided we only consider 

-^h“tri7enc7of an error of magnitude s = OS is 

to J/ llie intercept of a line lliroiigli S sloping 

proportion^Uo J^^^ili ^ l«t^ any 

at 45 ; . 1 , /.O' :g found by measuring those 

Six 

± a (those of the two compoiioiit errors) is 
/' The mean value of the error, strictly speaking, is 0 ; but it 

•1 TfriaTfor Oiis purpose wo ouglitlo coiisuloi ucgati\o 

isevideutthat lo ll.is pnil ^ 

aiXietVrvtlm'S of all the mrors, wliicli is tbo same as tbo 

reffuired is ^ 

Jlf (c) "=• ± — «• 

3 

Tbo ^ proba ble valiio. such that it is an even cbanco Ibat 

tbo error exceeds it (since tbo triangle JKI must bo i of tbo 

whole Mpiaro, for that value of^O.S), is 

± «(2 - \/2) = ± .586 n. 
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On JfZean Vnluo awl TrohahiUbj. 


Lot il be now proposod (o liiid (Iio jirobabilitj of a given 

/ error ij^tbo A aud /», assuming, according to tlio 

,l!.-tiie probability of an error 
,*( nel ween ./• and .r ♦ i/x in e-il)n^r is 


* 'T: , 

P ~ —7=. c lU '; 
cv n 


the coeflleieiit —- being detormiuod by tlie necessary con- 

CV TT 


« V #1 

dition tliat the difl'erontial, being integrated from oo to - cc, 
must givo iiiiily, as tlie err.-r must lie belweou tlieso limits.* 
ItefiTriiig lu tlio above eon.slrn.jtiou, the uumbiu' of valtics 
of the liist error Ijetweeu .v and r + t/.r being proportional to 


e il.v, 


and i\vi number of v:ducs of tlio second error between / aud 
+ (/.r being proporlioiial to 


c dr, 

tbo corro.si^nndiiig number of values of tlio compound error is 
proportional to 




V '' d.rd.r'. 

Hence llie number of poiut.s, c.nr.'-sponding eaoli to a case 
«d Ih- compoiihd error, in any ek-nienf .AS oV the i.laue at a 
uisiaiuo r Irnm (Up origin, is lunuMiivil by 


^ ' f/.S; 


whi.-h shows that thr. puinfs Imv tlie same density alon 


- 


auv 


* It n ofyiin.,. ulj^uol t.. comidur iiidriito values fur an fiior: but the 
|um. .0 toLuimhle ^vilb its anunplote. the axis .,f x 
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Ei'vors of Ohnevvotion. 
circle whose centre is 0 . Now the inohability of tliis com- 

pound error being between c and € is proportional to tin* 
number of points between//and the consooutiyt* hue; making, 
as belbre, OS = e, Tmt this number is tho same 

as when the strip JI is turned round 0 through an aug o ot 
45°, because the points lie in coiiconlrie uuvlcs ot cHiual deii- 
sitv. Hence the number is proportional to 

« r“ — f \/rr - , 

“20* .-[ t? dx = — ■r=- <' di, 

rr * ^ 

as the perpendicular from 0 on Jl is 

Thus the i)ruhuhility of a compouud error botwcou t mi.l 
£ + (/e is proportional to ^ 

/ ; 

and as this, when integrated hotwoen the limits ± co , must 
give the probability i, tlie value ofis 

p = --r=_c “■ r/c. 

C^/ 2Tr 

It thus follows tbe^anm_te as the two component errors. 

c-v/2 taking the place of 1 i .• -1 1 r 

*“^2. Various avtificos have been employed lor the solution 

of diiferentinteresting tiuestions on Probabihty, which would 

bo found extremely tedious, or impra.-ticahle, it attomptci 

by direct integration. Por example : 

Two points are taken at random withm 
a splicre of radius /•; to find the chunco that 
their distance is l oss tiiau a given valuer 
Lot F = Tinraber of favourable cases, 

'[y a= whole number; then 


F 


4 


k 3 



Fig. 72 - 


Let us consider the diifciential dF, or _ 

the additional favourable cases inti^duced by giving r tie 
iuuioment dr, c remaining uiicliangod. 
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On 2fean Vnlup and PrnhahiUty. 


If 0110 of the points A is taken anywhere (at P) in the 
infinitesimal shell between tho two spheres, then drawing a 
sphere with centre P, radius r, all positions of the second 
]joint, //, in the lens AV> eonnuon to tlie two spheres, are 
I’avourablo; let L = voluiii" /•.’/>, limn tlie number of favour¬ 
able cases when .( is in tlie sliell is 

^Trr^/r. L : 

'loubling this, for (he eases when /»’ is in the same shell, 

ilF= Ldr, 


Now it may bo easily prove»l, from the value for the volume 
of a segment of a spliere, that 




27r j TT C‘ 

T‘' ’4^’ 


linilf' 


fO 


9 o 


(' lifltig an unhnown constant; i.e. iuvMhing hut not r; 


lloTfb *ro 


/•’ 


f; 


.3 


/• -- 


ih 


..J 


T y 


g 

I 0 * /•* 


0 0 


2 


Now tlio probal)ility = 1 if r = - c ; 


th<Ti‘l"ro I = 


g n 

S - g f - X 64 


.0» 




. 4 . 


b 4 


hence 


r 


g f 


.4 


I r 




16 \2 r' 


If (he (wo points bo taken \yi(liiu a ciir/r, instead of a 
siiln-re, it may bo proved by a similar process tliat 



•> 


TT 




siir' 


c 


r 

47 r 



2 r 



379 


P 


Errors: of Ohservafion. 

tlie circle is, . n tj n 

2 . segment EQD + segmen^i JJ . 

^ area of circle ElID 

and also, in the case of the sphere, 

2 . volume BQDjjmlumeJ^ 

P “ volume of sph^e EIIB 

them in a_direct_waj. 

Examplks. 

. :*k;« « enlipro to find the chance 

u U O....V to 

that llio radms of t 


As tho piolaXibiy is the pomU u. fix- .1 on 

BCC that wo may tnk® tho prohabUity of an acuto-ang od triangle 

the surface of the sphere. 'Ability of an acuto-unglcd triangle for f«/* 

in this case, p will nUo be the piobabifit^ 

pfwiUon of tho farthc•^t „o rcUriaion U put on any of tho p->mt^. 

llcn. n p wUl bo Ibe „„ tbo siirfaco of the sphere; two others, If, , 

,, i,„ UUu„^«t mnto. J., u.is 

throe. , - ,.„ iVintyl is obtuse, let U8 fix 

tho clianco required is 

vol ume of segment AIIV 
volume of sphere 

, jn o = /OABi then the volume of tro 

Ut r bo the radius of sphere, ^=AD.e L 
AUV 

^ ,,-3 {I - COB 0 ;* (.2 + COS 0 ) ; 
thereto™ »liOn !> i. nxel t''” 

J(l -<ob0 )M* + «‘^®®1* 



m'^ 
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380 On Mean Value and ProhabiUlij. 


Now let li move over llio whnlo volume of the sphere, ;iuJ we have for Pj, 
iho pix>laLi)ily that A is obtuse, 


i J * tr .1 




I fi'oce 


(2 - 3 cn 3 d f 


3 


i'A = 

*o 


(2). T.) fin -1 the ehanc-', Pn, that fi is obtuse. Fix B as bof-.re; then the 
< liHiKO lliat B is itenU is 

s*--;mi ut Mliy 
ephero 

Now, volume .V//.V= iir.J (r + * ~ cos .tj’(2 + cos ff; so that tha 
rhatln.' is 

'2 - 3 cos d + COS^O f 3 ^ (I _ CO3-0) + 31^* cosfl 
41 r >•* z-^) 

ir.nco iho whole probability (t - P/j) that B is acute is 

ir 

3 


/ g •' o 


j 2 - 3 cos a + co> '(l f 3 ^ (I - coa*«) + 3 t cos - J!! j p? ,Jn t? .fd -/p. 
reifoiriiinjj iho into-r.itioiis, «o lin-l /'s = 12 . 

70* 

l it.- i.t..l.:,h,I,ty i;,r z' H of. 0111 -o. fho ^amo ns for B ; hcuco (he whole pro- 
' nMhl\ ill liu lirin;:!o h ^ 

Pa i- y '2 ^ 11 

7 ^^ 70 70 

tho ihtinco of an ticutc^aft 
^ / O 

h-'i three p.aiils within a eir.lc the . hanee of an acuto-nnglcil triangle is 


4 _ « 
8 ' 


'‘’■ctahciuUinn.h.iu in a triangle. If two othei oofnts. 
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Errors of Ohscrrnfion. 

Tt.f sUles of tbc tibmgle A VC productd divide the wbolo triangle into Eeven 

spaces. Of these, the wean value of 
those marked («) is the same, viz., the 
mean value of AVCi or, * of the 
•whole triungb , os wc have shown m 
All '^45 * Dioan vulue of thoso 
warkJd (VI being ? of the triangle. 

Tliis is easily seen : for lustmce, 
if ihc whole area = i, the mean value 
of ihc space PVQ gives the ehanco 
that if the fomlh point he takon 
ut laiidow, Ji shall fall wilhin the 
liiaiiglo ADC: now the wean value 
of A UC gives the ehanco that D shall 
fall within AVC-, hut these two 
chati.es aree'iuul. , , 

IKiice NVO bfeu lluU if A* C ^ 

a - 1 I 



1-ig. 74- 


IKiice we see that il vl, ^ 'J'-. the whoh l.iangU- whili 

;.... o. .„o 

'’''"llTna d.;u.c. of Cund D |■olli..6 o.. olTOsUo .iJ.s of aJ/ i, 

2 S , n...ulon. Sirulgl.l iane...-If nu iuf...ite nu...t.. r 
of 6t.d.iKht li..c6 le drawn at la.idon. in a tlie.o w. 1 

Ijr as many narallol to any one given diitcUon as to any ollioi , 
all directions being eq..allv probiible; also tbosc having any 
1 , d oetion ,®11 V disl.osed with eq.ial f.oqueney all 
over ilio T.lauo. Hence, if a line bo determined bv llie -e- 
onliiiates V, n>, the nerjiondieulnr on it from a fixed oi^nii , 
and the i’nclinutiou of that x>eipendi«:nlar_to a fixed axis; ami 
if (j (I bo made to vary by equal infinitesimal ineremeut-, 
thrserics 0 given lill represent the entire senes of 

rindoni straight lines. Thus tl.o mimher of hues foi uhitli 
,, f..lls between }, and ,, h and a. hetwocn a, and w + rfw, 
will be measured by djnlw, and lUo luiegiul 

jfdpdioj 

lot ween any limits, measures the number of hues within ll.oso 

'‘""it is easy to sl.ow from this that llu- ,.umber of ru.uhu, 
IhiCH uhich meet nu.j cloned courex eoutour of leiujili L i- 

Fot'ttwn^; 0 inside tlio contour, and integrating first 
for 1) from o to ;r, the jierpeudieular on tho tangent to the 
contour! wo have \pdo ,: taking this thre.gh four right angles 



On Mean Value and Probahility. 

for t.*, we liavo by Legendi’e's theorem {p. 232), iV being the 
measure of the number of lines, 

N = I pdbi = L. 

Jo 

T)ius if a random lino meet a given contour, of length 
the ebanco of its also meeting another convex contour, of 
length /, internal to the former, is 

I 


If the given contour bo not convex, or not closed, N will 
evidently be the length of nu endless string, drawn tight 
around the contour. 


bVAMPLES. 

I. If n r.indoin line m' Ol n closed convex onntonr, of lengtli Z, the obtinco 
of It ineriiiij,' imotlitr Midi conlour, cxti «nal to tLo fouiier, 13 




A - } 
Z 


\' liiTo A h till' li'ii^tli of iin ciidless band 
' lioJh ii'iitouifi, {iml co -s n;' 
b I w ceil iticni. and ) tlmt ofn ban.lnbo H 

liwrlr.j.iiif; ,if,t irossillp. 

'ibis may be thown by inc.uis of 
I.i^-cndri-’b itiicgral iibovo or ns fol- 

lii\V(i:— 

rail, ror.vliorlnofs, A(.4) lb.' luinibcr 

Ot IIIU'S nil', liiif; on Iitca A'(J,d') 
the imnib'r ulddi inect b.jtli J and .1'; iUen 
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I'j!') ■ ,\[S!iiiQrji + ,s’ Q'oii'rir) 

-1 x{.WQrii, s’Q oirrin, 

n- '''“'''"6 » ""'"""i "Vic. Bui 

oiA I ri " "r ' •-•‘•n-'iVliiip of OQVUSn and 

. n ! /. K m.av,,,,,, l,\ f|„, Ului] r, and lb,, mimb'i m.otiiiK /.olA theso 
■u.a. aiint,. .1 v„li that of ihoM' m-Hi,,..- .mim. arra., n, O'; Wo 

A= }‘4 .\ (n. n'). 

l-y ^ - 1- Hence 





Rfindom Sfraiijhf Linen. 

2 . Tworanaom ■ it 

n: to Gtol tbo chance *' „-,:.ion • let 0 be its Ungih ; considering U 

zC 

.„a .W who., chonco of .U oo.o.dlnat. fallins In ond of .ocood 

chord meeting it in that position, is 

20 dp dw ^ A Cdvdw. 

X jjdpduf 1'^ 

But tho wl.olc chuuco b Iho oum of those ohaucos for oil it» ..ositlous ', 

ll,orefore P'”'*' = 1= 1 S ''"' 

Now, for « glvou value of w, the value of C,,„ i- ovideutly the area f. ; then 

taking w from tt to O, 2*^0 

xequired jnobubility * ~jj • 

The -urau of “ “ 

{{Cil'ididf 

V 

j j (Ijf liw J' 

3 , A stralghthaud of uil^ 0 "tlid llt h 

iri! to tpr:.z:r^cJl!: of«ruudo,,, ,,oi„. o,, ...e .tre.. famug 

on tko kand is 

P ^ ‘ 

This 1. the eaurc a. If the drelo we^ fl^d, aud the ... throwu ou U at 

'“'1";upo!lr^“fuvot,ue''-r:,o1>hu 

n,eot. a cuelo 

, r I T uliiii Ic: and the whole inmibfi 

when’//A' meets a circle, 

“+ if; hence (Art. 245) piobabilitj is 

27r.if _ f 
P = 27(r+ if) 2f t e 

■n,U is eunslant for all P'-silions of A ; 
hence, cpiating these two values of ;», tho 
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mean area required is 


M{S) 


2 r + e 


irr*. 


The mean value of llic jmrt of the cireum/erfufe which falls on Iho band if 

the same fraction —of the whole circumference. 

zr + e 

]f am/ coHPez ana ft, uf jiurimitcri, he thrown on the hand, instead of a 
tirclo, the iiic.in area covered is 


M {S, 


irf 

L -i ire 



254. ;\|»|»lic‘a<lon lo I'Jvaliiation of Deliiiite liite- 
(ii'iilN.—Thy fonsiih ration of boiuotimo.s may be 

to dotermino tlio values of Uefmito Integrals. For 
instnnee, if » + 1 points aro takou at random in a lino, /, and 
^\x■ eousidor the (ihguco lliat one of them, X, shall be tluj lasL 
beginning from fluTeitd A of the line, the nnmber of fiivour- 
jible eases, when X is in the element iLc^ is, if AX = Xf 
niea'surod by 

j"' dx. 


lienee 



but the ebauco must be 
proof that 




We thus have au independent 




« + i’ 


when n is an integer. 

^ Again, if ni -r n + 1 poiuU aro taken, to find the chani e 
llmt A’ shall be tlio {nt v IV* in order; tlic number of favour- 
ublo eases when A iiills in ilx and n jnirticti/ar m l of m points 
iuU to the left "f A", is 


.r"‘ (1 - xy‘dx; taking / = i; 
lieiu-e the wbelo number of favourable cases is 
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J^rahntion ofDcfinih Infegmh. 
this is the required probahility, since /'"''*** = i. 


But tljo 


1 


as every point is equally likely to fall in 


value is —. 

the {m 1' i)"* place: wc thus deduce tlio delinUe lutegiiU 


I 

a ”' (I - X)"dx = j- 

. 0 L 


m + n + I 



when fw, n are integers. (See Art. g^.) 

2 ^^%. DcUiiUe Integral dctlueed from Tlieory of 
Probability. —To investigate the probability tliat tlie in¬ 
clination of the line joining any two points 
in a given convex area Q shall lie within 

given limits. . , „ , • 

Wo give here a method of reducing / 

this question to calculation for the sake 
oi an integral to which it leads, aud^. - 
which is not easily deduced otherwise.. 

First, let one of the points, A, bo 
fixed; draw through it a chord FQ= 
at an incUuation 0 to some fixed hue; 
nut AP = r AQ = /; then the number of eases for which 

the direction of the lino joining A and a variable point B 
lies between 0 and 0 + <10 is measured by 

^ {P + /') dO. 

Next, lot A range over the space between PQ and a 
parallel chord distant dp from it. the number ol cases or 
which A lies in this space, and tlio direction of --iZ/ 
is between 0 and 0 + dO, is (first considenug A to lie in 

the element di'dp) ^ 

i tipiio I {>•“ + I''^) '/'■ = i C’ll/M. 

Let » bo tlio porpondioular on tho chord C from any 
oriRin 0 , and let a, bo tho inclination of p to the prime vector 
(wfmay put rf-o for , 10 ), then C will bo a function of p, c; 

Ld integrating Bret for a, constant, tho whole number of 
cases for which w falls between given limits m , w , is 

^ dio f C^dp ; 

J w' J 

[ 26 ] 
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the integral f C^dp being token for all positions of 0 between 
two tangents to the boundary parallel to FQ. The quMtion 
is thus reduced to the evaluation of this integi'al; this, of 
course, is generally difficult enough ; ^ we inay, however, 
deduce from it a remarkabl e result for if the integral 

iJfO\/pdu^ 

be extended to all possible positions of C, it gives the whole 
number of pairs of positions of the points vi, F which lie 
inside the area; but this number is a*; hence 


{{ C^dpdu> = 

the integration extomling to all possible positions of the 
chord CTits length being a given function of its co-ordinates 


(!>• 

Cor. Hence, if i, a be the perimeter and the area of 
auv closed convex contour, the nienn value of the cube of a 

. 3a’ 

chord drawn across it at random is • 

It follows that if a Hue cross such a contour at random, 
the chance that ihrev other Hnes^ also drawn at lundom, shall 

a* 

meet the first inside the eonhury is 24 


Some other cases of definite integrals deduced from the 
theory of Probability are given in a paper in the PhilO' 
sophical Transactions for 1868, pp. 181-199. See also Pro- 
ccedinijs of the London Math. Soc.y vol. viii. 

Several examples on Mean Ynlues and ProbabiUty are 
annexed; some of tlicm, as also some of the questions which 
have beeu explained in this chapter, are token from the 
papers on the subject in the Educational TimeSy by tlie Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult; but want of space has prevented our 
giving the solutions in tlie text. 

Wo may refer to Mr. Todlmnter’s valuable History of 
Probaldlify for an account of the more profound and diffi¬ 
cult questions treated by the great maters on the theory of 
Probability. 
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Examm-es. 

.J: “r“ 

Ans. -- 

4 

, Find tl>o mean laUtude of Jl Jllace»j.orth of 

’ ' T'pind tho“mean a^nar.^ of .ho vclocif^ of a^oioetUo i" “' “» 

in^LuJ il=i lli^l-t till it .chains tho velocity ot i.mjcct . 

r*cos’a + ir*eura: ^ heve ('i. tie unto.Udo. ,.y. a.ol « ■. H 

t iss .L ...o va,,.. . a,.d 

0. If df, r 0.0 ,.oi„.a U*.... at n.„don. in a .riaoBlo ABC. nha. is .ho chance 

that tho quadrilateral-4/tJi 18 convex? , 

3 

For, it is easy to sec .hat of .ho three quadrUatenle ABXY. ACXY. BCXV, 

onouluflt 1)0 convex, and two ro-cntr..nt. ,„i, n ,t 

6 . Find the moan a,on of the ,.nadrila.oml formed hy four ponds tak. at 

random on tho circumference of a or,do. ^ 

7 . A dan. Ust nt an »’'““‘;;"““„'\;‘™';c"ctcd’ ut nmtm.'hndTho chaiuc 
S:”'.?; cSl S not ho more .1^ ■» places fro.n his place ... .ho o.dc 

of merit. _ / . . * *i 

2m +1 _ OT(m+ I) ^n.b/—T his ie not, of coui-sc, tho value of tbo 

chance ./<«• tho”’.eloc.ion h Jbeen made: this may cosily ho fo.,..d.) 

«, AtmveUcr .md. from « SlS 

diatanco in a random d^recUon. distance L before. Find tbo 

rl^cToniirreXTS- >i- agoiti in the second day's jounmy. 

yim. -♦ 

oiU.or Pn^ etede^^, Umn c. 

[26 a] 






g<^g J^xamphs. 

,o. A person in firinf- lo shots at n mark Ims.hit S times, nnd missed S- 
the cham t- tliat in tlio noxt lO shots ho shall hit 5 times, ami uiiss j. 

JJjAll. = If the first to shots bad not been fired, so that 

*i?utbnig was kn^o^wn as to his skill, the chance would be — = 
bad been found to bit iho mark half the mimbor of times out of a 

63 


large iiumlcr, ibo i liance would be 


J 


,. If a lino / be .livided ..t random i.Mo .» p -is. the mean eipiare of one 
£ ,1 ■ .<a Ja.lt/-' 1mi( it Ilf line be dcviib’d at r.indniii into . jiarts, and 

1,'Hlt'again d'ividVd into 2 paiU, then tl.e mean ..juare of one of tlie 4 parts 

is i*. 

12. Throe points are taken at random in u line 1 . Find the mean distance 
oI tho ink-rmediatc point from tlic uuddlo of the line. 

^MS. 4 /. 

16 

11 A oortain city is situated on a river. Tho probability that a specified 
inhabitant A lives on the right bank of the river K of course. ^ in absence 
of anv fuithor infoimation. Unt if wc have found that an inhabitant lives on 
the l ight b.ink, liiul the piobnhility that A docs so also. 

Ans. {N.B.—It is here assumed that every posrible pailition of the 

■^nmnher of inhabitants into 2 parts, by the liver, is equally probable 
<1 priori.) 

u A (7, 7) arc f<nir given points in if 2 poinU art) trikrn 

at ramlmn \r\ AD, and one is taken in liC, find the chanco tliat it slmll fall 
lii'lwiHMi tlio former two« 

j,,,. ji 2 JC^i.JJC(yl 7 /+C 2 )) + 2 ^Z},( 7 i)j^ 

15. If z^x t Uj where x may Itave any value from o to a, and y any value 
from *> to A, find lb-' pnibabiUtY that Ms less than an a .<signed vahip e ; (siippoao 




U 




“--J. 


^ Z 


.l„t. (1) Ifc<A, ^1 = 


— •Tits. 

2rt* *- • 0- 


( 2 ) If.ooA. = 

(3) Ifofl, = 

If we denote the fnnclions expressing the probability in the three 
case.? by fi {a, h, p); /a (fl, A, p) ; /,(«, A, p), we shall find the re- 
lation 

fi (a, r) + /> l«, i, f) - f \(«» «) + /i (*. <h 0 


hK 


t| W Uh 


ir 


» - 




•^4 


\ ft.>o r 


w 


A 
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i6. In llio ciiUc equation 


H px t q — O, 


„„,l , m,.y 1U.VC a«y values between the limits t t. Find the cl,.,n. e tb ,. .In 

three roots are real. 2 /- 

Aus. —V 3- 

.y, TWO observations are talren jd tbe •" 

results is taken as the true va'uc. | c probable, show that 

,8 A noint is taken at laiul-'T.* in caeh oE tj^given plaj^emr^ that 

the mean s-iuarc of the distance between ll.c two points 

» A i« the dLstance between the eonlres of Kiavily of the areas ; and A, *'» 
r'rSo^rad “ot ty!S.n o( eaeb arc, round its eentre of «,«v..y. 


,n. Show Ibal tbe uuan s.tuare of the aua • i tbs Iriutrsle termed by juini..B 

^ ^ k 2* Tflld 

o 


„„„ three „oiuts taken in any «iven ,.lann rrna i.t ^ AU-, where A. w are rhe 

^WoOUIOlISK.) 

^ .0. A line is divided at ramto.n into 3 h-U. hind tl.e chance Um, they wiU 

fu.m-(i) a triangle; (2) an ucule-ungled Inangle. 

J**® 9 )- Pi-v 

(2). ;>j = 3 l%'=”*- 

St. A linn is divided into „ ,.arU : lind Ibo ebnnee tbnt they cannot torn, n 
polygon. 2 


u 


..-r 


S 2 , If two surs aro taken at random in the northern he.nisphce, U..d tbe 
chance that their distance exceeds 90 . 


A 

IT 


.pk^^. 

24 . Bhow that the mean value of 1. where p is the distance of two points 
taken at rundo.n within a ci.clu of radius r, is 
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F.ntmpfcs. 


2 v Two enuul lines of Untitli «» iniliflv an aiigli' 0: fiinl l|iu ilium elkit if 
two i-oiiifd /', Q aro taken at itiml nn, one on t-.i« li Imi-, Ibvir disluiK-i! JQ bUall 
bv lf»s tliuii a. 

Ans. (l). When -> 0 >- ; = 

V ; 23 


2 sin 9 


+ 2 cos 9. 


(2). \V’i,™e>5; P‘ = rsii!r 

Here tl»e functions aio lonm did ly llio idaliou I {0} ^ / (ir - (®) “J/{^ 

26. Tlio diiisiiy of a i ity ropiilati(*n vari< s inversely os llic distance fmm & 
central p'dnt. Find liic rliancc llul t'so itihaldiauU iiioseii al random within a 
radius r froTu tlio centte sliall not liso fuUlicr than u di>lanco r hoin cin h olhcT. 

w w 

II 2 / v]\ 1 010 3 O^tO 

O =-log 3 - I - + :r L T 71 • 

*' 3 4® ir\ 2/ 2irJi, fcl!j 0 2w Jf tin 0 

whrmv // ^ 0.771. I'i** ** iU^ily oUainid by tiuidoyinp 

On* values piven in (iue’^tiun 25. 

27. 1‘oin iiolnls uic taken at laudoia within a ciiclo or an dlipac: bhuw 
ibul the I hanro tljat they fornj 0 ntiunt ^juadi ilateral is ■ — • 

36 

2S. Find ih^ mean di-^tamc (i two iioinls within a sphere. j4tn. 

20. Three points . 4 , 7 ^, Care taken Nsiihin n circle whose centre is 0 . Find 
the chance that the quadrilalcrnl AliCO is re-entrant. 

An$. i 

30. Find i\xo cham e that the distance of two jMdnts withiQ a square shall 
not c.^cci'd a side of the square. 

I '3 

wwt. p = r — 

3 t* In tljo fame ca«c, tiud the clmnre that tho distunee bhall not exceed an 
a!=sipncd value r ; a bring the side of the square. 


Am, (i), When r<u, P = -r /ira’ — or + - e^\ 

V 3 2 / 


•• 

r* 


, TT - 4 i • : - a*- 2 -^. -: + -• 


( 2 ). Wb'tie-. 7 , p = 4 - fin • .. . . .. . , . 

a r <1 3 n- 2^r 3 

3 ?. ^Ihtoo points aro tnkon nl random on a sphere : show that the chance that 
in the ^jlh ri»al tn.inplr one aii^'h i^haM t xrrrd tlie sum of the other two 

is - • Alsu tho cbarjcu that its nut\ shall exceed that of a great circle is 7* 


33. If a line divid*'d nt random into .j parts, show that it is an oven chanoo 
that one of thu part? id gn at»*i than iho lino. 



Examples. 
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34. Show tlial ll.e mean dUtaace of a point aitl.ln a triangle Iron. ll.o 
vertex V is 

3 }—^ “a + 6-c) 

wliere h is the altitude of the triangle. (See Ex. 6, Art. 242.) 

35. The n.ea„ valnc of the di»tanee between any two points in „n OTnilateral 

trimiglo is . 


.V = 5n(i + ^l0S3) 


This „nc,.iou .nay be ^^Lt ti.bilriu 
mean disUnco of an angle of t b triangle. Take now any 

where M is constant, a"*! A “^ .11^ to the shies to meet the l-i>se ; 

clement ./S of the tria^ .!o formed: the sum -f thou hole 

let 5 ho the urea of the cquiUUrai i b .j .o_ wv: if ,/6’i3mndc to r»ngc 
number of the cases will be jrhfnglo and put dS = zda i^ 

aHn kL t Art ltsf Jhen 8 = and tho iutesral becouioa 1 '.o le.u 

then follows from {34). . 

value of ibo range is 


jif=2A '^yi-x'-dx. 


{TTohUtiholme.) 


t. . A each of which takes indcpen* 

27. It iheto he m quantities f*. * I’ a i, ..,. 4 c. (the number 

dcntly a given scries of values «i, <>2, as.. »> *» 

of values is different for each), if wo put 

2„ = rt + A + c + d .. 

and donoto “the men., tahm nf i" by ilx, pro.o that 

al/2'< = -Wa h .I/A I -'/<■ + ■•■•= 


.,/»!« - of the whole triangle. 
9 
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CHAPTER XIII 


ON FOURIER S THKORFM. 




256. Kxpaimion in TriKonoiuetrieal Scries.— In mnnv 

-wl. _ * ...j* j* • n • 



[f.: 


Let us coninienco by ftssuming tlmt/(a*), between thef^ 
limits + TT nnd - tt, is capable of being represented by a series 
of tlie required form: thus suppose | 


/ (j-) = (7i, + a, cos a- + cos 2ar +.. ,* + rl^'cos iij- . 

H sin.r 4 ijsiu 2aT+ .. . + sin tu- + . . . (i) 


ITpi-m, .^inco tills relation is sup|)i*sed to In.M for ali rahtrs 
of a- l.ofwren 1 tt, wo gel, us in Art.^3, on nmUiidyine bv 

/li'kO kIM A..i __ A _ - X ^ •• 


COS /j.r and intograting, 


Ci.-M I 


TT 


f{.r) COS nxdx tt - 

r TT 


•n 


Al 90 ,w..tti =_ j gjjj 

TT * ^ 


anr 


•- TT j _ 


'U V*# i 

./■(r) cos nvih\) (2) 

Ti.. <Mwr^t. 

4 .i|.,*Ar p— 

Tu a| ►lO ^ 

vV 


•/‘W 


I 

27r 


»i *. • 


7'0 ) (fc + - 2 CMS 


• r 


ff=l 
N : * 


s (Xis ;it y‘(f’) (fc 


I * re- ■ 

'*’ ni'/(r) dv e-i*--**-** 

' ' J-ir ^ ♦•«<• . 

=- - I /(,) ,h + - N ^ I ons „ (,. - /(,) *, ' --■-> 


277 f.- 




f 

V 5 -n 


'1 


A—^ 

-. •'-J'-f-K --'-><•7^ 


o*.> 
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Fouricr^s Theorem. 


i.» - .■ ’■' 

.crifiJiiion of equation (3), and to exannue the conditions 

^^^^gtdiSrof this equation may he written X 


1 f" f{v) dv + cos 0 + cos 2O + ... + COS nO + &c.), 

TT J-ir 


wlioro 


0 = t; - a*. 


But, by Trigonometry, wc readily get 




Bill {n -1 h) 0 

J + cosO h cos 2 O + ...+ COS«0 2 sin 1,0 


Hence, to verify (3), it remains to luovo tliat 




sin (» •' 4 ) {c “ '^) 


do 


siiiHc " •^■) 


• »> 


WX 
3 


/(2^+2S) 


«=• 

f * 


- — — XA» 

S'i'(i" + il4,fc, (at 

sill z ^ 


where 


s = i(i,-ir). “ 


J * 


Wo now proceed to inves'tigate the" Umitiiig value of the IS- 
definite integral (..i 


f* Bin as .f V , 

. — /(2) "2, 
Jo Bins 


when a in indcfnitch/ great. 
First, we can see tlmt 


J* sin a3^(s) 


(n 

( <• j /f 


where A and g are both i.ositivo, provided (,(s) and are 






I 


<#1^1 


^ I*. ^ e* ^—.* 

.. 1^4. w •♦ % • 


*u.) 




394 Fourier's Theorem, 

■’*• * a . f**^^ ■ 

fluito for all\values of s between the limits of integration. 
For, integrating by parts, we have 


I sin as^ {zfdz = - ^ (s) +10' (z) 


006 02 


dz. 


Now, wlien o^co , and ^ (/i), <ft (ff) are finite, the term out- 
Bide the sign of integration vanislies. Also, if (z) b e finite 
(ny* oil Trn1 iiAB >»nfwA«n flift limits, the latter inteeral is also 


for all values between the >^mit8, the latter^ integral is also 
evanescent. \ *6 

' . »* I •• ■ I 


H tu, .t 

Cousequontly sin a::<^ (s) «/s = o. — 


.« 


provided h and g are each positive and leas than tt, und/(s) 
satisQos the above-mentioned conditions. » (• 

In tho same case we seej nat , _ ^ » ,0^ 




{'• sin az . 

-/(s)rfz = o. 

J /t z 


( 7 ) 


Hence, with tho same conditions, the values of 


Jo Binz ' 


dz and 


^ sin az 


0 S 


/(s) dz 


are known, if we oan find their values for any one value ofky 
hotcever small. 


assume 


Vw*- 


Now, when h is very small and/(s) oontinuous, we may 
ime, in general, f{h) =/(o), ' * 


and thfi'ofore 


* sin 


.,•/ \ 7 i-/ \ f* j 

— ./(s)d 3 =/(o) ——dz. 


0 2 




^ Also 1- = —</*»- 

* '‘^1? * Jo 8 2 


fi 




i » f 4 -, .wr.-. 

’ •• . *. 
tV'- J <^(«l f4 k : ^fj) r '<0-'*« ♦ *”■ 


(Art. 116*.) 




Fonrier'*8 Theorem. 
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Honce 


1 .0. = 

Jo 2 ^ 


( 8 ) 


Accordingly 

v.c t. ,*•» - 

, - * . rt..- 

sr^f *- ^3* 




Bill az 


/{x+z) (h 


=Vw- , 

2 C) 


Likewise, 


(' ^/(=) dz 

Jo sins 


^ Bin os 


4 > (s) f/S; 


wliere 


<b (s) = (^) * 

^ Bill S 


hence, provided h h .vvs (hoi, n, we l>nvo 

Jo sms 


Urn 

33 * 


(9) 


(») 


If we change the sign of s, wo have 

Jo sins*^ ^ 

and we easily got lJ.^ = L l.t \ V') * " V*’ 

Urn. r !ilL2!/(z)<fc = 7r/ (0), (‘O) 

•=• sins 

,0, all positive values of « and i. less than .. From this it 
follows that 


W'JT 


'r. J L/ 0 




Bin s 


*•- 

r\w%' % 

V..O ^ —* 


when X 


is less than -; thus verifying equation (4)- 


X ^ • 

A 


Cl 
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Fourirr^s 77t^orem, 


258. l*uiMsoii*H Invetuligatlon. —Another Investi’fyatioD, 
wliich is a modification of that given by Poisson, is here 
ndilc'd. ^ L..., K *,»)«, 

AVo readily see, by Trigonometry, that when h is less 
tliahiin itv. wo have 

rriTc^-jifTh. o®® (O-P)^ “s 2 (0- /3) 

Hence 


(r-lr)/{ 0 ) </0 


+ ... + 2/i” cos « (0 - /3) +.. . 

* 

I. - ^ J-f^ ^ 

^ (11) 

M «=K .5 '*.- 

CoiisequcuUy, J /(«) + ]£ /(O) cos ;i ((> - / 3 ) f /0 

.•'r "=‘ Jy 


« 4 4..» 


Hn,. 4 f fl-/r)/(tf)^/» " 

' * Jy I 2A COS ({/ - /3) + /r* ' ' 

ns in Art. 23.}^ when 1 - /y is iiuloCnitely small and 
/(O) finite, t]jc» eocnii iciit of i/O i n tliis integral is indefinitely 
small •■\oei«t whmi ^ - /3 is very small. Oousequoutly, if /3 
s he oulf*ule tlio liniils of inlegralion, wo liave 

-/r)/(tf) .(0 




= o. 


h cos - / 3 ) + A* 

Thus, when ^is outsid e the, limits, 

i f/(0) ^ f /{ 9 ) oo8« {0 - 8 ) (iO = o. 

•'r »•=• Jy 

In p artioulox wo have 

i '^9 I 2 f /(O) cosn {0 i / 3 ) tW = o, 


(■3) 


('4) 


(15) 


where ft is jmsitive. 



lim. C ( 

0 7 ^ 


(1 - /r)/{ 0 nHf 


I'tif 


/i custtf - /3) + A* 


(1 - F)d9 


0 1 - 2/< fos - /3) + A*' 


Fourier fi Theorem, 
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the value of, 

■ .r.r^r^ 4 

1-2ACOSS + A* 4 


r- 


(I - Jr) d 9 


_ )dQ __ r-^j 

2/[ cos (0 ♦ p) - j-^ ^ " 


Jo I - 2/< COS C +/<^ 


Heuce 


Jo \ -2/1 cos {(I - \V 


(10) 


Consequently by (12), ^ 

.m =if/w''«^ C1/^“^ ''"■ 


This is usually called „ , » -. 

Also by aid of (15)* * '• '“t 


jjr. 

5 ;., ■« 4 ' 


- / (|3) = si; Bin .p p{0)Bm »0 C J,S'j; 


,50. We shall next invosti gale ^ liglL^SlU^ 
tho integral 


l^'jV W BOB.« cos«^ dn dl - 




* sin tr (x + 0 


= if"- 

Ja~z 


sin cr 3 


s 


A (z + r) dz + 


a; + ^ 
» 

az 


</)(/) 


pin a 
^ ~ 

U^T ^ 




0 (z - r) f/~« 


Jo-* - f-. r* 


integral becomes ^ (a;)- 


Also .hen ,tos'4t lie b«_^nd .. the fonnor ,a, 
integral vanishos, and w^ia\ 0 

(* -/'(O CO® coButdti dt = o. (^®) 



T 


V I 


Cl 




Pottrin^a TJtem-etn, 

Wet* Jf ^ t«(l^) 

nd!k.!l. of that given by Poisson, £ here 

ILil^n-frwo^have tf-ot when ^is 1^ 

_ I - P 

1 - 2/i COS (0 ~ l^j + A* ~ COS (0 ~/3) + 2/r cos 2 (0-/3) 

Ilenco +--.-f 2A’-cos ».'0-/3) + ... 

j f_ 0 - '^0 , f ^ r 

M I - 2 /, l os (0 - /3J + A’ ~ 3 JyWf/0 + 2//'* J/ (0) cos n (0 - j3) dO. 

Consequently, J 

- J f (i-// y(0) ,/0 '‘-f-- M -s 4.. 

. '' ' - -">'' cos (‘0 - '/3)“(- /r'* 

./■(«) Il'ii’ile!' lbeCMeiliJiel:t'nf^/fl‘:,ru .‘'‘;‘''Hintely small and 
-^mall evee,,nnb:^'^?fr-‘" "'">„"‘l''frnil IS in.Iefinitoly 

(‘ - .m 




t: = O. 


Jy 1 - 2/1 COS (0 - /3) + /<= 
lilus, when /^is outsid e the liiiut^ 

cC/W'f»- 2 ;;;j;/(fl)ooa„(o-/ 3 ),,«=, 

Ini'fuificulox wo liave 


03 ) 


(14) 



<m , v 


, . I 'fW (0 + /3)d0 = o, 

i\]iore/3 ]s jpositive, f- 


(*5) 


lim. f"_O - //■■)/'( 0 ) ,/0 

I 1-2 


14 


■/- cos (0 ^ lijTj; -/m 


( 1 - h') d0 

COS (0 - / 3 ) 


Fnimc)''fi Th('orcm» 
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Agftin, wlmtover be the value of h, iy 

(i- h^) (16 __ (t “ dz 

J. I — 9/1 ons 7 w y — A* i 0 I — ih cos 2 + A 


p (I - AO <16 _ p-^ { I “ AQ dz _ j^ 

Jo i-2Acos( 0?/3)-A=“J.^ i-2Acos2 + A* -f ' 

= —^-T. = 27r. (Art. 18.) r.-*' =**] 

Jo I - 2 A cos 2 + A- t., 7 I 


iini. 

h^i 


0 1-2/1 i oa (W - /•)) + /i 


(lu) 


Consequently by (12). ^ ^ 

rr/’O) = J (’/(«) <‘0 + S"' f' 7 W (" ■ 

J 0 n=i 

This is usually called Fourier*s thooreni. 

Also by aid of (i5)7TrTZ:i^ p-- 5. .. .. 


M- 

S... J*. f^St 


- /‘(6) =S sin n 3 f/{0)sinHfl(/0.*>- .. f- f j»' , 

259. We shall next investigate the limit wlie ii,c^^of 
tho integral - --' i. 

fV (t) cos UZ COBU/ (IH (H 

« 0 Jil I 

= i \[ ^1" 4 > it) ,u . Jj; -MO .tf 


, f'" ■* sin 03 , . . , , I’’ ^ f„ r\,h 

= ^ - <b{z + x) (h + U 

Ja-* 2 Ja.* - r*»- 

Now, by (7), the latter integral vanishes when «■= 00 and 2- is 
positive; and by (10), when^Iies bctweeruLSIl^ 

integral becomes ^ <f> (x). 

Also when x~^gs not lie betwcen_g_a»tl A, the former (;;) 
integral vanishes, and woliavo 


sin (T 


1 ; r. *« 


cos 1U cos ut (it< lit = O. 


(18) 




308 Fovrii^*st Theorem, 

(*") When .r lies between a and 6 , . 



1 (/» (<) 008 ux oos ut dn dt ^ — <f> (x). 

J 0 Ja 2 

• _ - _ _ 

(iq) 


<— IJouoo, if a: bo positive, w'o have 



(* r* TT 

(/) (^) cos ux oos ut du dt = ~ <p (x), 

•'o Jn 2 

(20) 


Likewise it is easily seen that 



sin ux ein ut du df^^<p (j*), 

Jo *^0 2 

(21) 


when X is positive. 


m- 

Wo ron<liIy see that 



»*■ .*• 

1 ^ cos ux cos ut du dt 

Jo • 



= 1 J f^(t) sin uxmiutdu dt =Tr<f> (y). 


i^r. 

Also 27r0 W = 1 " 1 (t) cos « {t - x) du dt. 

(-’ 3 ) 


the form in which the theorem wjia origcinally given by 
Fimrier. 



Ernmples. 
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Examples. 

'* I Wlion z has any value between / ami - /, prove that 
2. For aU values of « between o and /, prove that 


MV (V ~ X) , 
—-- III’. 

I 




« 7 r 


COS 


(*’+') 


dv = o. 


j. For all values of * between o and I, prove that 

4. Prove that, for all values of ar between f v and - v, 

= sin » - i sin 2;r + i sin \ sin 4x + . . . 


n.-v,.-. avf' 


5. For oil values of x between ^ and - ^ prove that 

4 / . Bin 3r sin 5ar , \ 


0 . Prove that 


w - r«» _ sin *_ * sin ix ^ 3 ^i*^ 3 ^ _ 

2 e^w - r"* “ o’ + 1 ” «’ + 4 + 9 


Hero (Art. 21), 


m eos ntw 


(e«» - r") sin »xdx - - («“• - ^2 + ,„8 * 

7. Find a function of a- which has the value e when x lies botweei. o ami m, 
nnd the value zero when * lies between a and /. 

Jnt. 4» (*) « -j- + — ( B‘« y cos y + 


X I 2vo 2vx 

- Sin , cos — 

2 I ‘ 


I . 3»" 3" . \ 

+ - Bin —y cos -y— + . . . j 


{ I tiv0 t* "»*’ 1 

^ C08^4.(t.)*« = -coe-y rfv=- 


el nwit 
sm -y 


Hero 
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Ernwphs. 


8. Find a function of x \<hicU is equal to kx when x Hob between o and 
and is k (/ - x) when x lies between - and I . 

kl Ul ( I 2 rx I 6 iri I . j6.„ \ 

CO, — + j;j ros - coa _ + So. j . 

r* «iry Hiri’ , f* , ,, , »»■»' . 

f (r) COS -T- (fv = I ke cos — «/v +1 i (/ — »’) cos — ae. 

Jo / 0 f J 4/ * 

«lini u is I'f lb-f->nii 4111 | 2; and is z»«o fi>r oilier ynlues 


Hero 


TliU -- 


lolC 


1)1 II. 

9." If <p (x) = ^x wlien X lies between o and a, and ^ (x) = (Jo) when x lio 
bi'lween o and ir - a, and = A (» - -c) when zvaries fn-in w~ a to w, prove 


lliat 


^ (x) = - (tin X sin o + - sin 3x sin Jo + — sin Jx sin 50 + .. . j 
TT \ 9 25 / 

10. When x lies between t ir, jirove the iclations 
2 . / einx 2 sin 2x 3 sin 


sm iiix « - sin HIT 

T 


/ einx 2 8in2x 3 sin Jx \ 

\ I - HI* 2 * - HI- ^ 3^ - w»* * / * 


COS wx = - sin VIw 
IT 


( I m cof X m CO, 
zm ^ I - 2* - 

II. lK‘i»tc prove the relation 


C03 2 x Ml cos 3a? 


Ml 


-•) 


1 2ri 2M 

cot M * - + —;-; + ^ 


li If - w If - .}ir 


+ • * • 


12. Fiinl a funrfion wlii^h shall ho unity for all values of x between i 
Ati<l y.i'io I’or all other values uf x, 

Avi, /’(/) - - [ dul /*({) vos/*^c03tJ-r«/{ ^ “ I 

Tin * T .10 Jo 


Tlii'^ result can he verified independently. 


2 p c 

tr J 0 


i'iySfU bill ^ 


df.. 


13. Find a fiiin liun >vliirh hhall be equal to cost for all values of x between 
o aiul T, and to - < (>st fi»r \nUit*< l»t't\vonn - t and o. 


ill H MO ea:^ily find | ./‘(x) cosmWx =0, 


and we gt t 


cos X = 


T t I 


- sin 2x + - — sin 4x + ein 6x + 

3 3*5 5*7 


) 
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CHAPTER XIV. 

ON LINK AND SURFACE INTEGRALS. 

jOo. We have alrea'ly considered in Arts. 226 and 227 a 
goueral theorem, commonly called (Treeii’s tlieorem, that 
connects volume with surfaco integration. Wo now propnso 
to consider tho analogous theorem tliat connects integration 
taken over a portion of any surlaco witli integration along 
tho curve or curves tliat hound that portion of tho surface— 
that is, whicli connect what are styled surface intcf/ra/s wilh 
line inteyrah. All these relations can bo shown to bo based 
oil tlie following elementary theorem concerning integration 
in a plane. 

261. Integration over u l*ljinc Area. —If we suppose 
P and Q. to be real functions of x and y, that aro finite and 
continuous for all poiuts within a certain plane region, then 
wo shall have 

^ f (^ ^ 1) 

}}\(U ilui J 

where tho double integral is taken for all points withiii tho 
region, and the single iutogral is taken round tho boundary 
of tlio region. Tliis can bo inimcdiutoly deduced from tho 
iiicorcm given in Art. 226, by supposing the volume 111 
cpiestion to bo a portion of a cylinder intercepted between 
two planes drawn perpendicular to its edges, tho edges being 
supposed parallel to tho axis of 2. 

Tho theorem can ho also proved indepeudontly, as 

follows. .XI 

Taking tho positive directions of the axes as in tho 

accompanying figure, we define tho positive direction along 

tho boundary to bo that for which tho bounded surfaco is on 

liio right hiind; tlion, if wo have to oxoliulo any portion, 

c.fj, a space without the outer boundary in tho accompanying 

[ 20 ] 
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Oil Lilli’ nud Siir/ncf Integral^, 


with 

(Lv 


Gcurc, tl.e positive dlreotion of tUo Loundop' ‘'‘“t 

by (be allows iu tbe figure, lu all tbe single into^ls the 

integratiou must he elfected iu the posilive direction thus 

defiucid. 

First, to integrate 

respect to a*, let us divide the 
region into elements hy parallels 
to°tho axis of a-. Select any one 
of these parallels, and, reading 
from left to right, denote llio 
values of Q, wlieru the lino crosses 
the Ltniiitlary at its cnlnuioos into 
the region, i>y Qi, Q:, and at 
its exits hy Q', Q ', ; 



-s 


then 



Q, + Q" &c. 


anil, neconlingly, 


'/Q 

, 1.1 


d.r hj 



N"\v 111 esicli tif tlic-'O integrals y )>assu.s llirnugh all its values 
fp.Mi tlio least to llio greatest, therefore (/// is always to ho 
taken po.>itively. Again, olisorving tliat iu tlio iignro Iho 
diri-etiuns for tlio outer and inner h uimlaries must ho^taken 
ns opjauite, and denoting hy f///:, i!te., and hy dy > » 

iKie., tlio projeetions on tlio axis of // of the arcs of the 
houiulary cut off hy Iho consecutive parallels as ahove, 

wo havo 

(/y = - = - dyi »= -1 i^y' = + = 'kc.; 


tlms 



I 


Q,d;ii I t/'/y' ^ 



wlu-ro the integral is taken along the entire houudury iu the 
liu-it iVO Oireetion. 

In like manner, dividing the region into elcmouts 
parallel to the axis of //, and denoting tlio values of i* at the 
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entrances, proceeding from below upwards, by P., P., 
and at the exits by P', P", &c., we have 


^ dxdy = - f Pif/j:" + 

dy J 



Fdx 


Pjdx + &o., 


whore dx is positive. Houce, as before, taking account 
the positive direetion of the boundary, we liavo 

dx = + dxi = + d£2 = ~ djf ~ - dx , &c., 



and, cousequoully, 


F,dx^ - P'dx' - I - *S:u. = - 


Vdx, 


Uio integral being taken in the positive direotiou alung the 
entire boundary. Accordingly, wo have 


{(d_Q 

dx 


dxJy = I {PtU + Qdy) 

p'!±+Q ''-I \h, 

ds ds j 


( 2 ) 


laliCH around the entire boundary. , 

AVo have assumed tliat there were no points within the 

.<,gion at wliloli P or Q are discontinuous. If tliero were 

sndi, wo should have to surrouud thorn with cloml c«»<w, .as 

small as wo pleaso, and thus oxcludo thorn, by iiiliodiuiny 

these curves as parts of the boundary of the reyion. 

262. Wtokos' Tlieorem.*—Suppose », i\ w to be con¬ 
tinuous functions of 2*, y, z, tlie coordinates of a point; and 
let dS bo any element of a surface, and /, m, » the diiccliou 
cosines of its outward drawn normal, then wo shall liavo 


V/« dw\ fdv 

+ Vi/- 


-/yj) 


= I (u,lx + v,ly -1- icdz) = I + " J + < 7 j) 


• 'n.i-tbcon,mwuH Kivcl»by!P^ofe^fo^Slokc9uttLo Smith Pmo ExamiiiHti.m 
,„r tssr^ru ”f o'ead.o both in din iboory of •• vorlox 


us alfly ill cloctiicity and imigiiL-Ueui. 


[26 a] 
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On Line an<i Surface Tntegrak, 


tliu f<anjor, or aiivfare inlegmh Ijeiiig taken over any 
of Iho surface 6 ', and tlio latter, or hnc-xntegral, round the 

boundary or bouiidarios of the surface. 

Here, from the equation of the surface, we may regwd t 
as being a function of a: and y at all points on the surface; 

heuec, if;- = we liavo, by elementary geometry, 

’ ■' itx oy 

TV-** „ 

n ^7 "^1 * _» ~ P _ «>j - _?— . '(4) 

r ' ' } \ " ^/i -I jr -/"i ' P ^ 1 + y + 

1^. • ,_ 11^ , f..ir« 

^ add *. (/-S \ A-r' ^ 7' “ ^ 4 )- 

licuco wc g* t *• —■!_—. ' --- 

J r/f/r iln th' (/«’ (in' <in\ . . 

-! 7 -r U/x(/y. (5) 

y/x til! ^ ((z ^ (iy -- <i-^ ^ 

Again, if the total d{(rcrcntial of r^with respect to <c be 

represented by — (r)i "'o have 


lY'/r ^ 
y/x tty 


it (it' (if 1 VI • \ 

('■) =+ >' r,;' “’"i ^ ’ 


also. 


(hv (ttV '<■. (I , . (^ / \ t.r. \ (,r„\ 

Tr - irr'(T. '■") lij - Ty 

, tip tit] 

Since ZrL''r^~T' 

lleiicc (5) becomes 

• • y • 

^~ h/ J 

Accordingly, fruiu (i), wo get 

= I {nit.r -t i-'ty 4 utiz), (6) 


since 


u tiz = jhU H iply. 

This ebtablishes the theorem in question. 
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Example in Solid Harmonics. 

263 Example i« SoUrt llarnioiiic#.— Let F bo a 
solid Uarmonic (Ai-t. 230). i.c. let it satisfy tl.o equation 


d'V 'l‘V U’V 

+ —r- + -- =s O • 


dx^ dp- 


dz 


( 7 ) 


then witli the same notation we sliuU have 


, d d d \dV 

l-r-+ in-r + “ T" /r " 
dx dp dz j dz 




wliere the integrals, as boforo, are respectively taken over 
any portion of a surface,,and along its boundary. 

For, substituting 

d^V d^r.d^V 

dx^ dp'* dz* ’ 
the double integral becomes 


af (PV d*V d*V „d*V\ 

d'f) 

'i'V d'V _ <rv 

dzdx 


-IK 


P .1..!^^ ^ dzdp^ dx* ^ 


; / 



d (d 


d fd 




UdV , dV [tdVdx dVdj\ 

264. Ecmma on Nolld AnRlcn.—If (/w represents tlio 
elementary soliil angle subtended at any oxtornal point H 
by an element dS situated at a point P on a surface; then, 
as in Art. 193, wo deduce immediately the expression 


dtti 


oos ydS 


where r - PHy and y is Clio angle made by r with the 
normal to the surface. 



406 On Line and Surface Tnfcgrak. 

Again, it is obvious that the direction cosines of PF 
are, resper^tivoly, 

f/-s/ 


r ’ r ’ 


and it follows that 


0097 


I (z-.r'l + mfv- f/)+ «(g -g) 


Hence 


d<i) = 


_ t(x-y) + m{y-!/') + » («-0 


Again, since 

r-= (*-*')• +(y - yO’+ (*-O*. 

we have 

d fi\ sd ~x d fi\ y"-y 

^W“‘^’rfyW r> ’t/aW' * 

also 


(9) 


Hence wo get 

, d d d 


{‘i ” i) (r)! 


(*») 


Oolisoquontly, if Q he the solid angle subtended at P" 
by tbo boundary of any portion of a surface, we have 


£l = ilu> - - 


,C, jd d d\ /I 

dS (/— + w -T- + n 

dy 


11 


dx 





(12) 


wliore iho integral is taken for each element of the surface 
widiin the boundary. 



An 

since 


Biffcvential Equations relative to Solid A>«jlcs. 407 

Ac ■liircrcntial Equations relative to Solid 

lu-H -H W 6 diUoreutiate (12) with respect to , we go , 
" /, »(, n are indopeu<lcnt ef the coorduiates of , 


d. 


Ml 

=11 




d d d\d(\ 




10 



by (8), since ^ satisfies equation ( 7 ). 


Again, by (*o)» 

(I 




dx'j] r 


and likewise 


and 




in 


wbioli the integials 


[dx [dy 

JT* )T’ J r 


(i 3 ) 


are supposed taken round the entire nVc «.7 that bounds the 

solid angle. 

If we now put 


F-IS, »-J?. 


(14) 


and suppose 


se F, O, II to denote Imc-mhyrnls taken rouru 


I the 
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circuit, or 
er|ualious, 


bouEdar}^ we get, from (13), 


da 

dji 

dG 

dx 


“ dP 

da 

dF 

dll 


~ dz' 

dx' 

da 

dG 

dF 

d^ 

" dx 



and tlie analogous 



266. IVciiniann's Xlioorcm.— If we Puppo.«e ihe point 
j'l/z to be lalvL-u on any snrt'acn -S', and if dS' bo the clement 
oi llio surface at llio point; also, if Im'n’hQ tlie dii'cction 
cosines of tlie normal at 7 '', we got 







Hence, by (3), wo liavo 



•\vlioro (ho fovnicr integral is taken 
over any portion of -S', and the latter 
round tlio boundary. 

If now wo subs(ituto for 7 ^, Gy ITy 
and £2 their valued as given in (12) and 
(i.)), llio preceding equation becomes 



dSdS' 




+ m 


A. 




I 'd.r dx' dij di/ 
/' \(/-x ds' ds ds' 


dz dz'\ 

d.-i d/J 
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where the former integral is taken for nil elements on l.oth 
tlio surface regions, and the latter along the boundaries of 

tiie regions 

The latter integral may bo written 

cos e 


If 


/• 




where e is the angle between the directions of the tangents 

^The^foregoing, when interia-ctctl in the theory of 
magnetism, leads to Neumann’s tlicorcm conneetmg the 
<'nm-gy of electric curi'enls with that of mngnetic shells. 
See Clerk Maxwell’s “ Kh-ctricity and Magnetism, \ol 2, 

^ ^ We shall conclude with tlie consideration of Uvo oi tiire*. 

surface integrals taken over 
a sphere, which are of great 
iinportanco in the theory of 
attraction. 

267 Integrals over a -^ 

j^lilicrleal Surface —Wo 
commence with the determi¬ 
nation of the single integral 

[ —, where aB \% an element 

0/ a spherical surface at any point 7 *, and p is flie distance 
of 1 * from any fixed point O 

Let L POO = 0, OP = 00 =/; 

thou wo have 



therefore 




2a/ cos 0 ; 


(18) 


pdp » rt/sin OdO. 

Again, as in Art. 230, wo may write 

((S^ rt’ sin OdO d<lt, 

where ^ ie the angle that the plane OCT makes will, a fixed 
plane passing through 00 . 
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Accordingly 


On Line and Sinface Jniegrah, 


If=•• II 


sin QdQ d^ 
P 

Again, since p is independent of 


a 


si a Of/0 (/'/* 


= 2ita 


■I 


sin UdQ 

- a 2Tt 

P 


iiy (* 7 ) 


Henro, (i°), when 0 is inside the sphere, since the limits for 
p are a + /and a - /, we have 


I 


dS 

— * 47rn, 
p 


(* 9 ) 


or the expression is constant in this case. 

(2*') When the point is outside the sphere, we got 

ff/«S 47ra* surface of sphere 

7= 7 w ■ 


( 20 ) 


These sliow that a homogeneous sphere attracts an external 
mass as if the whole mass of the sphere was concentrated at lU 
centre. Also, that a homogeneous spherical shell exerts no 
attraction at an internal point CWilUamson and Tarloton a 
Di/iiiimics, Alt. 126). 

In general we have 

dS a f dp 

7 7 ^'- 


llunce, when 0 is inside the surface, 




and, wliou 0 is outside, 



Theorem of Lord Kelvin, 

Also, if 4 > (p) "b® any function of o, we ha^e 

•rt*/ 
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} (i 

dS<^ (p) = 27r - J ^p‘^ (p) d9‘ 


(22) 


hiell 





It may bo observed that we can tabo tbo ^oint fioiu wb 
pia measured either inside or outside the surface accordi 
to pleasure; for, if O and O’ are inverse points, uc. it CO : 
Qjf _ CB : CO'y the triangles CO P and CPO are similar, 
and therefore PO : PO’ = CO : CP. Gouseiiuently the ratio 
PO \ P& is tho same for all points on tho sphere. 

268. Theorem of I^ord Hclviii.—Again, to find the 

integral 

^ "J OP.^OiPi 

taken over tbo surface of a sphere, 
where Pi is a point on the surface, 
and O and O, are any two fixed 
points. 

Wo may take one of tlieso 
points inside, and tho other out¬ 
side the surface; since, as shown 
above, tho ratio of tho distances of 
two inveme points from any point 
on tho surface of tho sphere is 
constant. 

rroduco OPi to meet tho surface 
again in Pj, and take O2 on OOj, 
such that OOi . OOt = 0 P \. OP2 

P - rd, where/= CO, as before. 

Now, let OP, = r, O.P, = p, OP, = rxyP^O, - p,; and 
let dS' bo tho indefinitely small olemont at P3 intercepted by 
tho cone whose vortex is at 0, and which passes through tho 
element dS\ then, it is immediately seen that wo have 

(23) 



Figa. 8x and 82. 



dS dS' 

• 



7 ” r,^ ’ 



f dS' I 

CdS' 

J >*V 


) 


therefore 



412 


On Line and Surface Tnt^grah, 


Again, since the triangles PjOjO, and OxPiO are equi¬ 
angular, we have 


therefore 

Accordingly, 


OPa : P, 0 , = OOx : 0 ,P,; 


pri = OOip\ 

» 

I { 

'dS 

p _ • 00. 

pi 



Hence, since Oi is inside the sphere, we see hy (19), that 



47rrt 1 

00/ 



The preceding is a modification of Lord Kelvin's proof 
of his well-known theorem on the distribution of electricity 
on spliorical conductors {Cambridge and Dublin Mathematical 
Journal^ 1848 ; also Thomson and Tail'a Natural Philosophy^ 
vol. 11., ii 474). 

More generally, if + n = 4, wc see by tho preceding 
that, taking 0 inside, 




This can bo immo«lialely expressed by aid of (21). 
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CHAPTKU XY. 


ON THE SIGN OF SUBSTITUTION. 

26q. or«ul>s«Uiitioii. —It is jiiojiosi-il in Hiis ohaptor 

to givo a sliovt tliscussion on a symbol, called tliu siyii of sub- 
slilution, wbicb was first introduced into analysis by Suiru^ 
in bis Hcvherchcs stir le Cnh'itl ties Vanafion-'i* 

lict K represent any function of a-, with or without other 
variables; then, if a particular value .r, be substituted ior j: 
in K, the result of the substitution is denoted by t he sym bol 

'V. 

Again, the difference between the values of F, whenar = .*i 

I 

and when a; = ar, is denoted by V. 


That is 



*1. 

V- 

v= 


r. 


(0 


(I 


Foi' instance, equation (31) iu Art. 3 ', bo writtou in tl.o 
following form 


* 

W . 


dn 

dx 


h = 




(2) 


' Again, if Kbo a function of ar and y, thou the result of 
substituting a:, for x, and yi for y, iu V is denoted by 


Vi 


V: 


and BO on for additional variables. 


• Tl.b ii.ciuoir was awm-Ud U.e pii/.c «ylVL-ica in 1X4O bv tlio At .id. r.iy of 
R( ieiicu of Palis, for un essay on Itio irealmenl of iiiaxuna and minima vahu-s ..1 
Mulliido Integrals. In ibo discussion hoie given, iLo form of tbe sj mbot a> 
given in Moigoo and Liudellidf’s Caleul tUa VunttUons has been adopted. 
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Sign of Subsiituiion. 


Also, the notation 



Vi 

‘'o 


V signifies—i 


O 

f 


tliat y is re¬ 


placed in V by tbc particular values y, and yo, respectively: 
tlien tbat the latter result is subtracted from the former; 
2^’ in the result tlius obtained the values and Xo are respec¬ 
tively substituted for a:, and the results subtracted as before. 
AVben written in full, ibis gives 




Tbib admits also of being writteu as the symbolio product 




These results cau be easily extended to llirce or n o.e 
variables. 

270. Illiroreiitlatlon iintler llio of ftiubstllu- 

(iuii.—Again, biippobo K to bo a tuiietion of tbo vaiiubles 
.r and u, rci>refaeiited by the equation 


llion we liave 



If now .r, be a function of «, we have 

(I 


(ia 


y ^ ((/’(•Ti, fi) 

({ft (U'l ila 


I iilV 


ilVil.r\ 

V/.r f/it) 




hence 


tf 

(/u 





ihi 


+ 


(/1" (f.e 

(lx lia 



Aeeordingly in siieh oases we dillerentiate under the sign of 
bul.istituliun us if .r were a funeliou of a. 



l){(fn’ei}tintion under the Sign of Litcgrntion. 
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For instance, it Vh& a function of x and y, and if yo, Vi 
l>e Ijotli functions of x, we may write 


d *'» 

T = 


vi (dV 

\t 4 c dy dxf 


Vo 


dx 

Vo 


V ^ dx^ dx 
Vo 


dV fdy\Uf_V 

dx \dxj dy } 


(6j 


Hence 

dx 

If now tliis equation bo integrated between the liinits and 
3 *u, wo get 

■'> = ['■ I '• f K (''^Y f (7) 

^ dx I \ d.i^ dx dx \dx) dy) 

Vo •' *tf ' Vo ^ 

271. I>in*crentialion iiuder tlie SiRn of Intcftra- 
tloii.—Let « = p V dx, in wbicb r, x, and ar^ are all functions 

of a : thou, by (33) Art. 1 m, wo liavo'; 


(ia J , wa 


(Ir 
V —. 


</a 




b'or instance if n = i' dy, wliere r, y., and y. rro 

J V(, 


functions of X, we have 


f Vi 

rfa: “ J „ _ dx 


dy + 


Vl d>/ 
V -j-. 
dx 

Vo 


Now if both sides of this equation bo integrated with rebi.uct 
to X between tlie limits Xi and :ru, wo get 


r*i [Vide 




r*i I vi dll 



Siijn of Substitution. 

lloiice, transposing and substituting for m, 


, U-^ i'o •'* 

>'0 ^ 


*i I Vi (it/ 


Vo 


V -y- (tx. 
ax 


( 9 ) 


Also, siuce 


( 


J'l dtt , 

-r = 
.. <^!/ 


u 




\SH‘ g‘'t 


til/ 


(h 'ti/ = 


' ‘ 'A. 




Vi 


Vo 


Utfx, 


(lO) 


If {<)) and (lo) bu added, wo have 

u - r ’j-] dx. 

\ dxj 

(*0 

272. IMircreiHiatioii for n WouWlc Inlegral — 

Next, let 


.f i ytf ^ , 

rr"f*,'^:'),w,= ''p 


>'0 ' 


K = 


udxdy, 


y 


u 


Ijot 


Also, by ( 8 ), 


but 

beuco, fiiudly, 

*’•*’1 i'"i flu 


j\y and x^ are all funelions of a, ' 

•Vi 

i(di/y then 1 

r=\ ' udx. 

• ^ 


-''0 

dr 

r'dl^ , 

=. — dx -y 

r'r4; 

u, 

da 

L da 

dir 

^idu , 

•'i do 

da 

= T dy + 

J y. da 

» -f» 


flV 

(la 


'0 


1'^ 


I • 

* ^i> • Vu 


i/a 


d.'dll I 


do , 

u -f dx + 


da 


0 0 


■i ^ '•'1 


udy. (12) 


dV 

da 


Exauipfc^. 

Examples. 
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Find tho valuo of g, »here .. = .d-, "'bere ar, »nd a.o fun.llo.u 


of a. 


fL 

rfa’ 


f * t-rfx = I 
J'o ^*0 

*. Provo !bat 


*1 d’v 


31-0 u is a functiot 
3. Show llmt 


• dx + 

1*1 f 

d'x 

dv dx 

U 1 

f/a* 

da da 

\vi 

/<f« 

dn dy\ 

1 dx -( 

' Vo 

\</a 

^ Jtj da) 



dv dx ^ (‘l^\ ' ^ 

dx Kda) ) 


Vi dx 

"T' 

r U 

5 'U 


Pi: 


I ‘/.V, 


»l„.,e r is a funelion of :r, y, and = ; a.,d wh.-ro =„ r,„ y, and y„ a,o funci,.,,, of a. 

2 7 3 Oeomeirical Uopreseiitatloii. — Tho results 
given in Alt. 271 admit of a simi-le geomotnoal reino. 

""'‘Forif ’VO suppose a: and y to bo tho cooidinatos of a 

poiut refeiTed to a system y' 
of axes 0 ^ and i tlieii, 

since r/i and pu liyP®" 

thesis functions of a?, tlio 

equation y = y-i 
presented by a curve A O, 
and 1/ = yi by a curve BD. 

Also, tho equations x = ir«, 

X ^ Xi are represented by o 
two lines, AB and CL>y 
navallel to the axis of y. 

X . a « a ^ A . 



Fig. 83. 


X 


Sonsoquently, ^thrarea ABDCA reprosouts tho space over 

’“■IJ1- St tX XiXt i» 

equation (9) represents tho value of the Integra 

- Wy, 

taken around tho entire boundary ABDCA in the .lireelwn 

indicated by the arrow-heads. 

[271 
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Sign of Suhnfifnfion. 


For, writing the expression in the expanded form 


1 


Vo 





and observing that 


we see that 




taken along DC from D to C. In like manner, 

I'yi 

vilg =■ - 

i 

taken along AB. 

Again, wo readily see that 




taken along BDy and also 



taken fdong Ty/. from C to A. 

Tliis agrees with the result given in Art. 216, provided 
we ohsi ivf that llie iutegrati'in round the boundary is here 
tnlo ii ill the op}>o.siti (u (hat ailojiftd in the Article 

ri'ftrrcd to. 

Ill like manner, the right-hand side in e<piation (10) 
ii'jiiO''- ntb llie value of lo/.r taken around the same boundary 
AliCDA. For 




a>Kr 




adx 


Oeometncdf Tleprcftenfafion 
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taken along BD^ from B to D, and 

Vo 


-r 

J a-u 


udr 


% 


taken along OA^ from G to A. Hence the result follows, 
since x is constant along AB and DC. 

Combining these results, we see, as in Art. 261. that 


JK 


(iu do . , , 


udx - iv^//\ 


(15) 


when taken round the entire boundary in 1)ie direotion stated 
above. 

274. Case of a Closed Curvilinear Uouudnry.— In 

many oases the double integral 
is taken for all points within a 
closed curvilinear boundary, 
represented by an equation of 
the form 

y = 0 {x). 


In such cases the lines AB 


sequently we nave y/i * //o 
when X = x,, and also when x = r^'. hence 



X 


‘ vdn = o, 

J I'.i 


and 


0 


rihf = o. 


In this case, equation (9) becomes 


Gi(''\dv r** 1 dt/ , f'' dj/ . . 

J'o Ivo J-.. 

whore a?, and n are the extreme values for the boundary, and 

the value of — is obtained from its equation. 

ax 

[27 a] 
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Sifjn of SK^sfifufion. 


In tliis cape equation (i i) may be written 


V 






whore tlie Uouble inlegral is taken for all points in the area 
inclosed l>y the boundary, and the single integral is taken 
round the lioundary in tlic* direction indicated by the arrow¬ 


heads. The value of is found, as stated before, from the 

// r« 


(ix 


equation of the bounding curve. Thus if this be denoted by 
1/ - then = (j,' (/), for'all points on the boundary. 


It should be oh.'servcd that the equation y = 4 > (x) really 
represents a cvliiulrical .“iurfaco, and that the actual bounding 
curve is .some curie trued on ///j.s“ ci/tiiuter. 

ijikewise, in An. -’73, the boundary consists cf two 
cylindrical surfaces, // = y, and // = //i, along with the planes, 
X - and x = .r,; and consequently the bounding curve is 
limited in like manner. 


It may be observed tliat equations (15) and (13) inty be 
w'ritten also in the form 



where //.v is an clement of the boundary, whdi muy consist of 
11 siiiytr or of .sererul enrna. 

Tlie modific.ation to be made in the foregoing results, 
when tliG integral is taken between an inner and an outer 
li"nndaiy, is ivndily seen, as stated in Art. 261. 

Again, if we substitute PQ for 1/ in (10), we get 


Jo. 


<!Q 

'i'J 


fix ity 



PQ<h 




Gcometyiral Represeutafion. 
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If the same suhstitution be made in (9) we have 

fiQ 


J *0 J Vo 


(lx 


*i r^'i 

(Ixdi/ = PQdy- 

'0 J S'o 


'ft 


' PQ dx. 

Vo 


dx 


-\ 


*. f!'. ^dP , , 

Q -- - dx dy. 

^0 V i'O 


(. 8 ) 


275. Again, since 


we get 


d ( dv du\ d-v Pii 

(E['' dx~ ' Jx) ~ dx^ ' dP 




Hence by (9), 

r : r :- s -'- nK / S "' 

If the boundary be represented by an eipiation of tiio foi ni 
i> {^t !/} ~ then, by Art. 274 » wo have 

whore the double integrals aro laUen for all points witliin 
the boundary, and tlio tiiiglo iutogral is taken around llio 

boundary or boundaries. 

276. TraiiHforinatloii of 


dn dv dtv\ , , . 

+ — ) dxdyilz. 


M d_u <U 

dx dtj 


ly dz) 


C.t) 


As in Art. 226, wo have 


rr/(^ 

]]\dx dy 


'dn dv dw 

+ 7- I < 
dx 


Ixdydz = 11 «'■ + mv uto) dS, 



^22 


Slff}} of 


wliorft /, >ti, n aro the /Hrectiou cosines of the ouhnird (frnirn 
noniiai at >18 to tlio boittK/nri/ of tho space through which the 
triple integral is extended. 

This theorem is pe rfec t ly g eneral, and holds for any por¬ 
tion of space bounded in any manner, p rovi ded ttyi\wjxTe 
finite and continuous for all points within the field of integra¬ 
tion. 

Also, since over tho bounding surface we have, in general, 
<iz = /> f.r *- 7«/v, wo see, as in Art. .262, tliat 


[In V nil' r nu) (/-S’ = (/r - pu - qr) <(.ctii/ 




wlioio iiiid :iio dctcriniued for any ytortion of the boun¬ 
dary wli'-u tlio f'piatiuu "f that piutioii is given. In general 
wdicii the bv)undarv is ropiv>euted by one lU' more continuous 
surfa< cs, wliioli taken t<'gftlu-r make up a closed boundary 


■•in nr -/-/• 

^ Yy .izj 


I- • -r I <(.((i!/t/z = 


_ V 


I- me f nw) t/S 




</z (/z 

svlien» tlio Nvniliol nioauri tliat tho values of— are to bo 

7,r th/ 

'•bl uiie l h>r * :\r]i ^urlaco ^o[uarafely, anti (//e fi$ 

% 

\V<‘ 'hall next |U'iieed to (iinl the complete expressiou for 
the MiiJ.v' i' iiiti-gral when the triple integral is given in the 
u<iuil f'-nu 

<ln i/r i/ir\ 




1 n % % 

• ix t(*i ttZ 


ill wliirh and z„ are giv.-n fuuetious nf .r, y ; and y, and //o 
are fun' li"ns of .r; and x., x., are ciustaiits. 


GrOMcfncal Bepremifafion. 

In this case the houndary consists of three parts: 

(1) Two surfaces, s = =,>, z = zx\ 

(2) Two cylinders, >j = U<y 

(3) Two planes, x = 3*,,, 

It remains to find the complete expression for 

Uu + mv + »'r) dSy 
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when taken over (0» (-)> (3)» respectively. 

I®. Over the surface, s = s„ we have, hy Art. 262, 


+ my + ««■) 


(^3) 

tU (In 


and we may write the corresponding part of the expression m 
the form 

••*•1 fS'l 


1 


XoJ V(, 


■■ (,. „ I -. t) .w,. 

•0 


2°. Over the oyliiuler y_= y„ we liave /i = o, an.l m,lS - Mz ; 
consequently, the double integral becomes 


IK 


— « + y ^ <lx(h. 


m 


Also, by elementary geometry, we have, along the curve y y 

iix ^ 




m 


and hence the double integral over this rorlion of the boundary 
is represented by 


f*> r*i P' / 7 1 

I y - M (Icdz. 

J *oJ *0 \ ^ ' 


It readily follows that (he porlion of the double integral 
when taken over the two oylindrical boundaries is repre- 

eonted by 


f'l f'l I *' /' 7 /- 

i 1 ( y - » -r 1 

. J X U \ 



Siffu of Snhsiifution, 



Alon" tlio plane .r = 3-1, we have /= r, m*o, »-o, 
dS = dydz ; lliorefore the corresponding integral becomes 



And over .r = .ro, we have / = -i, m~o, n = o; hence the 
)'art of tho surface integral corresponding to both of these 
plane sections is represented by 



Combining these results we get 
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CHAPTER XVI. 

CALCULUS OF VARIATIONS. 

Single Integrals. 

277. Bernoulli's Problem.— In this Chapter it is pro¬ 
posed to give a short account of tlie elementary principles 
of the Calculus of Variations, especially in connexion witli tlie 
theory of maximum and minimum integrals. 

The origin of the Calculus of Variations may bo tracctl 
to John Bernoulli’s celebrated problem, published in the 
Acta Ernditonim of Leipsic, in 1696, under the following 
foi-m, Datis in piano verticali dnohus punctis A ct 7 i, us^iKjuurc 
mobili M viam AMB per qua/n gravitate sna descendens, c/ 
tnoveri incipiens a piaicto A, brevi mmo tempore perremat ad 
puncUim B. This problem introduced" considerations en¬ 
tirely different from those hitherto involved in tiio discussion 
of curves, for in its treatment it is necessary to conceive a 
curve as changing its form in a continuous manner, (hat is, 
as undergoing what is styled deformation. This change ot 
form can ne treated analytically as follows :—Suppose y =J (-r) 
to represent the equation of a curve, and lot us write 

y =/(.r) + (l) 

where a is an infniiesimal quantitg^ and \p (.r) any function of 
a*, subject only to tlie condition of being liiiito for all values 
of X within the limits of the problem. Then, equation (i) 
represents a new curve indefinitely close to the curve y — J (.r); 
and by varying the form of wo may regard (i) ns 

representative of any cm've indvfinUcly near to the original. 

278. Bellnttloii of VarlaUoii 8y.—Hero, a\l>(x) is the 
difference between the y ordinates of the two curves for the 
same value of x. This indefinitely small difference is ealled 
the variation of y, and is denoted by Sy. 
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If the ordinate of the second ciu’ve be denoted by we 
may write 


cy = y. - y = i 4 (x). 



I'hen cy may ]je ref^arded as tlio change in y arising solely 
from a change in the relation tliat coimeets y with x while 
remains unaltered. 

ilore generally, if m be any function of x and y, we may 
write 

lo =■• u, - w, (3) 


where is the value that u assumes when y becomes y + cy. 

t.L, » • 1 1 ^ 'f'y , d"i/ 

Again, when y becomes y+ ov, ~ becomes —- + —. 

' <u-'* dx'' 

Hence we see tliat 




d.i 


(4) 


This equation may also bo written in the fnnn 

c/r'y = Zi’-ry, (5) 

d 

d/ 

Also, in genera], wo have 

oI>« = Dh(, and ZD"h = D'hf. 


where D stands for the symbol of ditl’erentiation 


More generally, if y bo n function of any number of 
hidop.eiulont varial-^s r,, r, . . . y,,, then Sy represents aiiif 
nidr^Hd'di/ .Kincdl cTnui'ii in y aii>ing solel}' from a change m 
(he h'rtn of (he /iine(inH while .r,, are unchanged. 

Thus tlio variable y may r<*eoivo (ico cmntiaUg di-dinef kinds 
'■/ invir/tirni—ouo arising from a eliango in one or more of 
the variahlos, the otlier arising sulc-Ij^ from n change i n the 
relalimi which eomu-efa y with these varrables. The former 
ineroiJK-nts are th<*se oonteniplated and treated of in the 
uidiiiarv calculus \ the latter are those principally cousidercil 
in llu‘ ralculus of variations. 


We shall fellow t>traiu-b, JelUdt, Moigno, and the prin¬ 
cipal modern writers on tlie subject, by restricting, in general, 
the symbol ^to the latter species of inorement. 


Total Variations. 
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i>^279. Total Variations.— lu many cases, more especially 

f^the limiiiay values of the variables^ wo liave to take account 

kinfla of increment i 

_ lUS, if y = /(X„ 0-2, X,), and if Ay denote the total 

iucremeut of y, we have 


(If/ <iy . A 

Ay = Sy + — Ai^x + ~— A-i"! + Aj'x, 


(/.ri 


chi 


(hi 


( 6 ) 


where Aa*i, Ajti, Arj denote indefinitely small increments in 

the variables .ri, a, respectively. . -x • • . 

Tn the case of a single independent variable this gives 


Am = oM + -t- Aj*. 
fh 


(7) 


280. Variation of a Function. —We shall adopt 
Newton’s notation, and write y !/ • y^"* 

and proceed to consider the variation of the general 

egression V=/(^, y, y. y. . • • ^'"0. whicKthe>v« of the 
function fis (jiren, tvhile that cfy in terms oj x is indetermmaie. 
Here, considering as unchangetb wo have 




Now let 


dV p dV ,, 

dy dy 


• • 


dV 

tfyl") 


-Pny 


( 8 ) 


then we have 


SK = Ply + PxPly + P-iP^ly + . • • + PnP"ly^ (9) 

r (p 4 p, 0 -• ^3* 

It may be observed that in all cases in finding the 
variation of a function we neglect terms of the second and 
higher degrees in the incremente.CM". - ■ 
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281. Warlatioii of a Definite Integral.—We shall 
next consider the variation of the definite integral 


U= Vdx, 


(10) 


where V is of the form stated in the preceding Article, and 
does not contain either of the limits, j-.., x,. 

Here, when the limits are unchanged, we evidently have 




'X, 


S Vdx. 


(>>) 


bvt'rl 

Vnu, when the limits undergo variation, 


jir = 


tVdx + FiAr, - FoA-r,,. 


(•2) 


U 


Wo may write the last equation, by Art. 269, in the form 


AF = 


rr 


S Vdx + 


■0 


rA.r. 




'0 


W^e shall suppose in general that y, y, y, Ac., are con- 
1 inM''us and finite, and that c//, ^y, itr., ure indefinitely 
small, for all values that lie between the limits of inte¬ 
gral inn. 

Again, as any relation between x and y can be reprc- 
s.-nl.'.l by a vurvc, wo can always give' a g eome trical 
to the definite integral U, and wo may speak of 
the limiting values of x and y as the coordinates of the 

lifui/itit/ jiiiiufs. 

282. 4 uHc oi ( . / (./■, y^ y).—"We ,,y^y pi-oei.'cd to tyans- 
lomXu^^ cottnneiicing witli the ease in which Kis a fniictlou 
ol .r, //, and y solel3\ 
licro, 

d 


AT- 




Taj-; (14) 


'0 




but 



V<n'iation of a Definite Itifearat. 
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therefor© 




=r' 

J X€\ 


P-'^]iydx + 
ax 


Dhj + 


\ X. 


VAX. 


^0 


Again, if Ay. and Ay. be the total variations of the 
iimiting coordinates^ t/i and yo» we have, by (7), 

A'/i = S//, + //lA-i-i, (‘ 

Accordingly, substituting in the above, it becomes 


J *A 


P-'!p] Sy.lx + 

ax 


(F-P.//) A.r + 


PiAu. ( 16 ; 


^0 


Next, if we suppose tUeJimiting pohU {r„ y.) to be 
restricted to lie on a fixed cur^e (.V = />(•*') suppose); we shall 

have 

If the other limiting point be likewise restricted lie 
on the curve g=fi>}{x)s we shall have 

At/o =/o' (^0) Axo. 

In such cases equation ( 16 ) becomes 


^-fp - "S) - 


*'jr+p.(.r w-y) Ar. (17) 

*■0' 


v.h.,.(.“’ 283. C««eorK=/(T,y, y, y) -If » function of 

Ut y* y» we have 


A<= ['* (Pgy + P,PS// + PxD^h ) + 

Hence, since 


VAX. 


P,my - Sy 


we have 


r. 


' 

d.r 
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Hence, 




. ,A fir •U- / 


^■i 

+ TA^ 


/p. 


+ e>;p.--^u 


I\cy. 


(i8) 


If we now suppose 

^ ,U ,/r’ '•'I’ •'■ ,/r ^■^‘'’ 

WO may write our equation in the following simple form :— 

Af/^l (P) c/a/.!-+ ( FAt + (P,) 8v + Pjo//i. (19) 

c.o'As Agaiu, as before, we liave 

cvi = A.Vi - i/iAj-i, o.Vi = A.Vi - //lA^i, 

?//„ = A/a, - //„A.r,„ 8//0 = A//„ - 

Substituting in (19). it becomes 

A r- f (P) ( r- (P,),v - 


(Pi)Ay+ I PjA//. (20) 


It is often convenient to write tliis iu the abbreviateil form 




wIliTO 


U.r i .V 


(21) 


•■■lel L. an.l L, ivine.wnt the terms at the uimer and lower 
limits, respectively. 

284 M..XI.U.. ami Mini,„a._Ti,e ,uost important 
applualjuns ot tlie C.alcnlus of Variations liave reference to 


Maxima and Minima. 
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the determination of the form of one or more unknown func¬ 
tions, contained in a definite integral, in such a manner 
that the integral shall have a maximum or minimum value. 

For instance, to determine the form of the function 

which renders the integral U = ^ Vdx a maximum or a 

J *0 

minimum. . , , r • rr i 

Here, when we substitute 1/+ axf^ instead of tj in F, where - 

a is an mjinitesimaiy and also vary the limits, we may suppose 
that TT becomes 

U+ aU, + —• CT, + &c. 

» • 2 

Then, as in the Biffercntial Calculmy if CT" be a maximum or 
a minimum, the expression 


at/’, + Ux + &c. 

1.2 

must have the same sign for all variations that are consistent 

with the conditions of the problem. , , , *1 

Now, since hj or o>\> is, in general, restricted solely by the 

condition that it should be very small, we see that we can 
ffonerally chan<je ihe sign of a without violating the conditions 
of the problem. Hence, as in the DitJcrcntial CtilcnluSy Art. 

138, wo see that cannot bo either a maximum or a minimum 

unless 

Ux = o. 

ARaiii, for a maximum U, must bo negative for all values u 
of Sy tliat are compatible with the conditions of the problem, 
and for a minimum Ux must be positive for all values of S// 
under similar conditions. 

In many cases wo cun see from the nature of the problem 
that it necessarily admits of a maximum, or of a minimum, 
value • in such oases when we have obtained the solution by 
aid of equation = o, we niay dispense with the labour of 
investigating the second condition. 
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Again, it is easily seen that 

and accordingly, for a maximum or a minimum value of TT, 
wo must have A ? 7 = o, or 


Ly Lu + 




±\ 


MZylj' - o. 




N'ot, without restricting the value of hj, this equation 
cannot be satisfied unless we have 


X, - X.. = O, and 




j)/S//</*r = o* 


For if X, - X„ be not zero, we must have 


'r 


a 


\L (.r) JUifx - 


■ti 


MB//(Lr = Xu - X|. 


u 


This would require that the integral of an arbitrary function 
can be expressed iu terms of the limiting values of the vari¬ 
ables solely, but this is manifestly iu general impossible; we 
must have therefore 


X, - X., = o, and Mc}/'h' = o. 


f 

J'o 


( 23 ) 


''*^gaiu, since the value of any definite integral depends 
on the foi'iH of Ihi' fuiivtioii to be integrated, it is plainly 
im]'OPsible in general to detormiue the value of the definite 
integral iu (25) without fixing the form of the function 
representeil by 8y. 

Accordingly, since the form of Sy is by hypothesis per¬ 
fectly arbitrary, we infer that in general it is impossible to 
satisfy the equation 


unless by making 


1; 


- o, 


J/ = o 


( 24 ) 


for all values of x hotwooii the limits Xu and 
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In each particular case the form of y in terras of r, i. c iTl 
the equation of the curve, is determined by the integration of 
the differential equation M= o : and also the arbitrary con- p 
stants introduced in this integration are in general determined 
by aid of the equation L\ - o. Again, this latter equa 
tion cannot be always zero unless the coefficient of each of the 
imtependent mnntions be separately zero. 

It can be shown that the equations thus obtained are ra 
general sufficient for the determination of the above-men¬ 
tioned arbitrary constants; this will appear more fully when 
we come to discuss our applications. 

Whenever the solution thus arrived at does not satisfy 
the criterion respecting the function U^y such solution is not 
either a maximum or a miniraura, and is called a stathnarj/ 
solution. 

285. Case of Geometrical Restrlcttoiis. —We have 
here supposed that there is no restriction on 8y, so that for 
any value of x the increments + Sy and - 8y are equally 
compatible with the conditions of the problem. The 
reasoning consequently will not apply if the conditions 
render this impossible. For instance, if a curve be restricted 
to lie icithin a given boundanjy then for all points on the 
boundary the displacements must be inwards, and the 
opposite displacements are impossible. In this case it is 
easily seen that the curve satisfying a required maximum 

/ or minimuni condition consists partly of portions of tin? 
Doundary^a^ ^ruy of portions of a curve satisfying the 
equation = o. 

We shall now show that the integration of the equation 
ilf = o i s much simplified for particular ^ases of the form of 
the function V» ... K 

286. Fa fanetton of x and y solely. —In this case i 

d P 

the equation M = o becomes —^ = o, and accordingly wo 


have 


Pi = const. = c. (25) 

.j More particularly, if Fbo a function^ qj^ solely, thou 
P, is a function of y solely, and wo got^y = const., or 
g^cx + c'i hence the line joining the limiting points is the 
solution of the problem in this case. 

[ 28 ] 


tX 4 t* 


ir,)- c. 

V r c ^ g(T.) -V -i 

V ^^ 3 ^’ -» a^- 
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287. V fk Function of y and y solely. —In this caso 

wo have 


P -^ =0. 


i(x 


llouce 


- r = yP + yP, = y ^ + y P. = (yP.), 


Oh i 


,/.r ' " ifx 

accordingly we have in this case 

V=r^ yP,^ 

where c is a constant. 

288. V a Function of j", y, and i/ solely. 

equation M - o becomes 


(26) 


—Here the 


lienee wc get,f, 




UP, _ iUP, 

il.r i/u 


il\ 


r =0. 


= = const. 


{/.< 


(27) 


:8o. J 
we have 


u Fiiiii'tiun of y, y jind // solely.—In this case 


p UP^ u-p, 

P - — ^o. 

ilx U.r 


(28) 


Al.-o 


f/r 


yP ^yl\ rjiP, 


up, . >ri\ , 

u 1 '/Ih,by (28); 


it.r 


thvii-l'jio 


V ll yp,) - ^yP. 




Again 




Cafic of /wo Dependent Vnriahles, 
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Consequently we get 

i F=- 

dx dx 




therefore 


V= c + + i/^2; 

(I?-) 

V=G + y{Pi) + i/P2. 


(29) 


In particular if Kbe a function of y and y solely, this 
becomes, by (27), 

K = c + c'y + i/Pi. (3^) 

^^^*2*9or*Ca8V wlien^ V cbnfaInN the i^liiiits.—In the 
equation 

U=\'' v<lr, 


if V contain explicitly the limiting values of one or more 
of the Quantities j-, y, y. &o , the expression for A U, wlieuever 
such limiting values are not contains t erms add i hona l, 

to those given in Art. 283. 

For instance, suppose 

V =/ {xy y, y ... .'/u yO* 

then S V will contain additional terras arising from the change s 
in Xiy yi, and yi; and we shall have 

d dV . dV ..dV 

hence the additional terras in A are 

rvifK . <iv „ r'llfT,/,. 


Axi 


'Y— 


d y 


'u/y, 

V, — dx 


dx. 


(30 


We shaU illustrate the method of dealing with such addition:. 

terms ^ubsequ^nUy.^^^ Oe..cuUe«t *ar.„...es.-ft is 
easy’to extend the preceding method to the discussion oi 



Cnlcuhts of Variathnn. 
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|.iobloms of maxima and minima when there are two or more 
dependent variables. 

Thus let US consider the variation of the expression 


U=V ViU, 

J.r„ 


where K is a given function of .r, y, r, y, i, y, 5, and y, g, a re 
both umleterniined functions of x. 

As before let 


and suppose 


pjiL P JJ P 

,t,r ' Of of 




then 




VXr 


dz 


(/‘8y -f- PiVcy + P-.JD^Sy) dx 


-f 


's 


{Qcz -f QiDtz-\- Q-.lJ-h) dx. 


Proceeding as in Art. 283, w’e readily find * 


r^% ^ « 






=r'(P)S' 

j 


r 7', 


y</.r + 


{Q'.hdx-^ 


VAX 


^ {fP3 ^y + P;?y + ((?,) ^s+ 

where (P), (P, have the same meaning as in Art. 283, and 
(^^)* (Qi) are the corresponding expressions relative to the 
\ariablo z. 

Again, as in the ease of a single variable, this expression 
readily admits of being transformed into, *»(.«), 

T, iV. 


Ai^ = 


(P) 8y(/.r + 


* ^,1 


(Q) 8s dx 




o 


+ 


V-{P.)!/-r.i/~{Q,)i-Q,zj Ax 

itP.) Ay + P,Ay + (Q.) A^ + Q,Ai]. (32) 


Isopenmetricnl Problems. 
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This equation maj’ he written for convenience in the form .^ 




X + f"‘ {mp + NU) dr. 

'o "'l. 


(33) 


2^2. Application to Naviina and Miniiua.—The 

determination of y and z wlien f Vdr is a maximum or 

J-ff. 

a minimum leads, as in Art. 284, to the equations 

i?/=o, i\^ = o, (34) 

along witli the equation 


X = o 


(35) 


at the limits. 

In the latter equation tlie coefficient of each mdepcudeuf 
limiting variation must he zero ns before; and the equations 
thus obtained enable us, in general, to determine the arbitrary 
constants which appear in tlie solution of tlie equations 




(/x 


dr 


dx 


d. 


(36) 




When Kis of particular forms it is oasil3' seen that results 
similar to those given for a single variable i^tiU hohl good. 

For instance, when P does not contain r ex plicitly, wo 
see by the method adopted in Art. 289 that wo shall liave 

F=c+(X,)y + (Q.)c+IVv I (ht. (37) 

Again, if K does not contain either ;r, //, or g^cxp licitly, 
this becomes, as in (30), 

p'c C + + c"s + Xj /7 + (38) 

The foregoing results can be readily extended to the case of 

three or more dependent variables. 

293. Itelative IflamlniH and Minima. Isopcrl- 

nietrlcal l*robleinH.—In llio discussion of the curve whieli 
possesses a maximum or a minimum properly if wo ^ 
investigation to all curves of a given lengtbj. or tliat satis 3 



Coh vfna of 


m 


some otlier ornidition, we get a new class of problems, called 
j>roblems of ychfiivc maxima and minima. These questions 
originated in the i'ioprrimrtrioal problems of James llernoulli . 
For example, let it be proposed to determine the form of 


1/ that renders P = 


J’d.r a maximum or a minimum, and 


that also satisfies the relation V’ = 


V'dx constant, where 


V and V' are given functions of x, //, i/, tfeo. 

Hero it is obvious that if Z 7 bo a maximum or a minimum, 
so also is ?' al'\ where a is any arbitrary constant. 
Accordingly iho problem reduces to the determination of 
the maximum or minimum value of 


(r+ aJ") dx, 


(39) 




regarding a as a constant whose value is to be determined b}’ 
aid (»f tli»* given value of Xi". 

294. ICqiiatioiiN of —Another class of pro* 

blems C'los(lv alliid with (ho preceding is tliat in which the 
variables .r, //, //. {/, Sio., arc connected by a relation JF- o.; 
ill this case wo may plainly write 


X'r 


( 1 % XV'jd.r. 




% 

where A is any indetornuiiate fniutinu ol x. 

A ver y ingxir tant case of this jirinciplc arises whenever 
wc take the arc of tin- curve for the indopemlonl variable. 
205. Case «»f Arc lieiiifE Iinlopciiilciil ^ai'lalile.— 
instance, in looking for the maximum <*r minimum 
.“ointion of the inteirral 


U = 




dx di/ ' 

let ^ X, //. and wo have at each point of the curve the 
rclati'in .i'-' 1 //• -10. 

In tills case wo seek fur the maximum or minimum solu- 

ti'in of th'' e\pTe.s>i(*ii 


Case where fx does not contain 8 Erplicithj. 
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where F = m + 5^ " 0 ^ undeterminea : the 

coefficient is written in the form for convenience. 

296. Case wliere p iloes not e«nilaiii « 

For example, let fi bo a yuHcfion of x and y solely^; ^heu, since " 

dV . 




= o 


ds " " " ' ds 

we get, by equation ( 37 j» r. .0 (r,V r. 

A* ^K \‘ V = ihi + Qiy + c; 

0 • \ ' "I " 

tree k' ■* 3 ^ = A + <. 


bet 


Tins may be written \~y\- «, 

where a is an arbitrary constant, to be subsequently dotermiued. 


Again, the equation 


X = o at the limits becomes in tins 


case 


n^s + 


A (rS.r 4 - y 3 //) = o. 


II 


ii-) 


fs 


or, since Sr, = A.r, -i-.A-si, 


()n - A) A« + 




A (iAJ* + yA.v) = o ; 


therefore - a\ (sj - s^ + 

Hence we obtain. *» i^i), 

aA («j - So) = o, and 


X(.rAj; 4 ySy) = o. 


•11 


A {xXc 4 y\y) = o- (42) 


o 


Now, whenever the length of the curve is given, tbo I 
former of these equations vanishes identically, but when the 
length is undetermined wo must have a = o. 

Accordingly, in the latter case wo liave 

A = fx, (43) 

w^nwhile in Uojxerimetrical problems 

A '= /i 4 ^ 3 ', (44) 

in which the arbitrary constant is to bo determined from tlio 
given length of the curve. 
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Cafctihis of Vanatiom. 
♦ 


Ic tlie former case, substituting fi for A iu (41), we see 
that uhoiever fi no/ cont'nn « c.<p!ivitli/^ we ma^’ write 

i*’ * ' 'i~ 

^ (>' + //^ + l) tis. ^ . (_• { 4 s) 


U=i 




Hence, if /< be a function solely of one of the variables, 
y suppose^ the maximi^m or minimum solution is given by 
aid of tli6^^qimlion^''*’ ,Vi-x- . 

fu = c. 71 . f,. j V • {46) 

Examples ^f this will bo fyuy^d. further on. 

297. In geueral, for a'^iu'a.^lmuin ora minimum we have, 
from (45), p 

/.V /•' /.v /\ 

(47) 

MU lf> <f 7 

but 


>- 


xl ^ 
iK 



d . d^i 

= ,7; :r, = 

7 O-y) 

7 /m 

. 'V . 

dfi 

</.y 

•'■ d ." •" 

</y‘ 


♦ Kn ^ , 

< * T 

? “lx 


’ r' ^ 

. (48)*-* 


-y (y ^ - 1\ /.y = .^ (i t - 

.A V;-* (ij/. \ (/'/ ‘ (/.('/ 

_ -"ar, • 3 4r - ) 

Agiun, let tp bo the rftiglo iiiat (/y, Trie oleinent of the 
curve, makes with the positive direclioii of the axis of .r, and 
we have 


A' - 


therefore 


cos 0, y ^ sin <{,; 


. '^<i> .. . <k, 

•7’^- y 7-, y = 7-. 

cr6- ds 


Acenrdingly, oillier of tliu equations in (4S) becomes 

'^0 I / . i/ll \ 

ilcMce, adopting tlie u>ual cnnventiou as to the sign of o 
t hejiUillus, o|_ciii- vaUu-o {lUffurnfia/ Cd/ni/ns, Art. 22O), we 
may write tlie last equation in the form 


1 

P 


.|'.V 

P 


1 ‘ 7 ‘ • 


d^i 

—, cos 
<■/<! 


(fi). 


(49) 


Cano where V = fi + fiiX+ fi^y. 
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Further integration of this expression is impossible without 
having previously specified the form of /u. 

Again, at the limits wo have 


yixJlix + yAy) = o. 


f. 


This, when the limiting points are independent, leads to tlie 
equations 

{x^.v + yd^y) = o, and + yAy) = o, (50) 

« 

provided y. does not become zero at either limit. 

When the limiting points are restricted to fixed curves, 

equations (50) show that the curve for which | isa maxi- 

mum or a minimum must cut the limiting curves ortho¬ 
gonally. 

It may be observed that if the proposed integral had^" 
been —, equation (49) would become 

J ^ 

I I (dy . . (fu. \ 

p fi \</x ^ (iy 

and consequently we see that the two curves contained under 

the equation^p’ rendei-s f yh 

a maximum or a minimum, the otlier possesses the same 

frf.v 

property with regard to 

J ^ 

298. Cascwlierc K=^ + ,i,i+^,j,._Next let us consider 

the case whore V is of the form ^ in which u, u., 

and fit are given functions of x and // solely . 

Uore, as before, we assume 

j/i + /i.^+/xjy+iA (i'+y*- (51) 

Thou, as in the previous case, wo get 

riM • I 1 • ^ ■* 

Ihis loads immediately to the relation 

p = A + c. 
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Cnk-uhffi of Vnnafinm. 


Again, tlie ernialion i ’ i = o at the limits reduces to 




\ (.rc.r + f/cfj) = O 


•^1 . -x ' 

'■l . ^ V 

{/I /l|.f T fhf/) A '! + 

(iiior+ 

■^,1 

\ 

. ... 


Ik 


Substituting, as before, for c.r and c//, this exprossiOD 
i,urac<liately mlucea to, 

J fl, * jf/-. I j 

''A (■•'i - So) 


I/ll Ar+ /loAvU f/i - c) (^'A-r ^ //A//) = o, 

^ He*nc'o!^as ifi preceding ease, e = o, except for isoperi- 
m nietricai ].rnbb-ms;‘afso* wo bave.^.r^-*) 

' j/i,A.c + /i;A'/-i /i(.rA.iM //A//)j =0. (5-) 

V 

1 In tliis case we have X - /i, and ecpiatioii (51) may bo written 


U 


* j j (■'''' - fr /u-'' + /»■;'/j 


(53) 


If /I, fiu and /h be functions of o ne v ariable (// sujipose) 
solely, ibi* dilb-iontial enualion for detormining the onrvo 


assumes tlio simple form 


\.iv) f: a*?,. 


fU -) /I, c. 

2Qg. In generalyve get llie equations 

•hi . All . <hi'. >1 ///ui 

i' ^ ■' .u ,i.s ^ 

'!'< ^ ^ '^'= = ^ („,i), 

t{f/ </f/ </// its its J 

Hence, as in Art. 297, we readily have 

o u b/.f ■ (/// (/// i/.r 1 


(54) 


(55) 


(56) 


AVo shall illustrate tlieresulls arriveil at in the preceding 
articles by the consideralion of a few elementary problems of 
nuixitna and niinima. 
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Lines of Shortesi Lengih. 


I 

loo E-liies of Sliortest I^engtli—In tlio case of plane ('* 
curves llie length of the curve between any two po^t s is 
represented by 


-v/1 + y’ ilx. 

« 


Hence, since V is a function of y solely, we have, by 
Art. 286, y = const.; consequently, as is obvious geometri¬ 
cally, the curve of shortest lengtli between two points is a 

B^r^-^^ll^Umiting point ^ be restricted_ jo the cur , ve (.vl 
we have A;/<,=/oV7Ar.„ and^muniting equation 

(17) eives 

(1 + y/'oV«)) ^^0=0. 


or 


I + y/o(^o) — o« 


(57) 


This shows that the right line cuts the boundary orlliogonally. 

Hence the problem reduces to the drawing a normal, or 

normals, from the point x^ya tqjliej^undin£_^rye. 

It is easily seen that if the point is between the 
curve and the corresponding centre of curvature, the distance 
is a minimum, and leads to a real minimum solution. It 
the point lies beyond the^cenhe^pf c^^irvaturo, the normal in 
question furnishes a si(ihnunr)j sotiition, hut not a niiniimnii 

If each of the limiting point s lies on a g^veii^v^ tiie (...) 
solutionis a line normal to both the curves. ^ 

Let us consider whether Pj I'j 

such a solution is a true mini¬ 
mum or only a stationary 
solution. 




If 

c 


1*2 


C2 


*Cj 


1°. Let the curves bo con¬ 
vex to each other along the 
common normal PiP«: in this 

case P,Pa is a minimum. f , aistanco 

If the curves he concave relative to P.Pj. the ^‘stiui 

P,P,i8 not a true miniimim, and consequently our solution 
is but a stationary solution. 
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If the curves lie as in tlie first part of the figure, then it 
is easily seen tliat V\Pi is a true mininiura only when Ci, 
the centre of ciuvaturo currespoinliug to I\, lies beyond Cj, 
the centre of curvature correspoiidiug to P.. 

More generally, we have for the length of anv curve in 



Here, for a maximum or a minimum, wo have, as in 
Art. 2S6, y = const., r = const., and accordingly the curve is 
tlio riglit line that joins the limiting jioiiits. 

If we suppose tlie limiting point restricted to lie 

on tlio surface 

u (.r, y, =, = u : 

then wc have 



(h( 

ihf 





Again, by (32), the torni in that corresponds to this 
limit is 


This gives 




_^ //.. Ay., 4- 

• / • • *1 
I + yy -t -0 


-I i/Alt. = o ; 


lieuco, from (58 wc see that wo must have at the limiting 
]>oinl 

tlx I iia 1 ihi 


d.i y <hf i i/z 


(59) 


'J'liis shows that the right lino is normal to the surface m = o 
at the limiting point 

llcncic when oiio of the limiting points is fixed, and the 
I'tlier lies on a given surface, tlio problem reduces to drawing 
nurnials to the surface from the given point. 

sifii hom jronmolry (Imt fur a 

sfiliifiou ilu* |iuint Diu^t be iioarer to (he 

oon yuoiditiff jJi incipa/ cenfrcx of 

cxrcdftin'. 



The Bravhi/sfochrone. 
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301. BrncIiyMocliroiie. — We shall next consi'ler 
Bernoulli’s problem (Art. 277) of Uie line of quickest descent 
uuder tho action of gravity, which is commonly called the 
Brachystoclirone. 

Let us take the axis of x vertically (loivnicardsy ami that 
of y horizontal. We shall suppose'the partitlo to start from 
the fixed point j*oyo, with the velocity due to tho heiglit h ; 


then, if v be the velocity at any point, wo have 

y* = 2(j {x + h - 2*0), 

(fs 

also, if t bo the time of motion, ^ ^: 


r 


y I ^ y^ (lx 


(Is 

(if = ~ ^ — - 

^ V -9 V ~ 


• 5. 


hence, neglecting the constant v/2//, wo may write 


U 




,*'i v/1 h y' (lx 


(bo) 


yx+ h-Xo 

Here, since Kdoes not contain y explicitly, and x^, is constant, 
we liave, ^ (25), 

il 


•v/i + y* + // - 2*0 


= c. 


(61) 


Now, let <p be tho angle that tho tangent to the curvo at J 
any point xy makes witli tho axis of x ; then 






Jf;. y = tan tp; \/x + h - x„ 

X + h - Xo = a sin’^, 


sin tft 


(62) 


writing a instead of ; 

0 

hence dx = 2a sin tp cos (pdfp^ 

also (ly = tan (pi/x = 2(t aiidtpdtp, 

therefore 

f • , , . sin 2d) . 

y « 2« Biu^<p(l<p a<p - -—~ + const. 


(b 3 ) 


C(i/vk/h 8 of Vari'tfiom, 


•UH 

llc'iioo {Dilf. Cal, Art. 272) we see that the curve of quickest 

iloscent is a cycloid. i- • • 

The construction of the curve depends on the limitin g, 

!■' conditions. Thus, if the particle starts from rest, we have 
// = o; and, taking the origin at the upper limiting point, we 
have A = o, yNo; and equations (62) and (63) become 

/ sin 2<p\ 

X = a siir^, !/ = (f['p “ - / * 

Tlicso represent a cycloid having a cusp at the origin. 

Again, if we suppose the lower qioiut ■‘’I’/iy to lie ^.Ihe 
tnivvo //=./'..(■), the term outside the sign of integration 
corrcspoiidin^o this limit gives 

Ff P. (/'(•'■)-//) =0. (64) 


But, hy (61), we have 


av 




hence (O4) hooomes 


/•(i k if) 
!/ 


1 + tan \.r,) = o. 


This shows tliat the cych'id cuts the limiting curve at right 
angles. 

302. The Arc (alien liitle|>eii«teiit A'arluble. —It 

will he iustruelive to illusiruto the method of Art. 295 by 
applying it to the problem of the braebystochroue. Hero 
we have 


/i 



and equation gives, neglecting the constant multiplier, 



The Brachyistechroue. 



again, as this does not contain y explicitly, we have, as in 
equation (46), 

^ — = const. = c, where y = * 

s/x + h~ Xo 

If ^ be the angle that the tangent at the point xy makes 
with the axis of x^ we get as before ^* 


X + h - Xo - a 

and also 

(/0V 

x = cosd>; di = —^ —- 2ft Bin <t>ddt. (65) 

cos tp 

Tliis gives 8 = - 2rt cos rp + const. 

Hence Ca/.y Art. 276), wo see that the curve is a 

cycloid, as already shown. 

Again, equation (50) gives at the limiting point 


xAx ySy = o, (66) 

wliich shows that the cycloid intersects the limiting cMv?* 
orthogonally, f 

Next, if wo suppose lh^^)oint j;^to bo variable, wo see, 
by Art. 2go. that we must introdiTce in AU tiie additional 
term 

t , I'"' 

also, by (65), 


Ca 


Jo (x + h - Xo) 


. \i ’ 


f'i_ ds 

J (UJ + A - 


2 dd> 2 

-73 -r-^ = —7= (cot - cot (i>, ); 


accordingly, the additional term introduced is 

Ax„ 


y a 


(cot tpo - cot tpi). 


(67) 


• rbo student must bo careful not to confound iho symbol y in tbis investij'u- 
tion with the saiiio symbol in thoiiroviousQiliclu. In fact, y in allca^es repicseiits 
tbo^Mxt&fi 0/ y relative la the indeyendent varinhle. 
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the term 




iu 2 , becomes 


0 


(M.r + //A^), 


lirtui 


(cos 0., A.ro + sin A^o), 

s/h 

- - (cut f/t,iA.rg + Ay,.); 

v/o 


adding this to the term in (67', we get 

- ^ (A-r., cot (pt + Ayn) = o. 

If WO compare fids witfi (66), wo see tfiat the tangents to 
tlio limiting curves at the upper and lower limiting points 
are i^andlcl. [See Midgno, Calcuf (tvs Vd'iafions, § 113.] 

For example, to find the curve 
of q^uicko>t descent between a given 
curve .Ui and a straight lino CD 
situated in the same verlical plane, ^ 
we drawtothegiven curve at angent 
A 7 ’paralltd to the line CD. Then, 
supposing the particle to start from 
rest, the cycloid satisfying the con¬ 
dition must start from a cusp at A 
and cut CZ) orthogonally. 

303 . To find a ciirrc of fiirfii ti n fifli irfiofie cxirfiitiftcs tie on 

a i/uni ('Hi re, and auvh that the um/_ eomprhcd hvtirecn the tico 
eurrrs shall he a iii n.v{ijiani. 

Let // = /(./■) be the equation of the given curve; then 
taking the arc as tho independent variable, wo may, as m 
Art. cqS, write ^ 

f^ = /!b(.r ^/r+ + -f{.r))x\ds. 

Ucnco, by (34), we gut 



Fijr. 8r>, 


1 '" i-* . 


Iq. 


and it readily fulluws that the curve is adrde of radius c. 


Minimum Surface of Iievoli((iou. 
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Again, since at tlie limits we Lave y tlie limiting 

equation becomes, by (50)» 


f 

‘ {x^x + yAy) = o, or 


‘ (•p + i/'W) = o- 


This shows that the curve cuts the given curve, y =f{x), at 

right angles at each limiting point. 

304. Wlulmum $$urfuoe «f Revolution.— To find a 

curve such tliat tj|m surface generated by its rovolution 

around a given line.^stiall be a minimum. 


Hero 

must have 


__ y '» 

yv/t + yis a miuimumj hence, by (26), wo 


y v/1 + y" = c + 
Accordingly, we have 


uif 




or y = <“ (i t- y*)'. 




therefore 


log y + + const. 


305. Otherwise : if wo take the arc as the ind ependoid 
vni'iable | . find the given line astfie axis of x, then the suifaco 
in question is represented b^' 


2 


TT 


!/(iH ; 


lieuco, neglecting a constant multiplier, wo may write, as in 
Art. 295, 

' [y + (i* + y^ - 0) y- 5 . 

'0 

Again, by (45), this may bo written in the lorm 


U 


17« i 


y(i + y- + 0 


Consequently, as in (46), the curve is determined by flio 
equation 

yj'= a, or y = r/sec 0. <^9) 

[09] 



450 


Cdfcidiis of Van^ffii'U'i. 


I'lvm this we infer, by (3), Art. 131, tlint the euiTe is a 
criteiiJiry I a result wliicli cau also be reatlily seen, since 
(6 li) leads immediately to tljo equation 

t/// -- 


ov 


.r - a log (y-I- \///' - f/*) ^ const., as befru'o. 


U now llie origin be taken as in fig. 7, p. iS^, wo '^et 


a* = ti log- y^/^~ . 


and hence 




(I 




" < osh - 


(70) 


t-ousequently, when the exiremej>omJ^Qre given, flio problem 

le.lucGS to drawing a catenary passing through these points 

and having the given line lor its axis. Fm- a general inves- 

fjgatiou of the iM^ssihililxoljhjs,^^^^ ^^^ the stinlent is 

1* (erred to iodliniit.-rs l{r.snnrln-.s on ihv CnhuhtHof raria- 
5 ; 62. 

fl'O iiivislipalion I,ore to the imrlionlnr eiise 
w lieretlieliniil mg points, « 

-t and are ( 

truiii the fixed line. 

We sliall first slmw 
ihat all c atenaries, re- 

I'leseiitcd by tile oqiia- 
(i'«ii 

y - - fc- ! e'A 

/ 





of the Votcneivy. 
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For, let CiVlie ii tangent from the origin to tl»e curve, 
and let 

NCO = a, CJI = .r, AH = y ; 
then, as in Art. 131, we have 

HL = ff, NL = ar(; ON = s; 

also, from tlie 6gme, 

// .r 

*- = cosec «, - = sec « ; 

a u 

hence, from equalion (70) we get for tin* th-lcrinination of 


2 cosec a = c + c * ; ••• 2 cot« = “ ; 


lienee 


I I- OhS <1 ll + cos U 

^seca _ cosec « ■\ cot (1 = -:- - J - 

Sin <1 V I - ctis (I 

If we make sec a = u, this gives 


i 


(70 


The value of » can readily he ioniul a pinoxiniatoly from tins 
equation; for let « = i + s, tlieii (71) transforms info 

zt^e-' = 2 -i z; 

but c ■= 2718 . . . ; c- - 7‘4> approximut^'ly : 
hence, approximately, 

s( I + 2S + 22'^ I - -t- Ac. j = ' 

V 3 / 0/ i/ 

From this witliout difliculty we find 


z ^ 4;, tj . jj isoc u - y • }>■ 

Hence, by a table of natural sines, wo find « - 33'" 3 <*» 
approximately. 


:r 


'I’lio equation tan a = " furnislies the t/inxi/nmu value 


X 


of - for the catenary. 

y 


|20aJ 
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Accordingly, if = //„ and if d be the distance between 
the limiting points, we may write 2x^ = r/; and we see that, 

1 '^n 

wnenever = — > tan a. tt i.;? impossible to describe a catenary 

•'I/i’i !/o 

f/irou(j/f iho Umitiuij poiuis .so a.s fo have the fixed tine for it% 

<(.i is. 

AVinm ~ < tan a, it can be readily shown that two, and 

_yo _ 

< ^vtb_j‘ at_ciiar ios cjin he so drawn; for K-t ~ = tan H, and 

. ^ !/q 

J' ^ 

n " I lion equation (70) gives 






Tliis equation cannot have more tliau'two' 7 ear'roots‘;'’and 
the preceding analysis shows that it has n o real root when 

Again, the roots are equal when ,3 = a; tor.tim condition 

equiilKMs gives a cot /3 = c” - 

.-yusc » IS given l.y equation (71), and we must have B = 
^ext, \vu Inwo aln\ulv ’ 

s.‘cninEx-.4.p. 261, that it // 

•"'bo t ho surfucogfik'nitodliv j/ 

lb" levtdutioii roun.l its axis \\ / 

"f any pnrtioii 0.\\ nicasurfd \ /^ 

ti'.mifhovertexofacatenury, J 

we have \ // 

Tr(//.N + t/r), y/ 

Where .r and >, are the ^ /“ 

ooortlinatos of A, and \ I / ^ 

s - ON = NL. \ /L 

Again, if V Pp H 

Uh'c of the cone gmieratfd “p--1—.^'-l 

b\ 7 ’A ill a c.iiiiplete rovo- * PH 

lufinn. wi' liav'* r^- 

Fk'- '^S. 

■ IT (I'X. //.Y) -1 vr.\ = 


/' 
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but by similar triangles, wo liave 


therefore 

Accordingly 


NH. PL = PH.HL = . PlI] 
2 = TT iys + a . PB). 


S - 'S.^na . CP. 


If PJ/’be a second tangent drawn from P to the curve, wo 
have, in like manner, 

S' - 2' = -7r«r'P, 

where S' and S' are tho surlacc-arcas generated by OJl ami 
by PMf respectively ; hence we see that 


S+S'=2 + S'. (7S) 

Consequently, if from any point P on the axis of a 
catenary, tangents, PM and P.V, bo drawn to tlio curve, t/te 
8 ur/ace generated by the arc MN in its recolalion aronml the 
axis is equal to the surface generated by the broken line MPN 
in the same revolution. 

More generally, if tho tangent at M meets tho axis in a 
point P', we have, adopting a similar notation, 

5 '- 2 ' =- iraVPi 
and we get, in general, 

S+ S '-(2 r 2 'J = ± iraPP. (71) 

In this equatio!! tho upper or lower sign is taken accoialiiig 
ns the tangents intersect below or above t)io fixed axis. 

From this it follows that, if tangents to tlio <-urvo bo 
drawn at any two points, M and N, on a catoti'iry, tlio 
surface generated by tho revolution of the curvo J/iV round 
the axis is greater or loss than tho surface gonorated by tho 
revolution of tho broken lino MP'PS, according as VP is 
greater or leas than CP. 

In flg. 87 it can bo ahown without difliculty that iIuj 
upper curve A'A gives a truo minimum, wliilo tho lower 
curve corresponds only to a stationary solution. (Art. i 34 '} 
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3r)6. To Jiiof tin' curcc for ivliirli tfo' firca fo /tn'ioi thr can'* , 
itfi vfolntc, and th< c-jrtreme radii of carvalmr filial! he a minimton. 
Uero we liavo 



i-.. if 



llencc, since V does not contain either .r or //, wo have, 

hy (3o)» 


but in this cnso 
Ihereforu wo iiiav writo 




(75J 


wlieie r, and Cj uri' arliitrary <vm.sl:uit&. 

'I’his equation may l)o written in the ferm 

A* ' // 


/ 


\ i - //• v' I !/' 
- ''i i‘os'/» I- f. sin «/*, 



where </), as belniv. re[’ieseuls the angle that the langeut to 
the eiirvi' niako> with tlio axis of r; therefore 



'’i c<*s </» 4 sin *!> 


'I'his gives .v = e, si?) tfi - c, cosf^ -i- o; 

and aei onlingly the euvvo is a t^'chthL 

Agtiin : 

I If the limitinu ti\<.d , but not the tangents 


at iH'inl'', rijualiou 






t 






% \ 


* p • • • , , 

1 III" / - 

11 <'lirr 11 

jfontis iO'i> 

cubu iti a Ooinplolo 


at iarli limit. 

at l)ot}i liiuit_s, aial orniM'ipuMitly 

tlie cyelnid ; accordingly tho euvvo in this 

cycloid. 


Isoperimcti'ical Problem. 


4’>'5 


(2“). Suppose tlio extreme p oints lie on given eu ryc^ 

Here, the equation L = o becomes; hy y 


Ti 


0 


(2riA.r + 2C..tl!/ + /hA//) - o. 


(r,\ * ?, 


nenco, since Ay is (irbitrari/ at the /imif.% wo must have 
P, = o at each limit, an.t therefore the extreme points are 

cunp-'i, as in t l io former ea s Qi 
Also wo must have 

Ci^.c + CjA// = o 

at eacli limit ; this sliows that llio curve tmichos each ef the 
houiidiug curves; ami also tliat the lino joiuing the h.uitmg 
joints is a maximum or a luiTiimum clistniico botweeu the 

( 3 *'). If cither limiting point bo oomq)letelxiuiletcrmimUe, 
wo must have 

e, = o, ami r, = o, 

and the oountion reduces to p = o at all points, au /»v«.«/We 
equation, wliieh shows that tlicro is ,nL«)hittou in tins case. 

^ ,07. Inti,fori.Iliu-VcAl I-rnblem—Again, .u tl,o same'-;. 
problem, if the longtli of llio curve bo given, wo may wiito 






ih-oceedinff ns before, we readily got 


Oi 




h where h = ~ j '; 


f> = 


therefore 


—-L r 


v/i + r ‘ ii' 


th 

(i(it 


. = Ci cos tjt I- (-2 f>in J 


« = r, siiw/* - oost/, t b>[> r d. 
This is the intrinsic equation to the curve. 


( 77 ) 




Cali iiliia of Vdi'Mhns. 
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JO*, 


We see, as Lofore, that the cuiTe becomes a cycloid when 
6 = 0, i.e, when the leugtli of the curve is not given. 

Again, the equations 

dfj dx 

- = sin^, ^ = C0B<f>, 


give 


(If/ . 

^ = sin (ci cos fp + Ci sin ^ + 6) 
dx 

— = cos ^ (t’l cos (p + + b) 


(7S) 


I'ViMii tlicso wo can express .r and // in terms of <p. and thus 
ilotoniiino the equation to the curve liy el imination. 

308. General Transroiiualiuii.—In general if V be 
a luiiclion of x, 1/, //, if .. . yW, we httve(<)o>) 


Ar = 


/'ey + l\Dcij + ... P,Jy'cy) dr + TAr. 


r-f-.7C the symbol ^-^when operating on gy Ao/r/y . 

’ Tr -nut lot ^.Unoto llio symbol wliou operating on any of tlio 
luiichiiiis i , i 1, ... then wo inav WTito 


V..df \y - ( P„,hj) 

- {l>x + Df\ - DC'"^-D, ... + (- 


'■IICO \\(J 


■' «'y -- (- r;’" dxc. 


' . . d”'} 


+ ■ ‘ I 'ey - ^ Lf-'-},, + . . r- .''"‘■'■P 

\ 


cy + ... (- 1 ) 


</ur' 


^ m <s 

;r-T 



Maxima and Minima. 
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Applying tliis to the different terms iu the value of A f/” given 
above, we get (■•i) 



where 


+ |(•PI)Sy + (i’:)©// + ... -f (70) 


dx d.r^ 


dx'^ ’ 


ip \ - p _ _ +{ I V'* 


and Fo on. 


AVe may write lliis, as before,^ in (he form 


) . 



308a. Maxima and Minima. —It is plain, as in Art. 
284, that for a maximum or minimum value of the definite 
integral, we must have 


(P) = o, and 


X = o. 


(81) 


Jo 


UUii 

Also, as before, the coefficient of each independent variation 
in the equation at the limits 


0 


must bo zero in this case. 

^■^309. Case of Two Dciiendeiit VnrfiililCM.—l^re 
generally ^ lot Fbo a function of x, y, a, y, z, y, z,... yl"*, 
whore y and 2 are functions of x. 

Then if 
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wo sliall have 


\U^ 


V\x 


J 


4 


‘ (/% + PJVoy 4 . . . + PnT)''h) 


{Qh + Q,Bh + .. . + Q„.D’”S3) (U, 


ailijjitiTig tlio notation given in ArU. 2ui ami 30S. 

Uonoo, pi-ooeoding as in tlio InsTArtiole ^ wo readily see 
that \U ean bo transformed into the following shape :— 


\U = 


I j(i’) cy h (Q) <h + 


V^x 


• t 


■'1 i 

I / 7» 


/i-r I 


whore 


j(/Mc//+ {P.)c!/ 1 ... t- 


+ i'' + (Q,)ii 

[ ‘*\t ' 


I / 


{Q) = Q - 


i/Qi x'^Qi 


+ (- 


m 


>("‘Q 




U 'IP ‘ ' yyn ’ 

and so on. {^^\ *«) 

'Ihia may be wiitlcn, as before, in tlio form 


A U = 




J*.> 


(/’) eyfix + I cZ'fx + 




J 


L. (82) 


(rO 


Also, it is easily seen t))at for a maximum or minimnm value 
of U wo innst have 


(/’) = n, ((^) - o, and 


L - o. 




3 io.^r«iMlUion of liitoKrability.—Tliorosnlt contained 
in (tpialion {;.)) furni^l^rs ns at oneo with ‘ho condition that 
H'-'ljlilionM he an I'xat t dilb'n-ntiul, inil eprmdciit of the parti * 
<'nlai foian of lln'.iimrli'.n y. For, in this ease, 


I 




0 



Condition of Intcfjratdtitij. 



must be a function of the limiting valuos of.r. //, //% solely, 

and consequently when thef^e limitiny vatuen are nnnltervd wo 
must have = o; but by (79) wo ha^e^n that case 



Accordingly this integral must bo zero for all values of oy; 
and bonce the equation 


(P) = o, or 





must vaniBh identiealhj. t( 

311, tlletlioil of the lHHerenlial Ciiloiiliis. —This 
result can also bo readily arrived at without any reforenco 
to the Calculus of Yariations; for supposo that Vdx is the 
exact difjcrenlial of a fmiction where ^ is of ti>e ovdev [n - i) 

in tho differential coeffieients y, y, • ■ then wo liavo 




.. di^ 

dx du du 


• + y 


(") 


f<i> 


( 8 - 1 ) 


y*.K • ^ 4.» 4 .^ ^•! 

This shows that Vdx eannot^bo an exact difforential unless 
it is tinear in ita hujlivut di/fci'cntial cot/firient, 

Wo now proceed to <iolciinino tho conilition that any 
funotion V should satisfy equation (84). 

In this ease wo have 


„ dV .d<f> „ dV di^ 

ilT .7^ ” " </y<" » r/y'"-^> ’ 


df') df 
these lead to 


VPn - P«.. » 


- i)r „, I I) 


'lip 




<fy 


- n ; 

n~'i) ’ 


flip 


Agaiii^ 




o. 


, (lib 

7 > - 7 ) ' - I ^ ' 



KiO 


Cili uhts of Vnriotiom. 


heiico 






it is readily seen, by coutiuuiug this process, that we must 
have 


D^Pn - P’- '^Pu.X + . . . ± 




-vIku'o the uitpi'i' or hiwi-r signs are to be taken accorditig as 
r is iiii n-'tt or an <»./-/ integer. If we make r = n - i, tliis 
l»ecoim*s 


- ir-P,,., + ... ± p, + = 0 . 

lleii'.-o 

irv,^ - />•* + ... ± />P, ? i* = o, 


uliberving that 





I his yoi'ifios the ivsnlt arrived at bv liie Calculus of 
Variations. 


.>t:. Tliooi’ciii —Tlie Conver.'^o 'I'heorem, 

\i/. t liat whfu P\ - o. Hicni.k'olUj^ is an exact ditfereutial 
eoolln'ient, can also bo proved as follows. 

Hero, wo liavo 


7>'7’. - -f . . . t f 


o. 



Again, wo liavi- the symbolic crjimtii.n 









Converse Theorem. 
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and we see that the term of the highest enter in (86) is 


Consequently we must have 


(It/’*) 


<fPn 


(TV 


dt/ 


= O. 01“ 




- = o. 


Hence V must be linenr in t/") ; and we may assume llial J' 
is of the form 

K=/+/y(»)^, (8;) 

where / and \p are of tlio order n - t at liigliest. 

Also we can, in general, readil}' determine 0,, so ns to 
satisfy the equation 

dju = it _ . 

«{«-») -y- ,/,,(n) 5 


dgl»-^) (tgW 

and accordingly we may write V in the form 

</ 0 , 


( 88 ) 






(Sq 


Again, since 

d . f d . f/ , ^ d \ 

dx^'^ ' \(/x ^ dtj '' dg'" '>J' 

we may write (89) in the form 

where is of the order « - i at highest. 

Since the latter term is an exact <Iiffeiential, onr result 
will be proved if can bo sliown to bo an exact dilfertMitinl. 

As before, since x» tiiust also satisfy tlie equation [Pj < , 
it must bo of the form 


or 


Xi =/. 

d 


and where x? i^ of the order n - 2 at Iiighes! 



m 


Ciifi ii/n-H Of' VnriiifioHH. 


Ill liko iiinnn'‘r, wo must have 




\5 "" H- I*/* 


and lioiico it is easily seen tliat when (P) o, identically, 

V must ho nil I'xaot dilforentinl. 

^13. Iiilofti-atioii of the IliflVreiitial Equation.— 

The dcteiniiuati'ui of i.c. (lie inl' g^ratioii of the (liflcron- 
lial iijiiatinM /’ = o, can In^ lendily ellVeled in this case; for 
wo l au tiinl I'roin (SS), tp^ from (qo), and so on. 

Fur iiotaiioo, to integrate llie ditl'erential equation 

u"'v + 2.ri/ - 2uy 4 //■' + ~ 0, 

■ ‘ ‘ * ‘ 

wliicli satisfies the criterion of infegnthility. ^ -to 




Hero 

(i(h, ■'? 

'J.. .= P; >pi = yj/; 

hcnco 

r/ , 

j;. (‘/'i) = + -C//; 

thoi'ctore 

\i = - ./•■// - ?.»•// > //’ 1 2. 


, -.It' ■ 

henci' 

i/ib> '7 .. 

'/'= ^ “ -^'VA 

and 

u 

= - •'■7/ - -•^y; ••• \.- 

Aecoidin 

gly the required integral is 


•' if ~ ■ -'T = Cl. 

H i 4 A 

31-}* Coiulilioii oT liitoKraibility in ciisc of 

llo|ioiMleiit ^ai lahle^.—Tho jironMliiig process oau bo 
easily extended to ilu> ease where is a function of .r, //, c, 

//, z .. . y/C', 2 ‘ jimi i( },Q readily seen (iiat when V is 
all exact diiren-iitial, we must liave (/’} = o, (Q) a o, uud 
cviircy-'ii'/i/. 

ihe proof is lelt to tho student, and is seen to follow 

. 1 a t ?ivon in tlie precedinp Article. 



Cnlenon for Maxima autl Miaima. 
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315. Criterion r<»r .’tlaxiiiia aii4l — In 

Art. 284 wo inivo seeu (liat fnrtlior coinUlions uiv leijiiisite 
in order that tlie solution of any prublom, olilained fr.nn the 
eqnatioii^^AC^ = o, should bo a real inaxitnnm uv minimmu 
solnlion. Tlioso conditions were invediijatod by I 
Lagrange, and other eiainent mathematicians, but the coni- 
plete solution of the problem was ^ir^t supplied by Jaeolh. 

It is easily seen, as in the extension t)f Taylor’s theorem,^' 
tliat Uz is derived from Ux by the same process that ? 7 , is 
derived from U. 

Again, assuming that the limiting value.s of .r.//,//, Slo., 
are fixed, wo have, by (21), 

Si7 = J J/Syr/r, 

aud consequently 

= SMB{/</.r, ( 91 ) 

J'o 

where we also have M -o. 

Accordingly, as in Art. 284, the conditions for a real 
maximum or minimum in general depend on the value of 
the doRnile integral 



316. to F=./(•<■,//,//).—It would be beyond 

the limits projmsed in this chapter to enter into a general 
discussion of the foregoing prohlom ; wo shall inr-rely e<msider 
the case whore F" is a function of .r,//, and // solely. 

In that case wo have 




= 2 /’.. 

iix 


Now, observing Umt 


we have 



and writing = for <///, 
(hj r/y 1 
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Cah'ulu^i (f ranalion/i. 

If we now suppose that u is ani/ soluiwn of the difevential 
fquatwH = o, wo liave 

“ <fy j\ ) ’ 


lienee, in general, we may write 



L iL ['!£i 

u dx L dy 



writing Qa for 



Consequently 



J 




z^Mdx 





since or z, vauk/ics at both timifs, by hypothesis. 

lienee we see that, provided the other factor does not 
vanish, the distinctive character of a maximum or a minimum 

d^V 

depends on the function Qj or • 


If Q-dx is positive for aU vahics betireeu the timifu of 
iuteyratiouy then U has a minimum value; if Qzdx be 


negative, U has a luaximuiu value. Again, if Qdx ehaiigos 
its sign hotween the limits of integration there is neither n 


Exami>tr<i. 
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mti-vimum nor a mmimum value for U; for in that ca^e we 
can dispose of the nrt'itrary function S// so that eitlier tlio 
positive or the negative part of the integral shall bo the 
greater, at our pleasure. 

The application of this oriterion to the e\am['los previously 
consiilere<l is left for the student. For further invesligations 
the student is roferrerl to .J(dlett*s Ca/eu/us of Varia/ioit'i, 
or to that of Moigno and Lindelof. An original disoussion 
of the criterion for the discrimination of maximum an<l 
minimum solutions has been given by Mr. Culverwell in the 
Royal Society Transactions (1887). See also Proe. Loud, 
Math. Soo., vol. xxiiu 


Examplfs. 

ft* 

Cf 

1, Provo titat (ho closed rnrvo of given length ih^t encloses a maximum 
• nrea is a ciiolo. 

2. Provo that for any system of copl.uiAr f(uces_tho curve r»f quu kost 
descent is such that at ciich tho pressure on Tie curve duo to the forces 
is eaual to that <lue to the motion. 

llere we havO) by mechanical coneiderntions^ 


niso 


'T, by (45), 


bince, by {4')), 


= + T'fy), 

_ f‘i da 

U~ \ —, a nummiim, 

'*0 

(/= ip + y't ')*: 


tut 


..2 


— r= X sin tp ^ T cot* 

' "IL' 

which proves tho ihcoroni in fjiic«tion. ^ 

3. Find tho difTcMitial Ofjuation of ilio curve, fuuh thdt tho siirfACo 
generated by lU revolution round a given lino Khali bo constaiit, and tljo 
contained shall bo a ma ximum. 

Here, by (53). Ait. 29^, we get 


r#i 

‘ ifly(i’ + y’+ OKo 


hence Ihe differeiitiul cquoiion of tho ciirfo, by (54), is 

ayi \ *p at. 

[ 30 ] 



Ciil('Khi.s of V'lyiafion^. 


m 


4. TTcnce show that if the smface U closed the curre is a circle 
It ifl readily seen that in this case wo must have c - 0. 

5. Show that, 1/^ fj ncr tho runre in Ex. 3 is the roulette described by the 
focus of an ellipse or liypcrb da rolling on tJio given right line. [Dklavnay, 
Journal (ie LioucHU, tome vi.] 




‘ f). Find the iliffcrcnti;il equations of a curve of shortest length on a given 

i-nrfaio. 

I.ot f< = o l>e the cquaiion of liie surfiico ; then we have i* + y-+;' = i. 
and j’(/j a miiiiimim ; consequently wo may write 


V 


= I ' |-(j- + + f- + I) + >ifi 


(fj; 


liO!i< 0 we get fit*'* 


/ill 


fin 


li'i 


« • 




ami tlio ilirtcrcnlial equations nf tho curr© arc 


— ^ X 

Ju (iu 


*lti 

lx (i»f tiz 


1 nan llics^ W Icilosvs that 1h»‘ osouhiting pi me to tho < urvo at each point 
I thiuugh tlio iioiMial at tho point. Such curves aiu called OeWaio, 

7. Show tilt tho ditloronti.d equation ol the plane curve whirli inakcoi 
! f maxinuuu or a mininnim, p being the mdius ol curvature, is 

^i\r]\hy the equation 

p'<p’(pl rt ,1;/. 

lure 

V = I + .\(i- 4 y- - \ 

fiNo 

- = X- * j/^ 

li^ TK^*, 11*^ in (2;\ Alt. wo have 

(ri) = a, {Qi)^K 

• r 

4I 


ihcieleu 


. */ . 


is 


)u r.. I' 


1 * 

^ I a if'U*} (>V - yx; I = oy - hi; 


•• + c. 


1^Tnmpfe$. 
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If tlic limiJing point? be fixed, we liavo ^x = o, Ay = o, at each limit ' 
aUo l-y Alt. 201, wo iniii-t have I'l&x i Q:£^y = o at «ai K limif. 

But M O hitvo in general xLi + i/Ay - o; hence, at ca. Ii limit we get 

— I — Lx = 0, that is — 0. 


Tills i^liowe that the lino at/ - IfX c - o pjssos the puinU 

If this line he taken for the oxis of x, the general equalion of the maximiMii or 
minimum curve may bo wrillon in the form 

p^<p'{p) = ay. 

8. Prove that a sphere is the only closed suifaco of rovulnfion whit h eon^ 
tains a maximum volume under a given siuface. 

9. Let it be required to draw between Uvtf. p^iintia curve for uliirh I u A 
is a maxinum) ora minimum, wlicro n is a fuiution ot z and y &oi<dy. Shi>.» 
that ^ it bo possible to draw more th a n one curve satisfying ^lic con«litiou 

= 0 , 

and if theso curves bo ariango<l acroiding to 1I10 ant:h's wtui li thrir injriai 
tangents make with u given line» then no two eonsetutive cuivcs sniII gue j<mI 
maxima or minima. 


[dOaj 
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ClIAPTER XVII. 

CAI.CI’l.VS OF VARIATIONS. 

Multiple lute'jmh. 

117. Variation of a Double lutegrnl.—We plmll 
next i-rucecd to the api)licatiou of the Calculus of Vanations 

lo multii'lo integrals. , . i 

We shall drst cousiiler the case of tlie double integral 

• • 

U = Viljcdy^ 

whero V is a function ^ in which is regarded 

us uu lutli (i I'uuiultti function of -r, y, and 


(/s tU 



ill accordance with tlie ordinary notation. 

A geniii.el rical sign ification can always be given to the 
fuin tiou Uy by supposing .r,//, s to bo the coordinates of a 
puiiit referred to rectangular axes: and, as in Art. 273, we 
may suppose the integral extended over any area conluiued 
Hidt in one or uiore closeil bo u}ul((rics . 

Also, as in Arl. 270, wo shall suppose 8s to represent 
any indefinitely small variation in s arising from a small 
vlru'^ funtiLio n connecting % with x and 

//, while X and y remain unaltered. 

lienee, as in Ait. 281, we shall have 

8 V = . ‘-r’iq = i\Bt + Pip + Qiq, (i) 

(Is dp dq 

where n /I 



Case of a Fibred Boundary. 
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Again, it is obvious tliat tho variation of U 

general of two parfs-(i) that arising solely f''®'" 

r,o>i qfV; (2) that caused hy a small rnnii^m, nf th. houiid.n;/ 

or boundaries. dMi-mncA 

318. Case of a Fixed llcu.idary -If ^ ,f ?LT 
file whole boundiiry to remain unchanged, we shall liavo 




Wd.rdif = 


r/Ss iT , , 


N 


dP dQ 


dr dtjj 


]Bzdrdy 


Ilf 


am ^ ‘h9?^A\,.r.hr 

dr d\j } 


(2) 


The reduction of the latter integral depends on the nature 

of the relations hy wliiel, ‘I'® cterd 

If the boundary consists of one 01 moii. y 

rurveSf then, ns in Art. 274) have 




r M/’Sz) rfit? 

\ dr 


- + 




where the single integral is taken mound the ontiro houndary. 
Hence, in tliis case 

It is to he observed that the value of , can hi 
for each part of the boundary when its equation is piviu. 

It is often useful to take thoWit^^ ’d-'- 

pendent In this case {3) 'toeonic. 


SU = 


Ai _ _ f'y-) Z%.U,l!/ t 

dr dy 


q'!i - v''>'V^z.h. ( 1 ) 

' ds ds 



ColcnJus of Vnnaiions. 
If t]io iTifogi-nl 1)0 wntfon iti tlio form 





wo Imvo, Ly fi i), Art. 271 , 






V 


Vi 


- p i-, 


- /* - 7 ^ I czdr -I 
WA ux. 


fVi 

Pczdtf. 


(5) 


1 Ilia rcin'Gsonte tlio eomph'te variotion of the double iutegral, 
wlienGver tl.e bounding curves, //-//„, y = are .AW; 
niiil also ;r, and .ry, the limiting values of x. 

^loivovor, if the value of z along the boundary 1)0 
also itnaltered we must have r; == o for the boumlary, 
ai|d lie single integrals in this case vanish identically, 
inis lias place when the boundary consist.s of a fixo! ruvve 
or curves, tn fipavi. 

319 . ToriiiiN iii-isiiiK rroiii Vnrialioii of Uoini- 

L..| us now onsidvr the nd<lilionul terms that arise 
iroin n Vdnaiioii iii (/w fiouiidiir// n/u/io/ii*. 

Her.' if the complete variation of V bo douuted by AT, 
w.* i.-adily see, from (12), Art. 272, that 


\V 


•'I ,'"i 


c J V./f/v 




I 


M 






PA'/<fx + 


0 




/‘A.n//A (6} 


where Xr and A)/ represent ind.-fiuitoly small variations 
auMiig In.ni any Muall alteration in fl.e boundary relations. 

f' K<‘prosoii(«(|«i,._-l’he eliange iu 

‘ ■> ig 10m I be vanataui of the houndarv readily admits 
"f geonietrieal representation. 
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B, 


1 



A S 


1 


X, 


Giometrica/ Meprcseitfafion. 

For, let A.BiDvCiAi represent any new boundary wliicli 

is indefinitely near to tlio 
original boundary ABUCA: ^ 
tlieu, since the original 
integral is taken over tlie 
area ABDCA^ while the 
now integral is taken over 
A^BiBiCiAxy the dill’orence 
between the two integrals 
(neglecting the variation in ‘ 

V)t when the proper algo- 
braic signs are given to the ® 
portions that are fio/ common 
to the two areas^ is easily soon from the accompanying lignre 

to be represented by the expression 



I'ie. 89. 




-J 


I, 


j/i. 


/ .Av . '/-r 


Tliis is readily identified with the expression m (5).. 

It is to be observed that tlic i.art of A that arises lioiu 
a small change in V has been mvl. vled m (Iw Hwolrmhupah 
as it only introduces an indefinitely small quantity ot tin' 

second order into the oxprossioii for Slf. 

AVl.on tho boundary consists of a smglo curve, ns 

Art. 274, tho terms containing A.i„ mnl A n < ’ • 

tho variation arising from tho alteration of tlio houiidaLy 

represented by 

J F'A.y . dx 


taken, with its proper sign, round (he entire 
modification for tiio case of an inner an 
is easily seen as before. 


honmlnnj. Tlio 
outer boundary 
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Cukiilua of Varinfions. 


■ Variation of ^.-If we SuL,litate 

iii (o) tlie value given for 

JJ S Vdxdy 

becoiEs variation of tlie double integral 


J^Jv„V ,h dy! 




/ 


dx 


In tbo case of a closed onrviliu-ar bouiidarv, the latter 
ligle luU-gral disupi-oars. ns in Art. 274 and Art 3,7 - and 
bo result maj- It* written ^ ^ ’ 


at = 


; Y dV dQ\ 

\ ,u ' 7 ,,) 




(7) 


A W tw', 1"'^?“ f'-'-' Witl.iu tl.o 

(7) - (6) aud 

mum or mi"':::,: 

|irnri.(Mls oTi tlio tamo orii '"''l"* casu of (]oi,f,|e integrals 

in Art. rS4 for tl.o case of'slngle^nlig:::'™"''^’ 


Reduction of Botinditry Rfintions. 
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Thus, to determine tlio function z so as to render the 


double integral 


U ^ 


Vdx(hj 


11 maximum or a minimum, where F" is a given function of 

we must have AF=o, for all small variations 

of %. 

Hence, as in the case of a single integral, tiie form of 
the funelion of 2 is to he determined from the equation 


0 = i\^_--- = o. 

dx ay 


Also, hy (7), we must have 






at all points on the boundary of the whole field of integra- 
tion. 

323. Reduction €>f lluiiudarj llclatloim. — Tin- 
further reduction of tlie exjuvssion in (9) dej-enUs on tlm 
conditions of the problem. 

Thus— 

(1). If the boundary be fixed, tlion A// = o at all point.s 
of the boundary ; and we see, from (0), that tlie equation 

Qdx - Pdy = 0, (10, 


must hold at ever^' point on the b<junding curve or curves. 

If onl}' part of the boundary is fixed, thou equation (10) 
must held at every point of that part ; and the nmre general 
relation (9) will hold for llio remaiinler. 

(2). If the boundary bo not fixed, and if 
boundary relations con:n;cfing the eoordiiiafns 
wo must have 

Qdx - Pdy = o, and V «= o, 


there 1 h.‘ no 
X, ij, z, lln-ii 


at each point on the boundary. 
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Cahulm of Vnnafions. 


(3). Suppose tlie boundar}' is restricted to He in a fred 
plane parallel to the plane of 

In general nt all points the complete variation As is, by 
Art. 279, given by the equation 

( 1 % 

As = 4 — Av = 8 s + q^y. (11) 

Hence, since As=^o for all points on the boundary, we 
must liave 

os + ^yA// = o; 

!iml wo see, from (9), tlmt wo must liavo 



lit nil points on the boundary. 

(4). kSuppose the point .f ,//, s, for the boundary, in whole 
or in }'avt, to he restricted to lie (Ui n fixed given surface. 

Let s=/!(•'■,'/) he the equation of this surface: and 
h*t 

, dt\ 

then along the boundary we have 

As = ./'A//, 

since wo n'j'iird x as having no variation. 

Also, l)y (11), wo have 

As ^ cs » ryA//; 

(liereforc 

h = {if - > 1 ) A// (13) 

along the boundary; hence, from (g), we see that we have 

K^ U,y'- y'l ^ o (14) 

at all ]M>inls on (lie boundary. 


Surface of Miuimum Area. 
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Agftin,nt all poiuts on tbo fixed surface, 
liave 

dz, = pdr + q'dy ; 

but also, wo liave 


dz = pdx + qdy ; 


hence, along tlie boundary wo get 


s =//•'*,//)» "’0 


{v - p) 

or 

dtj p' - p 

dx 9 ~ H 

Accordingly, equation (14) becomes 

K+ P{p - p) + Qiq - q) = 0. 

The modification in tlio case of two or more Miuitinji 
surfaces is readily seen. 

324. Wiirfaee of Mliilimno Area.—To invesligalr 
the surface of least superficial area between given limits. 
Here we have 

U = [[(v/i + ;'* + r) 


and the equation Q = o becomes 


<fAyi + ji* + yV * p' -» 


or (i + y*) r - 2py-s + (1 />’)/- o. 

Hence (Salmon, Geometry (f Three Itimemuous^ 

wo got 

1 I 

^ + -r:7 = O, 


(lOi 

All. 3 1 1J. 

(17I 


whore R and R' are the principal ra-Iii of eurvaturo at any 
point on the surface. 
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Accordingly, tho principal ra<Jii of curV'ttKrc at end point 
on the aur/dCf are equal and of opposite signs. 

In the case of a fixed limiting surface or surfaces, equa¬ 
tion (15) becomes 

1 -t- ;»// + qq =0. (18) 


Tliis eliowB that the required surface cuts the limiting 
surfaces at right angles at each point of intersection. 

325. More generall}’, to investigate the dilfcrcntinl 
equation to the surface for whicli is a masimura or 

a minimum \vhere ^ is a given function of the coordinates, 
and dS is an ilemont of tho surface. 

Here wo have 





IS 


^y^ 4 / •+ q^dxdy\ 




lienee 


‘hi / - - Ti fiP 

i\ = , 1 4 Q = 




I » 4 ,/• 


dP ^ _ p _ ((ifi ^ ^ ^ ^ d I _ p _ 

de y' l -t p'‘ f g'\d-‘' ^ dz/ ^ dx \^/1 + y,' 4 g'j 


did 

dn 


q . dp d)d'< 

-i jr 1 -y -di/ ^ dzj ' '(vVv^l H /'* + 9 ^ 


-- I U ' ‘ p - 


(’iiiiscqu-'Ully, llc' cquili ui 12 = o gives 


1 






•p <ip "p , 

- y' — fy -I 

M v' <J ^dz d.i .' // ' 


d r 

d.r '■ 


/ 


\ I •' jr ■\ »y / dl/\^/i 4. + q* 

If /. in, n hi‘ tiie divcction-cosincs of tlio normal to the 
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Surface of Minimum 


surface, this equation may be written 
form:— 


I 





the 


following 



(Compare Jellett, Calculus of Vnriatiom, Art. 121.) 
Again, in the case of one or more fxed limiting surfaee.s 

we get, by equation (15), 

I + j)j/ + qq' = o. v2o) 


This shows that the required surface must intersect eadi 

of the bounding surfaces orthogonally. ^ 

326. Kelative Maiiliuu and Minima.— llio invesli- 

gation of relative maxima and minima for double, integrals 
is the same as that already considered in the case ot 
single integrals. Thus to 6nd the form of the function 
s for whieli HVdxdt/ shall be a maximum or a minimum, 
while jjV'dxdi/ is a constant, the solution reduces to the 
investigation of the maximum or minimum value of 




+ m V') dxdijy 



as in the case of single integrals. 

327. Surface of Mlnlinnin .Irca and Ma^lmniii 

Volume.—Hero we may write 



(S + rt\/l ->r q‘)dxdij\ 


• • 


N 


P = 


ap 




_ =, Q=-y-- 

/ I 1- yd + f / ‘ ^ 


and accordingly, we must have 


I 



<1- 




at each point on the required surface. 
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328. I'uMC where Q is reiloclhle to the First 
Onler. —The equation 


a = iv- 


(U 



is in general a dilTercnlial equation of the secoiul order; for 
it may be written in llio form 


IT 

(h 


•I d d d\dV 


(d d d ^ d\dV 

~l-r+/ 7 ~+'’T 

I If <fz (fj) rfqj <{q 


(23) 


Vow, in oitlertliat this should only contain wo 

must have 

d^ V >P V d'- V 

I ~ Of , , — O, “ 7 ^' — O. 

dp djiilq dtp 


Aet'ordingly, in tliis case V must be of the form 


F = a i- />/3 f qy, (24) 

wlioro n.|3,-y are finiclious of x, 1 /, and solel}'. Uenoe 
in this case the equation U = o reduces to 

fV |3 '/y 

7z " dr ~ dp " (^ 5 ) 

whero tlie dilforentiatioua with ivsiieot i-> x and // are to bo 
iM'iloniied^tiily so far as tlioso variables a[qiear oxidicitly. 

3 -*^' 1 u Piu'tial IMfleroiifial K\|»re!%Mioii of the 
.SeriiiMl Oi-dor.^We now proceed to investigate the 
varialiou of tlie integral 


U = \\ VtUdy^ 
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whon F is a given function of //, 3, p, q, r, t ; whore, 
in accordance with the usual notation, 

_ d^z _ <nz _ <r-z 
' dxdtf dff 

Wlien the boundary is fixed, we luivo, as in Art. 318, 


S !/■ = n S V<hd!, 

= fj (i^Sz + PS/» + Qcq + Rir + Sc'.s- + 


wliere 



nt) d.rdp, 


This may also be written in tlio form 




17 » 


Nh + P — + + P-7T + rr ^ “7‘• 

r/x «y djulp dp j 


The transformation of the three first terms lias been already 
given in Art, 318. 


Again, we have 



dU 

dx 



il.fdii ; 


also, since 

_ (PS 

dxdy dxdy 



we have 
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‘ISO 


Likewise 

wliere the iutegral.i are taken over the whule fcUl oj iniegratiou. 
Ucnoo 


('CZ 


. (('cZ j-cz\ , 
•lx,!;, d,/ J 


iPR (P,<: ,PT\ ^ 

~7~i ■’■ 1 - y 0 CZ'Ullu 

(Lr fU(fi/ 


.. ^hi\ <fl/ ‘P/ 'h. I 


Sz^Udg. (26) 


Again, by Alls. 271 nml 275, (ho two latter integrals 
are, in general, ti|iiival*'nt to the single integrals 

,/ 7 ' 'W^\, 

J\ ‘ly <fy dx I 


,.'/c5 dR ^\dg ^ ^ 

" ', 7 l — . - —. ^5 f. dx, 2 

. V 'fy 'fx I dx ' 


taken ar"und the entire bmiiidaiy, the signs for each part 

i-f the hoiunlary being doteriuined on the principles given in 
Arts. ',[S and 3 IQ. 

Agniii, since <iver the buumbiry wo regard y as a function 
Cm -t, Wo luivo at oaoli pcant *ai tlie boun^laiy 


d dc: hf ,Uz 

^ ^ * 

lU' dx dg ’ 

'h- dx dxdx'^'^ dx^dg 


Kff Pat t{(fl Differential Expression of the Seeouil Order. 4^1 


Iionce 


- \[R 


fl^z (IR 




■/ dli (it, ilR (If (Pi/\ ^ I* (If (tBz 

J\ (ix itx (hj (lx* dx-j ] dx* dy 


J\ dx dx dy dx^ 
SiibstitutiDg in (27) it becomes 


dx' 


dx* dy 


Hence, when taken for all points within a fixed closed 
curvilinear boundary, we Imvo 


|j 8 Vdxdy = j|(iV - 


dP (IQ d*R (1*3 <PT\ ^ , 

dx dy dx* ^ dxdy ^ dy*) ^ 


dRdy dRdf ,(Py dS dT 


+ 2 — — 4. ^ . n ^ 

dx dx dy dx* dx* 


dx dy 


Izdx 




+ r) ‘!^dx. 

J <>!/ 


(28) 


330* When the double integral is given in tlio form 

f *> fVi 

Vdxdyy 

'o Jvo 

we have, by (9), Art. 271, 




dBz „d^z dR^\, , 


*oJyo\ 


dZz ^ dZz dR 

- 7 - + 5 ^- ~^z]dy 

dx dy dx ) 


m ^dlz ,,dBz dR^\d,/, , , 

R~ + S— - -- Bz fd.r. 29) 
dx dy d.t J dx 

[311 
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Ami we readily see tlmt, introducing the additional terms, 
we liave 


r. 


9 \ 


S Vi/.rih/ 


V,. 


V 


t/p <IQ (PJi (PS 

^ ^ ^ ^ ;/7 j 


• I 

•"i 


^r, (Hill' (Hilhf I'P'i iii> , 

Q 2 . - ^ \ 11 - , \l:,h 


V,. 


dx lir dx dtj d.r dx^ dx di/ 


V., \ dx' dx j d]i 


j’i 


■-"i 


\ r ~ tzd'i + 
V dxj 


ii — ihj 
Vi, t 4 r 


M J 


‘/-S' . . 

T ■*■ 

y.. d',/ 


U 


V 


.s - h -- 1 h. 


(30) 


AVliou the bonndnry is varied, wo get. ns in (6), tlie 
adiUtiL'iial terms 


•^1 

Vi 

yj^i/dx + 

'1 ‘ 


y« 

* 0 . 


y» 

yc. 




331. f'oiiditioiiM for naximn aiul minima.~As m 

Art. 3’’. in the case of a maximum or minimum solution 
'Vr hiu>l liavo 



d_Q ^ (V^ (PT 

dif dx' d.id>/ dip 



tlio additional equations nt tlio limits dopeudi 
dilidiis of the I'lohlem in cneh case. 

The fiuK-lioii U is. iu general, a parti 
erpiidion of the fourth order. 


oil tho con- 
differential 


Case where Tenm of the TThfhest Order in Q dhnppear. -1^3 

^32. Case where Terms of the Highest Order in 
12 disll|»l»<^a^.—We now proceed to consider the coiKlitioiis 
in order tlmt no term of tiie foiirtli order should a]>iM or lu 

tlio expression for Q. ^ , , • , . i • 

It is evident that the terms of the liigliost order m 

-- {R) are ,/i^ <u dli dt 

<(x _+- -4 ; 

dv dx d^ dx dt dx 

accordingly, neyh'ctituj ali (enm except tho^eofthehnjhet^t order, 
wo have 


(P 


dli 

(Pr 

dli (Ps 

dR (Pt 

d? 

{R) - 

dr 

dx^ 

(ts 

(ft dx"*^ 

(P 

dxdy 

(5) = 

d^ 
" 1) 

f/h- 

dxdi/ 

dS 

ds dxdi/ 

dS (Pt 

dt tt.tdp 

(P 

(D = 

dT 

’(Pr 

dT d*ii 

d'P d*f 

1. .w • 


dr 

dy^ ^ 

~ds dxdi/ 

dt d'f 


Hence, observing that 


dr 


ds d^ _ d^ 

dx'"T^' 


we see tl.at, when wo retain only tl.o ler.ue of tl. 
order, we get 


liigh''^ 


irii d^s ^ 

dx* ^ dxdt/ 


d*T dRdh- 
'dti* ~ dr dr* ' 

d*t fi^ 
^ dx\d-^ 


dli iPa 
ds dx* 

dli \ dis dn 

^ dt) ' dt djdp 


L 31 a] 


dT d*t ^ 
dt -hr' 


■^^4 CaJrnhffi of Variaiioni, 

Kencn, if tlie tonus of tlie fouHli order disappear from Q. we 
must Imvo 


dlt 

dlt 

dS 

dlt 

dS 

dT 

dr 


ds 


dt = 

0 

II 

or 






,fV 

d^V 

(PV 

(PV 

(PV 

(PV 

T77 " 

d,ds~^' 

~ 7 T + 
ds' 

^ drd( “ 

dsdf 

' dp 


Hence we readily see that rmusl he of (he form 

V = yl(W- + Br + 2 Cs 4 })t - E, (33) 

where A, B, 0, 1 ), E are functions of x, t/. z, n, and q 
solely. ■ ^ 

333. The Tei-ms orTliiiil Order aKo dlHa|»|>onr.— 

It can now ho readily sliown that in this case (ho terms of 
the tbird ordor in Q also disappt*ar. 

For, from (33) we get 


= Af + li, S = ~ 2As 4 2(7, T= Ar + D. 
Ih nco, writing Q in the form 



i/rqirrfiiif/ all tt'rms 

flu- SI Con,! f i,i 


in irhAt f/u- i/ift',renfin/ cocffjcienfs are below 
\i ftnd and observing that 


^ _ (is dr tis 
dx ~ d~y dy " ’ ■ * 


General form of Q, in this Case. 
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we readily get 








Hence, introducing the additional tonus, wo may write 


whore 


= m- Ka + F^, \z = fO' - + K 


11 

K 





and F^y Ft are of the fust order only. 

Again 

~ {lit - Ka) •- ~ {Kr - m 

^ dll (die dll 

dx ^ V/x ^ dtj) d<j 

Biuce , 

dt da , da dr 

dx df dx dy 



Consequently ii in this case contains no dilferontial ouofricicnts 
of an order liighor than tlio second. 

334. Occral for... of fl lo 
bo soon without dilliculty thut LI becomes ot tho for.u 


a = A, (H - •>’) + ^ 


U7) 


in this case. 
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Fur (lie terms in 12 , in aJdition to those given in (36), 
are, by {34), 


but 


dV d ^ d ^ 

as dx dy 


S' 


d.i dB dO dl) dE 

- r /• -- + 25 - + / , + , 

ds d% ds -(z dz 


wbieli is of tlio lu'^uirt'd torm. 


Again 


d (d d d d\^, 

dz dp dq/ 


dx 


«/./• 


- 'V'j) “ ( 7 ' ‘I ■ t 5 I f - I li’. 
'.V \oy az dp dij I 


d 

dl/ 


wliciKu it h’llowa tlirtt 12 IS of tho bum given in (37) 

335. Vaiiaiioii of u Tii|.ie liitesial —W'^e shall 
lU'Xi cuiisider the vuiiutiun of the triple integral 


0 - ij l f dxdydz, 

ill whi.A is a given fuiietion of >r, y, s, u,p, q, r, where 
u IS a liiiietiuii of ,r, y, and 3, and 


P 


IK 

dr 


dli dll 

d'j dz 


lleie, when tiio fwld -;/ mttijiKtion k not altind, we Imvo 


al: 


f f- jj j c / /a, 


>(1 


0 1 S i ‘i \ I 


'\ 


u 


^ o"'r ‘ jr~‘, 

•'!/ ih 


■V == J , 


/' At , hjp: 

dp dq dr 


W in If 
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Again 


d_ _ dl' &e.; 

dx dx'- dx 

lYiv - -- - -r - ‘f) 


lienee 


8^7 = 


iij \d- 


-^[Piii) - j- (Q^i‘) + 'Jz 


r (N jz -S'idxi,jdz 
ijjv'^'^ (/x (ly 7s y 

+ ffc'« (/P ' -' 7 '^', 


( 3 ^) 


,1 ■ I 1 Je n ciirP'ioo integral taken ovi r 

£•*;: k"«; s «u .. is™ 

bounding surlaco 
in geuei'al) bo written 


^ p ^ (/.r<if/. 

.. n j 


336. warla..:;.. «r n.o 

b« su,;iM,sed to rocoivo ■',,^1'ooto.l', a. in Art. 3-’i. 'O' 
variation m U may, genuiall}, 




(J KAs 7 .r(/y. 

Ueuco tiro con>i)lote vurintlon niuy.iii goneurl, br drii -t 


s.,T fTl'v -'"'\Z"d,d,,J. 

[^-dx d„ dzj 
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337- -^la^inia and Minima.—Fioni flic jirecotling 
investigation we see tliat if tlio trii>le integral U, in Art. 
335, a maximum or a minimum, wo must have 


ami aUu 


N - 

ax 

ilQ 

(in 




(40) 

■i'p 

\ n 

w 

If 

O 

( 41 ) 


at jiiiint on the ))ouHi.l{uy. 

Tlio lurtlKT icluotion of (4,) >loi,eu,lg on (l,e conditions 
of the inoUcni ni ( acli ca.se. For instance, if the boundary 
IS suppostd not to vary, wc must have, at each point on it, 


IV ~ iiiQ I III! = o. 


(42) 


^I^UU, It tlio fmni of „ as a function of .c, y, 3 bo given over 

ito bi::;.:d:;;i,“ *" ^-’3.««have, ove. 


cl/ -r ri\z 



nifl (40 reduces to 




A' 


('• - r) = O. 


Also, Wu have, iii general, 


'(« - ft Ir + ,y,/,/ + nfzj 

ami, uvor ihu buumJary, 



'h, , r\lz. 

ilaiclorc our the boundary we got tlio relation 

- /' ) <U r py - .i') , 1,1 , dz = o-, 



Muxima anti Minima. 


4bH 


lieneo it follows that tlie directiou-cosiues of tlio normal to 
the bounding surface are proportional to 

P-P'> ?“!/') 
respectively, i.e. 


therefore 


1: m : n = p - p': q - q': r - r \ 

I p - p q - 7 

n r — r n r - r 


and equation (43) becomes 

V + P (p' - p) + Q {f/ - q) + II (r - r) = o. (44I 

This furuishcs the relation that must hohl good over the 
bounding surface when 27 is a maximum or a ininiinuin. 

338. Examiile.—To lind the maximum or minimum 
value of 

Ijj y't + p' q* r tUiiijtlSt 

being given tliat 

jjf H (Izdt/tlz 

is constant. 

Here, we have 

V = an + Ji + p^ + 7’ + r'', 
and equation (40) becomes 


<l p (I q 

+ p^ + q^ + + p‘ + 7 * + 

d r 

dz Ji + + q- + p 

Also tlie boundary equation becomes 

I \ pn + <iq' + / r' 
an + —~' - -=0. 

^1+7/^ i q^ + »•* 
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33g. I'oiidilioii of Iiitegi ability wlicn V Is of tlic 

First Order.— Tlio coiulitions that tho double integral 
If ]'d.ii{ij sliouM be rciluuiblo to one or more single integrals, 
whatever fimctioii z may be of x and y, eau be readily 
e.^tablishod. The proof is similar to that given in Art. 310 
for the case of a single integral; atid we reiuUly see tliat 
in tlie ease of a double integral the expression G must 
vanish identically. 

When V is a fiinotiou of the fimt oriler^ we see imme¬ 
diately, from Art. 328, that iu the case supposed we must 
have 

V= a + qyy (45) 

in wliieh a, /•?, and y are funetious of t, y, and z, solely. 
lI« !ieo, in ord'-r that U should vanisli, wo see at ouee tliut 
<«, | 3 , 7 must bo cuiineeted by the idiitCu-al et|ualion 


<(u (//5 ily 
tiz dr dy 


(46) 


M«>reov» r, it is roadil}* >0011 that iu this ease Fis reducible 
to the form 




where </), uud «/)a are fuuetious of .r, y, uud solely, for 

(f d dijn d<i>i d6, ./•/!. 

dr dy ' dy ^ dz ^ dz 

iieuee, this will be ideiitieal with the value of Tin (45)» 
pn vub d 

d<p^ illh. ihUy dijlj 

a - , r , p - -r, 7 = — ; 

<IX .11/ ' dz ' I,z 

.IS il is ro.idil} seen that the eipjatioii 

'Iu 'Ip t/y 
dz d'r dy 

iu this <ase is satislied ideiiUeully. 



Condition of Intfgi-ahilifff ichen V is of (he Second Order. 401 


Agaiu, siuce by Art. 274, 

I + ^L'h\((xdy = {il^dx - (pidi/), 

\dx dy ) 

we get at once tlie expressions tor tlio single integrals. 

It is to be observed tliat <Pi. and r/,. can be delormined t’r 

the equations 

= V + ~~ = «■ 

o- P> t(z 


oni 


dz 


dx dy 


340. C’ODdltSoifc of IiitcgrnbilUy wlieu V Is* of 

iNecoiitl Order. —In this case iu order that j| Vdxdy sliould 

bo reduoible to single integrals, we see, by Art. 332, that as 
a first condition V must bo of the form 

y ^ A {rt - s*) + /fr + 2Cs + + E. 

There is no dilficulty iu investigating the general rela¬ 
tions iu this case in order that 12 should vauisli identieall). 
We shall here only consider ouo or two special eases. 

For instance, to find when 

JJ {Br + 2 Cs + IH) dxdy 

is reducible to single integrals, where B, t\ I) aie funetions 

of a: and y solely. _ , 

Here P »o, Q = o, li ^ By ^ = 26, I-V, 


and the condition re(iuiretl re<laces to 


d^B 


d-a d^j) 


+ 2 


- f 


•i 


O. 


dx* didy dy 
More generally, lot us consider 


//(P/- -e ziJs\ Dt\ E) dxdyy 


( 47 ) 
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wluTo If (\ Bare funolions of r and j/, solely, and E k a 
luiietii'ii ol' .f, y, and z ; Ijore we must have 


12 


(IE lEB d-C d^B 

dz dj-'- didif ^ di/' ~ 


(48) 


lleiicc, in orJer that the iloulle integral sliouM be reducible 

to single integrals, must be indeiieudont of =. that is, 

/i iMiist bo of the form zf, + .j,,, where and A, are functions 
ol X and // solelv. 

Acrni-thiif-ly, thn coiiiiifion in .luesUon may bo written in 
llio Itirni 

, < 1^11 r-c r-b 

^ ^ ^ (-* 9 ) 

^ ii. <-i'»eral Xi-uni,f«rmali«„._ir-, by a well-known 
Koin iid nu'lbod ui transformation (see Boole’s BinWvntial 
iiiKs, Ch. XV., Art. 10), we inalio 3 = />r + qi/ - we cet 

!/rtw 7 r / '^7 'Kv. If now wo suppose 

L Viinubk^^ and U(t function of 

.. du 

./// ( 5 ») 

ordm of the second 


r ^ 


d'U d.r 

dp 


dp'^ 


S 'S 


Ib'iioe Wo li.ivo 


<Eii d.r dp 
dpd'j d'l dp' 


t' = 

(hf d'] 


i.ivo 




d., ^ 

iij 

• tft • 

Up 

d.r 

T - 
dq 

rdp - 

dp - 

"'// . 
dp ' 

dt/ 

f - 

dq 

a'fip \ 

Im v*‘ 

al.su 


dp 

= ^'du + 

•'“'y, dq 

= xd.i 


( 51 ) 



General Ti'anf\foymniion, 


■m 


from wliicli we get 

{rt - fr) fix = if/p - sfig, 

(rt - s^) d(/ = rdq - sdp ; 

hence, comparing tiie foregoing results, we obtain 


/ = 


t 


s' = 


— « 


/' 


r 


rt - . 9 * 


(52) 


rt - s** " rt — «** 

By this means the expression 

1; Vdxdp 

can he transformed into another double integral of tlie form 


// V'dpdq, 


where (rt - s*) dxdt/ transforms into dpdq. 

342. For instance, if ^ be a function of x, y, 2, y, q, the 
double integral 

JJ A (rt - s®) dxdp 

transforms into 

/f Adpdq. 


Also in order that this should be reducible to single integrals 
we must have, as in Art. 338, 


df^x dfpi 

dp dq' 

where ipi and are functions of «, and g, solely. 
Moreover 

IKJ" $) =K'J' 

= I i<Pidq — ({>idp)t 

taken over the boundary of the field of integration. 


(53) 
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Ctiiniluft of Variafiova. 


Agnin. from '52), it follows that 


// {Ih- 4 2 0 -'' + lH,(lxd}j 

transforms into 

jj [in' - 2Cs + Dr ) dpdq. 



lleiico, li.v (47), (/ C, D arf functions of p and q solely, tlie 
integral is redueil>lo to single integrals if 


(PD _ ^ d^C 

dff */y<^ ~ d>>dq 



Agnin, the double integral 

j'[{. 4 {ri' - + Dr + iCs + /)/) drdy 

transforms into 

\\{A + DC - 2Cv'+ Dr') dpdq \ (56) 


and henoc the condition f"i' its reduction to single integrals 
becomes 


dj 

da 




in which A must he of the lorm to/j, + <p„ and <pu D, C, 
and D, OYO fiim fion-s - f p and ij sohly. 

343 Principal Kntlil nf t'lirvntiire 

at aii> point un ii Nnrfuce. —If p he (he radius of ourva- 
tnn* nf any normal M cti<'n at n point on a stirfuce, we easily 
got (Salmon, (iioniftry if Thr<c Dioicnsions, Aid. 313), 


^ / 

■ V 


1 4 /y 


iiccnidiiigly, if 


r ~ 


(1 ■' /’■) + 2pqni + (i f q') or 
r + zs/n -+ tnd ’ 


(I 4 ;/•) 4 :pqni 4(14 q') nd 
r ■■ :•'«/ ' /or 


(58) 


wo SCO (hy Arl. 145. Di/f n n/iai Cah nlns) that the maximum 
and niiuim\mi values ol v are given hy the equation 

r- rt ' .s’, - c 1(14 y- r - zqop -(is yc) ^} + 1 4 - y* = O 
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Equation for Principal Padii of Curm/iirc. 

Consequontly tho maximum and minimum values of p, 
i.e. of R and R\ the principal radii of cnrvafnrc, are tlie roots 

of tho equation 

/>* (/7 - -1* t (I ^ f) + (I P') t\ y ' + 

+ (I + 7>" H (p)' = (5'-») 

Wo shall find this equation of importance in tlie discussion 
of tho following examples: — 

344. IJ a number of mrfacca be desenhef touching along 
the same closed cnrvCj the value of the double, integral 



extended to the entire of that part of ant/ one of the surfaces 
uhieh is bounded by the curve of contact, u ill be the same for all 
such surfaces (Jellett, Calculus of Variations, Art. 15 <>)- 
Here, hj (59), we have 

I I _ _ ( 1 + r - 2 pqs + ( I 4 jj") ^ 

R'^R~ {i4/d + g»)5 


hence, transforming as in (54)1 "'o have 


B 


(i + {i+p^ + 9'*]' 

and wo easily see that 

(IB dC , 

dq dp ’ dp dq 

d^B (PC dW (PC 


i)=- 


1 + ;)* 


(1 + /d ^ •f)" 


9 • 


Ooneoquently 


dq* 

(PB PD 


dpdq* dp* dpdq 

(PC 


d(f diP dpdq 
which (by 55) proves tho theorem. 
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Cnlculn-'i of Vftvintiom. 


IfR, R' h'' priuciprtf radii of curvatare at ani/ 
poiiit ou a r/olrd f^urfacr, P ihc perpendkalnr on the tangent 
plane, at the point, and d<o the etemint of the nphencat surface 
de.-<erihed hg the unit of length measured on P, then 

||(i 2 + R')du> = J/Pf/w, 

the integrals Icing taken over the entire closed surface (Jellett, 
Colru/us of Variations, Art. 158). 

Here, it is easily shown that diD = where dS is the 

coiTespoiiding element of tho closed surface; hence 

(U + If) , 1.0 = {[(}.+ ^ 7 ')^''^'= [((s 




(1 -t (f) r - 2pgs + (1 ^ p^) f 


dxdg, by (59). 


i + /)■ + q 

Also, if /, ni, n be the direction-cosines of tho perpen¬ 
dicular, wo have 

z - px ~ QU 

P = lx + mg 4 nz = > 

V 

hence, 

f s - px - qg dS 


1 +V + 0 


Pdio = 2 


J \/1 


p- + q 


= HR 


- 2 


. by (59). 


n't- - px - qg)(rf - «*) dxdg 

' (i + y + qy 

Accordingly, we see that the double integral 

jJ{2P~(A*+ A')l r/a> 
triuislorms into one of the form 

|j'(-i(M' - - Hr + zOs + Dt) dxdg. 

Now, nil'-jiling the gonoral transformation of Art. 341, 

this boionu's. Iiy (56'. 

IJ Hi ! lit - I l>r'\ dpd'j, 



Example. 
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wliere 


iieie 


J 



I + q* 

* - 1 

A = 

(I +yr + 7')'’ 

1 + ;/• 

c = 

- 7'7 

n 

<1 

r 

1 ^ ^—— 

I + ir 7^’ 

X/ — 

1 ■] p- v 7' 

(/A 

- 2 

^ * *j i 

,//z 

« - 

ip^q 

/ - . . ' . Vi' 


i + jr + 7 


(III + "^7 


iW 

dp 


- n 


2p-(/ 


<lq 


Accordingly 


therefore -7- 


1 ■(- p'^ 

'rf 


-y> (1 

UL 

-7 ) 

(> ' 

d" ' 

7 V^ ’ 


dJi 

dC 


dq 

dp 


dh 

dC 


dp 

dq 

d 

/dU 

dC 

d 7 i 

[dq 

dp 

d 

un 

dC 

di> 

\dp 

"'7 




7(1} ij- p') 
{1 I- /r V >p)' 


ill) __£ 7 '/' 

dp " IT ' ^ 7')' 

_ 

1 r p' + 7 '* 


I i p' « 7 ' 

1 t /'■ - 
(1 /'■■ ’ 7 r 


I }- <p ■ p]_ 


Hence we get 


(I ► /'■ ' •!')' 


dA _o. 


{01) 


Accordingly, by (57). ll-variety* oHbc 

Il:^^ru7crib;rtrc5ct.;g.c,c .ucn .dong .i. 

boundary. 


[ 32 ] 
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CulviiluH of Vat iaiiom. 


Examples. 

I. If V be a fuuclion of j: aod y, tind the variation of 


• • I'm 


(lie limits of the i11tcj51.1l being variable. 

Ti»e equation funiijbcd by tliw Ciilctiliu of Variations for the maxiumm 
or ijiiiiimuia values of 

Ij VtUdy, wlicio r= /(j-, y, r, />, q, r, s, f) 

ij, in ucnenil, of the fourth cidci. I'lovc that it is reduced to the second 
ui(Ur if 

V = A {}{ - i') + n> + o + iJi + Ji, 

J, H, &c. being tuiictions of jr, y, /<, </. 

3. ll fx be II hoiiuviiu-uui function, show that tho rcduU in Art. 325 aduiits 
ol 11 gcoiiutriciil iutcrj'i' tatii'ii. 

4. lictciuiinc the v.uiatii'U "I the iuliguJ 


,ri ,ri .=1 

U . \ J’dxd.d: 


in it- llU’fl icduccd foMU. b\ rigll'? of Mil.;ti*Ulioi). whole 


/ d'l i'l du\ 

’ - 7 :}' 


<ii lind tho 1‘UiL of r iu fiJci I Lai L cbvutd icilu^iblc lu single iutograls 

5 . I'luvo that tile vaii.ision ul thv U'niblo iutv;:ml 


jj rdxdy 


'sbi-i 


i - - ^ 4 - 2pq$ 4(1 + 


t t ;*• 1 sy ;• 


I \ 


W hnt bi‘ r>mr4ri* il tliroirin ran )»c ^iorivril U^ux l)ii« result ' 



Examph'S. 
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6. Detenmn. the form of /■' whu. the integral 

(j FU, y, 2. 

is reducible to single integralfl- 

Eo,e, traostonui,,, by .be metbol of Art. 3.1, .ho in.c„al hco.,.oes 

(j F‘ (X, v,», p, 0 >‘h ; 

. • ,.n in orJer .ha. .hi. A.O.,1.1 bo reducible to ingl.. in.ogr.,1-, 
and, as >n Art. 339. >» „f ,i,o f.,rni 

the expression F" mu>t, as in (4- ), 

•Pt ^ '-p- ‘ i/'l'J 

</'!, “f” 

U,e fuuCiouo of .. „ aud u eoWly, aud are .ouneCed by .ho e„u,dio„ 

_ <i<pi '/"f? , 

'</« dp dq 

Deter,nine .he cu,.. . euch 'ha- Jhe ^Uoaiag iutogral .hall be a 
.uiuimum. the eitremi.res bonus h.oo,l l,.,.ula • 


whore 


i| Us 


\,,, (i - + '/■’)» 


8 


. Fiud the variation of .1,0 l..ll.-'iuS-i"b S'’'' 

('■ ("/(D y, •• 

* 'i. J >^0 


in its most reduce*! forfn. 

9. I’rovo that tlm piano curve whi. l. 

j -p (p) dt, 

.ahen betwcon i.» poiu.» »' o'," .hdr*.,''b''haUho roC.b,,. .o 

diZi^-i^r^tCnint:,.... 

lO. Show that pusilion ol ctlo i ot -of 

betwem two fixe! poiniH. will bo a circl . 
exiremc tangents is undotcrniined. 

I 82 sj 



5 (J 0 C>iMm qt Van'afiona. 

II. Determiuo the l«rm r which renders the double integral 



+ vy - *)" 


1 maxiiiunn rtr nniiiuMmi. 

M Invc4i^Ktc MlunUcr thi* area o( a surface can be expressed 
inlcgrftl of /(?, 0, p wbvre AS ^ coordinates 

foot of the perpcndiciilar on tlie langout piano. 


13. In determining hy the Calculus of \urinti>.*n8 ibo surfaco 

supcrticial aica vvliicU niiikcs 



II maximum or a minimum* ?lio\v that iho dilTfienlial equation of tho sn 


/; r iv = *on>-t., 


as the 
of tbo 


: giTon 


rface is 


A’ iwA Ji Lvitig iliu piiueipal ladii euivaiuro. 
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Notk on Paok 240. 

mL Kusseli. lijs Ghowi. a. 

problem at tlio 

Mv. Russell’s problem is as follows . 

* j ,., / n i» ,i Vitriab!^ poifti ou o pl^Hf 
A. 11 ia-e Qfty iu)o Jiird pnn(^, owl C u i^iMac/. / 

prove (h it, if the uormnl nt (' meets l/u etreum- 

eiicle of ^lit'i'i (hut 

llC.AV.dA + (JA . HD.dli 

A Tf - , 

^AB.CD.dC= - -'''• 

,che>e rf-t i. «» element at C of the phme run e. 

Ix-I L ACJ) = a. i. Iirn = ^ ; u.m, i.y 

oU-montarj* gconu-irv, we g*-i 

rf,cosa = ^6'.rf^, rfs cos/3 = - ; 

thoiofore , ^ . ,,, 

i.,m(e-..)-=AV,mll.Ui lie dll. 

i.e. 



I’lir- QO. 


liODce 


Piir/3^i>»*«_ , nCfiiuadll-, 

sin(aH 0) 

Jtl/^ - .II >f ^ jfj, ,ii 4 /„• .Alt. dft. 

AJl 

dA dli \ dC = o, 


Again, we have 

and, by Plob my’s Ibeorem, 

All . on ^ At'. IIf> t b'O . AT) -. 

hence, wo readily get, 

AT).d.l-CA.llli-‘"l ' All.''!’ dr («) 




Wo ehall apply Ibis thcon m I’lioro'O 

jscf^r^n'L :nbo::rir ^i-wn (p. <)■- 


AP Hit tJl) 


^ M. 


m 


ft 
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Note 



ll- ncp wp (si p. :ie ill j>aiip 213, lii if tln' !«M»cth of un rir.2 of n f’lTtesian Or-il is 
• in of t^irr*** rllipll ux>'^. 






HlSCELLANtOUrS EXAMPLES. 


f 111 

1. Find tbe vahie of j ^ + c- V j- + 


ir + ^ 
1 > 


' ... 0,e of f.o in.e.e of 

.. ..e. of .„o ...w. 

on its axes as diameters. -- 

3. Find the inlegnil of — V/fTT:' 


Am- tnn'* 


l„2 ^ j - a 1 * - ‘ ■ 

!. _• , tan ‘ - J,i _ i,- 


4. I’rove that 


(-■' fO)Jr^{( -«) A£)log 
where € Uefi between A' nnd r,. 

0 lt„be,.,c..,maota,l...;a.r.eg.. .W b..o 

ai-en of the segment is. fijiinoximatcly. 

2 . 8 a’ 

— — rti + “ . ' 

3 15 ^ 

i. - tKni the difT. rontiid cqu Ui m -t 
7. If an ellipse roll upon a right Imo. s o 

tlio locus of its focus is __ _ 

.... 

eight li...»» tho .liamrfer of iho cnle. ^ i.cJoC.o,. - f 

V i.,.„vo thot tho o- 

noimaU to an ellipse, which cut at .i^n 
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J\!ii^ccnuueom Examples. 

11 . Find tlic vnlne of tlif dcfinilc iiile*ral 


f =logx+ y4-;r< + 


I , , wr 

4 Sin-’ — 

y/ Q 4 X' 3 


^ dz. 


12. Transform ^ ~ dz by tlio eiibstitution t = a scc-C — b tan*ff, and 

Jience find the value of f ~ dz 

} z - b 

13 . Explain the following apparent diflciilties: 

X 


{«> f - , = . 

J (a 4 fl 


rt (rt 4 rr")5 

) 0 t, nhen n becomes nearly 7cro, the denominator on the riglil-hnnd side 
beconus nearly 7ero, while that on the left-hand lemains finite. 




1 


dx 


V^(-r-'fl)(r- i) 


= 2 log (v/ x~a-\\/x-b)\ 


yet if rt and I are positive, and .r is lejs than either of fh.-m, the square root on 
II-C lefi-liund side is real, but those on the rlght-lumd side are imaginary. 

H- If l<p{a-)i/.r 4 ff(y)<fv = constant loads to n relation connectinir 
z nnd 1/ of the f'-rm ® 

Art/ 4 2? (a- 4 ./) 4 f = O, 
dfleriiiino iho form of ip (>•). 

15. If i< and I- be Iiimti..n 3 of r i,nd y. prove that the elemontarv nn-a 
iiuhided l,..| wu.n llie cuives u = r =/., „„.i ,4 = a + Sa, v ^ b *'b8 u 

l-.-pl.-M-li!- iMi\ . T op I-* 

5 . 5 '. 


tin 

dv 

Ty 

<// 


dt 

dy 

4 

dif 


■ lu-10 .r .and // .arc the f<>oidiiiat.-9 of the point of inlrr^edion of the curve? 

1/ ST if anil r s ft, 
i^». I* inti tlif* mi'a of a Jooji of tho rurvo 

t 0^1 2 $ 

f‘ Tt •— . -- , 

0 0*^0 n ‘^in 

I'.if liir'i, f "'" '•< " n.„l ll... c,„ v,- 

ii “!i i! "...„„ ,i,. 



l^lisccnanpovs Examples. 



<8- r.valintp tli<- following integrals :— 



1 “ (I -f ^ 

J (I + 


ar- + ox + ''' li 

ig. If 7? = (x* + flx)’ -K- lx, an»l u = log- - 

-i ar — ■< Ji 


fiittl tlio lelniion 


between the integrals 



20. If a cuiwe lie such that the area between any jiortion an<l a fixed n>;ht 
line is proportional to the eorrOM.onding length of tl.e . urYO, .show that .t is a 

catenary. . 

21. Trove that tho volume of a rectangul ir iiajallelepipcl is to that of lU 

circumscribed ellipsoid ns 2 : jt \ 3« 


cd do efi _ 

“• J’™" ' I. »• 

where sin /3 = k sin a. 

2; If unv nu.ube. of triangles he in^mliod in one ellii>s. and rireun.^n ih.-1 
f,AC»,»r cotwentric and fiiuilar, prove that those tn.o.Kh'S liave all tl- 


lo another ollij)?"*', concentru 
Fame area. 


1 

24. Show that tho Taluo of the inteunol ' - 


^ inav hi' rxliihiti *! hy 


follovviiig 


gooniHiioal construction. the curve N.ho^ceiiua. 


}A 


fti 


IH 


pft 4 2 


w ~ 


I 


rollontlienxisofx; t ile* the points (x,. i/t i'o. 
hy tho pole, such iliai ;/i = fu - ^ 


Ihe rotih’ttc tihs' l 


$ 


t fit/ 
a '/l/ 


T! - T\. 


tu 


(J mil I ) 


i li> ihV I* 'iut 
ii I <»t 


25. If . he tl... h-ngth of file are of a 
J\ and { lie the inUrcepl ..n the gr- at eir. le l ui. hi , a . 
contact nnd llio f<>..t of tlie porp-ndn ulfir from ll.- p-h . i 


, _ / Tt I sill 




Tho nroof is similar to that of the porresi-mdiur th. orein tu ,d<n,o_ S. Art i ^ 
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li/isc'/faurofif! Frumple^. 


2i'. Provo lint (he volumo of n polyhedron, hovlng for hopos any two 
polyir i«ns sitnatod in parnlkd pianos?, and for lateral faces tiapeziuDis, h ex¬ 
press d by the formIIlu 

? H ;r+ 4^"), 

t> 


sit*'!" IT IS the lu'tw****!! th*‘ i rinllol plane?, 71 and P' the areas of the 

pnly^^on.il and ir thr an-i ‘if the seirinn eqnidi-tafit frr»ni the two bases. 

2". If 'S* b»' file lnn;:th of a Imoj* "f tin* mwe r’* ^ a*' vry< and .1 the uioii 
• I a loi'p of the curve r*’* = rr'* prtjvi* tJ*at 


J 


*4 




2 n 



2^. Fin ] apjT'itinm’ely the aroa, f^nd (lie length, of a Icop of tbe curve 

f. sf* 

- f{'' ( n*; —. /n/T*. Cflc., Art. 2^S.) 

S 


-•Jns. area = '• O'jOfitO; length = rt v 



20 . Sliow from Art. 134 that, it a pinhola r»dl on a right Hne, the locus of 
It' fn<*u8 is a rntoTiarv, 

4 

30. If ./ bn ihn ar»*a of anv oval, //that of its jndal with ri''=pnct to any 
iiitoniiil frigin and < that of th* Uh f the pnint on the jv^rp'^iidi^ nlar 
.ji-tnni.' fiMin ff is ^•f^n}ll 1 In* di'.tntu’o *»i the p^nnt of r«>nta*'t from 
pir>v, that J. /». ^’lue in aritlinn-tiral pi<•*.'’*'d -n. 

ti. ddu»An t»i a i urv** iscoiiin • ti.nl with the ah'^i i^sa hv the 0 \\\n\\0T\^'^^ 

^ ♦ ♦ 

liiid I he t urvr 

3 :. It ilj* (M,»rdin:it'‘S of a p-dnt on a cnivo hr c\\>n hy the equations 


r - r dn 20 (1 4- cofl 20 ), e = r 20 (i ^ lam 20 ;, 
prove til * lh“ lon^'th of jf« an*, measured from i*- nriirin, is -c sin ^ 6 . 

:r 

33. show liii\\ to Ir d ‘lio .4um d ev* ry elemont of ihr p<*rI|dMn v anehipso 
di\i'h’' by 'ny obi |‘••’^l•r (2r t 1 • id lh<’ senii“dianT*i»T eonjiigate to that ulmdi 
'lir ►•igh tl.e eb'mont, and l^Ivo the ri“*nlt in flio la*'** of llio fifth power. 

(W. lioilKllTS.- 


.t 


iO-' 0 -in’ 0 'df^ 


• u 


,. . tt;.:' ^ A^ ^ 

I;l< l^XVr' - . wh* '! ' 

>r 


^3-1* A ^ )i'(•'o int»'*r- «'s i right ryiiiMb r t pr »vi that the entire-urfaeo of the 
• \ .jn i« r iin !i d will.in (he .‘'•pin r»* *ajn‘il tn tb» pi, iluct ot llin liianioter of 
tin- (^xlindy! jM iinvi. r nf an elliji-o wlm-i* a\e> are lapial to the greatest 

Old inli ii«‘pt‘ n»a<i«' by th»* ^pb••:••‘ i»n \\u> edges of tin* Under. ^ 



Mificellaneoufi lExnmphs. 
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35. Show thnt the equations of the involute of a circle are of the form 

T ^ a cos ^ 4 v = ^ sin ^ - n»p \ 01 <p \ 

and i.i-ovc that the length of the arc of thi< involute, measurod from •p = O-^ 
one-half of tfie an- of a circle which M-oiihl be d-'scnbe-l by a r «iliii« equal to th 

arc of its evolnto moving through the angle <p. 

36. Show that the area of the cii«sinoi<l 

r* - 2rt-r* cos 2d + «’ = fd 

is expressed by aid of an elliptic arc when A > «. and by a hyperh'dio arc 
when n> b. 

37 A atrine AH, with its end A tixed, lU-s in contact with a plane cmyox 
<-.ii vo: the string is unwound, and ]t is made to move ahout J ® 

13 again wound on tl.e curve, th.- final position .•! ■/' ‘'""P/' • , r .r 

variations of tl.e positiun of A the arc t..oe<l out hy 11 will ^ 

minimum wlu-n the tangents at Ji and /r are equally J"'''';';'* ^ 

A, and will he the former or tl.e latter acco.-lmg a^ the '^ 1 “, 
prwtor or less tl.un half the sum of tl.e curvattircs at J. and Ji 
Tripos, 1871.) 


<h -I .fix 

38. Find the value of c •« 

•U VT 


Ans, I— f 


39. Find the lengtli, and also the area, of the ped d of a cissoid, tlie viute 
being origin. 


8a 


Ant. — log (2 I- \'S) - -I" : 


v'a 


Tf/r 


24 


40. Prove that the length of an arc of tin- j eium- '* - '' 

represented by the integral 

a ( ii<p _ 
v'2 ) v'l - i 

41. Integrate the equation 

cos 0 (cos (J - sin a sin 4.) do + cos <p (< os 4. - sin a sin 0 ) dp = o. 

If the orbilrary constant he dC rmined hy the conditiou that the 
he satisfied by the value, (o. a) of { 0 . 4.., show that tl.e cquatem 1. sat.slu i 

putting 0 H 4> a. 

42. Ea(-h element of the surface of an ellil>s-id is divided by tl.e 

paralbd central section of tlie siufmo: liml t .e urn of all tie c . 

quoliont« oxtomk'^l ilut^ugli Ok* enUn^ 

43. Hence, ^how tliiit 

rA /A - y^) d^dv _ ^ ^ 


0 


0 Jfc - /«> VA- - /A- - •. - »■' ‘ 
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Misrenanrousi Examples. 


Tliis clopon<ls on tlie expression for an element of the surface of an ellipsoid in 
rin^ uf rooidinatcs. See Salmon^ Oeomrfitj of Thrc^ I>\incn 9 %ofii^ 

Art. 411. Tills pr<»of is dui' to Chn^l •« [LiuuviH^^ tome iii., p. lO)* 

4 }. llen^o prov*^ tlio relation 


IT 


/'(m; /’(u)-i- F{n) E{fn) - F{pi) F{m) = 


r 


w 

•* 


wlioro = 1 7=r=:---==:» = f \'i - wr 

J Vi - ut'^ suvd } 0 

and H = I. 


J.et I' rr:pin fl, and m = s‘in ->4 A- in llie preceding example, 

and It lociune-^ 


n 


* f- ft* htn*Kf> 4 A* — fi^ siiptl 

J.j \ /(• 4 4 - V /. • - A- din-<^ 


tr ff 


n T 


A , 

• ► , , — 
• \ /i' 'in 

•' J 

tj \ f:' 


• V 4 -^ - /,• 


0 Jo sin’Ip ♦ 


IT IT 




— rfd (/ip 


t ; 


jrp I • ms*^ xV;** - /r sin*tf 


’iii'5 fiinushf-s the h ^uli mj linking A r- inf:, 

I { in' liML: i an nl.i. Mhi* )i i• ihe* to 1 .«iri-nilre, gives a general ndation 
l i'twin) t in* Iion^ i'l the liis^ .uni socind sperie^, wiiliinin- 

lit n y iii MtuIi. 

It enrv* > hmlrMiilir,] on ilu' surface of an ellipsoid* alnnp the first 

i>l \\ }ii< li t li'* j ' riM n li* uKii t'l tin* l.in^'inu pViio* in.ikr^ the eo istaril nnirle y witli 

the axi*' i l a'onu th** M‘von i $ n ith lie' axi> of r/, and ahuig the third a n il li the 

I I .1 11 t 1 . , . tan a (an 3 tun y 

t\i« i>\ , aral it tli • ingk*^ he 1 .»iiiio» ?i •! hv the rtd itions =-sr , 

ft b c 

'li* n. i* J( h* tlu* in ln icd j^ niions of l)i • elliesnid .surface, prove that 


.li - •/: -/2 — - /| 

-I --+ -^ ^ Q 

if /• 


(J r.M.Frr.) 


.pi Show fhi* ftie rr-nlts iriven in Art*^. ibi and l(»2 hold pood for 
d I 111*-. i'..* :i;o ot gre:U liioles i‘n tlu? sphere. 




)b 


,h rc 

,, \{a~j [b 


N\hrre' 7 , 4 . r .IP' iM th»* iii u* r of iniigoitii )o. 



^fhceVanronn F.rawplc-^. 


6o;< 


48. If a' bf' an imaginary cnbc root of unity, show that, if 


(a> - oi-) jr 4- u»- dy _ 

I — cu^ (<tf - w^) (I - (1 - (> + 

(CaYLI V.j 

49. Prove that tho value of 


( ■ 

Jtl 


KO^ hx sin tfz 


IT TT 

ilx 15 O, Cl 


according os i is >» =, or < a. 

50. Prove that ( f" - ‘Iz = ; multii.licl by the lix-ior of tlio 

Jo ^ 

numbers a and b. 

51. If e ho tho eccouti wity of an olli |>30 who^o semiavis major is unity, ami 
E the length of its quadnmt, [>rovo that 


L‘< d 


c 


nh 


(W. Ul>ltKUT>.) 


„ (t - - f) 2 


52. If S repre.'Ont lb<' b-imili of a qiiadmiit of tlio curve » 
and 5, tho quatlrant of its lirsl piov.- that 


= a“‘ voi "<it, 


, «• ■\ I 

S . Si - -»<«■• 

2iil 


Heie (Kx. 3, Art. 156) wo Imvo 

_ ff Vff \ 2 IH / 


S « _ ” 

3 in 




Also sin<-e tho li.st pclul (Ihf. Me., A.t. ;<») is .l.uvol by subsMtoi.n:; 


m 


— instead of m, 
m + Z 


(m+i) 
^' = — j;ii 


SSi 


(in + l> wrt 


■ -) 

^{2^1) __ ("I ^ I)»'• 

2 in 





MiBcellaneom Exampki. 



53. In pciicril, if 6',. be the quadrant of ibe pidal of the ourre in the 
h\S{, ibaL 


« « + I 

Sn-\ 5 f» = “ 




2 m 


m 


Here it is readily st vn that the pedal is got by substitutiBg ^ ^ 

instead ut /n in the onuation of the piopc^sed: /. &c. 

W. Uoni kun. Ait*ia*i 7 ^\ 1S45* P* * 77 -) 

54. If an • ndlf^s* >•? int'. 'on^or ih-in the«Ii‘ ntnterviii'C of un tslipse, bo passed 
r^>iind the oilipso arid kv]>t “trotcliod l^v ;v Uiuving pened, prove lliat lliO pencil 
^vill II I* «• Out u ri;ni'"< al ellip'*''. 

li ts^ii ( OTifik d hv ' i» \\ that u t»c dv:?enbed in one 

and rimiin-v rilion to t'u* lariCt, prove rl at an indeUrdto lunnlier of such i*olygODS 
can bo dc'i ribed. and that ti;ey all liaVc the jatu** pt.iioa-tor. 

;CuA'^ll -, iuflt/. |843*) 

yh, d‘ri!\vo iiTt s id* a Ijvjii rlu bi, w'h M. ditlVrctn e is roi iiliabW, corn ^poad 
Otjuid iiu > K»i tbu IfUini 'iiU* which i.* li.e \>» .al •d* the liypCil-oU. {Ibtd,) 

5;. Pio\i‘ that lije taiigeiiu dwiMH at xhn t-irrcnnlics ui l\>'>ar<s of iconic, 
svlni^e diibuin e icdiiiubUn f^niu u i[uadtiluti;r«\l whose bides dll touoli tbo 
>,inic liul'u (yiiJ.) 


5^. I n tlio I urre 


i -f t /3 •i, 


finvi' *iii! ,\uy Tati-piit il»c )a»Miun * I i\iQ curve between two rnsps inti» 

an I Nsi.l' h ab t'l * . 7 US tho «eginents oi the portion ot the tangeut 

inleiI • ; d b\ lie* .ix^' . 

V). H IW'* lo a cYrbdd i*ut at a «aiulo, piuve that their 

buuj be o- a to the tVi "f tlr*’ ia:vr belwaen them. 

It . 1 I>, Im’ iinairiTit^ »r two loncentuc circle®, lli* ii* radii coinciding, 
'how tb;r i[ ,n ao* f un invfduto of a i inde h" »ira'\ n to roucli ti>e circles 
at •/, tha r*' {’• is iin aiitlnnotiaul mean between tho arcs AH atnl 

t*i, If ■/' M [•resenf un inlinii.dy 'in.di 'up»;ti Id id-mrm of urea at a point 
aitdda.iny «ed plane ‘ urve. and r'tl*e len-tiis uf the ^in^;ents fiv^ui the 
Ik'iiiC t the innvi'. and ^ tl.e angle c'l int^nsertion of then' langei»ts, jvroVc that 

tin M : . iht iv.mcnt^ icpi« ?cnled by “7^“^* taken for all points eitcrior to 

th. 


( - ( 


: oiiv\ 1“ C--. 


{Prok. t'uorioN, rhil. Trouts.y i8b8-) 


' 01 ^\.'t• ll. <4 V'- •ar.giilir a.\e^ ilrxwn through a givon 

*i ' .:n • a . ' 1 < . 


i ,c’ - :r^iixu:/\- ■ 4 ( i|4f/./r dyjS 


, i : 


)'■ \ 


^ 1' ' ' * ''h‘ ^4* ' uM u i'> * 4»n4ui‘‘ : and that toi a triangle, the p 'iiil 

' un» •'! i\ 4* ‘ . U'is , or ' i \ i.- 


• » 


I 1 s ^ 


- (J 




(J. J. Wii.Ki.n ) 



Misrelldneom £.at)nplr.i. 


511 


63. If afj - a'b\ prOTe that 


IT 

Jo Jo 


p {(IX + by) — <p {(^x f b*y) 


xtt 


dx dy 


= log log (X.) - 


provided tlio limits (p (o) and <p {<k ) are both delinite. 

(Mil. JicLiorr, Vrot'fcUiny^j Loud. Math. Soi*., 1876.) 

64. If .S' denote tliO surface, jiml K llio volume, of the cone istainiin;' on the 
focal cdlipsc of an ellipsoid, and bavinij its vertex at an umbilic, prove Ibal 

S = TTfi ( 4 - — y = — c*), 

wliero /7, 4 , c aro the principal semiaxes of the ellipsoid. 

65. Prove Ibnt^ if p be poditivc and less thao nnityt 


and 


* <U 

{xP f arr) lo- (1 t 


I 


p .'^in fm p' 


t dx w I 

{XP + x^P) log (I ^ x) — B col pw - 


(n 


(2) 


where (1) may be deduced fiom (2) by pulling x* for x. 


(Woi sri NJHU Ml;. 


66. If^, t'ht) the (lliptic ruor iif/uU.'ittiii point in u plane, prove tli.t the 
nrca of any portion of the pbine ia repicieiited by 

“ v) dtldv 
■Jifx- - c-)(t* - y^Y 

taken between proper limits. 

67. Trovo tlmt llio <Ull'i.'iti»ti.il «‘<iuiition, in i-lliplit counliiiulci, of .my 
tangent to the ellipse m == ai> 

__-j'-_= 0. 

- «r) 

68. Henro show that the prco.ding dilfercntial eijuQlion ifi and r admit • 
of un algebraic integral. 

69. Prove that the dilfercntial mjiiatioiiol the involute of the ellipse ^ - mi i 



012 l\IkccU<nieons Extiuiplen. 


70. Sliow Hiiit, foi' a Ijoiiii'^cneou?, solid p.irailflepipcil of any form and 

dimen.-ions tlio liiiiu j'liiuip.il iix^s at tlio ■ eiUre of gravity coin. Me in direc- 
t i<'>n w itli those of the !*uli'l inscritn'd ellipsoid whi< h toiiehes at the six centrea 
(.f «iuviiy of its six faces ; and that, for each of the three coincident axes, and 
therefoie for every axis passiut; ihioie^h their common centre of gravity, the 
un meat of inertia of llie paralKlepIpcd is to that of the ellipsoid iuthosanio 
C> llatiint latii), \ix. that of 10 to ir. (loWNsKKD.) 

71. .'jilow tliat ih" V'dunies of any lelialiodioit, and ol the inscribed ellipsoid 
wlii. h loll, lio^at tlic centres of ^sra^ity of its four faces have the same principal 
axes at iludr comii.oii ceiitie of gravity; and that their iiiouients of inertia for 

all nl.iiU'S thionnh that noiiil have the e.iiue constant ratio (viz. 18 >■^3 : w). 

' ^ [Ibid.) 

72. A quamiiy .V “f niiilloi i-i distiihnt.d over the surface of a sphere of 
railin' .. so tli it the fiirface .li-n.-ity vaiir> inversely as the cube of the distanco 
I'l0111 a ^i\ ell inlcrual |i'iinl iS’. distant b fioin the centic : prove that tlio sum of 
llie iniu' ipal iiioinciits of iiicitia of -1/at 6‘ is equal to 2.1/ («• - A-), 

((Jttnib. yf'ith. Ti%iiot, 1876.) 

73. If (I - 2.i.r h .!■>*' ^ I \ o-Vi o-A': . . . t ii".Y„ h . . ., pi-ove that 

ft Ml 2 

j I AV.U —. 


74 . A runtiiil curve rcvolve^^ romul un ail»ihary c-xtornal axis in its 

plane. l*nivr OyO tlie muruoni:* ol iueitu I nn \ J, wiih iwpcci to tUo axU of 
re\*'lull>oi :unl to itic p^ rprjniii ulur \A.iw p ihinnyli tlie c* litre <if inertia 

of (lie >uIiJ geiKVaUnl by I la' revolvinjj juo.i, are ijiven respetlively by Ibo 

^Xl‘re^?iun 3 


/ ss m (a* i 



wln ro >/i rcpro«*‘iH3 tlie ma5< fif the >olifK tia* tUHlance of tla* eentro of tho 
r.itiiij; iirva from tbv axi** of r* v«*lulioii, /i anti A ibe unlii of g^rUion of tbe 
rki< a ^^ub io>i'n t t>i tin* pinnllt l anil pnprinlii nlar axes tbrou^h its ceuti'O, ainl 
i tliu arm Uai/th ot its pro*lin I of incitia willi r* ripOk t to the axed. 

(T •svNSEND, Quartcrlt/ Journal of MathrmaHcs^ 1879.) 




find iho valiio of 




Af$ 3 . /(«)• 



Trovo that tbo dupeilieial aua of an ellipsoid is ropresentod by 


• TT- 




•I 


(t — rV^.r-) <lx 




vvlu ro 


/1 • 
^ hose 


■* f ^ ^ •*|‘T 

!• •- h- X fIV-, /i* - f ss t 

(Jr.LLtTT, Ihrmatkeua^ 1883.) 

Til 1 tin* mean distance of two points oil oppo.'^ilo side« of a ^qua^o 
Hilc is unity* 



+ log (I + Vz). 


.ins. 



Mhedhneoufi Kx((m 


01 ’> 


A nilio being cut at rniuJoin by a pbuic^ wliat is tlie cliimcc thut tlie 
soot ion h a hoxagoti; C'l AUKr . ^ 

. Ji ‘ft * J_; -J 2 <•«(-'J2 
Ans. — “ ^ 'O40-|(^ 

7t>. 'riirc<* j)r>iiit< are taken at rain 1 oin« one on e/n h of iliroe fuoo^ of a tctxM* 
liOtlron : wlint t)io olianoe lli.it the plane p i^^ing (bmugli lhoMiout‘< 
fai e (Uiti ) 

'\ 

Ho. Two star.s are taken at raniloin from a catalogue: wJiat i 8 (he chamo 
that one or botli shall alsvavs lu* visible to an observer in a j:ivon laliltnii*, \ r 

{Ilnti.) 

- J ^ . 

- vorsinA I 5 inA. 

2 i 

Hi. Find the chanec that the oeniro of gravity of a triangle lies in<itle tia* 
triangle {ornioil by three points taketi at rarnhim u it Inn the triangle* 




82. 'I'wo points nro (akoti n( iainloin in 1 hi.iri):!*-, t)ie liiK- joiiiiii!; tlo th 
<livi<ling the tiianglo into two imrlions: tiii<l the nii>;in vmIih* <>f that poiii'^i' 
which c'oniniiis the cenlre of ginxitj’. 

I / Hz \ 

Ans. ^470 + -- log ■\J = the triangle being unily- 


The mean value of the gy'uUr of the two noitions is h - loj; ’ -• ■h-jH;. 

12 (> 

83. Show that the n>ean <liftanto .}f of a iii'iiit in a redangle from <1111 
angle is given hy 

3.1/ = f\- h-g - - J -7 log - . 

2 tt h zb ft 

ft and b being the sides, d the diagonal. 

K4. Sliovv that the mean distarno J/ of two points uiflun a jrrfangh* i 
^iviJi by 

A-\ 5 ///• ft f f/ tr b { ti\ 

^5-’^ ^ M 3 ^ y . “ ’ ) + ! ( , ''*0-) • 

«• \ \b 0 4 i f 

riilH result may be dediioccl from (In* prer idling ; for if ^ - imimii di-laie n of fi 
point within the roclnngle whose sidles are y, fioin one vi' itn aiigb ', jI i 
easy to see (hat 

"[33J 



5 M 


Mixrdtnh otis v. 


^5. Sliow tliiit if .V \*f* iIm' mmn of (svo points Milhin unv convex 

n, \vt‘ 

iV ^ 

\\]i< ti' 2 . 2 ' !ir.- tlir ‘-l•^'tnr■llf‘^ Into uliirli tlif iijvi h iH\i<l»-<l \,y .1 stniglit lim- 

< il. till' tlio Iti'in'T />. a-, aij.l tin- iiitf'gralioii i-xteml- 

iii}; til :il) jioiili.in-. f.t' llii liii,'. 

'I Ills jiiay l>o soon l>y 1 oii'iilorin" tint if it roiiiluDi lino tlip area, the 

■ l.an. o Ilf it-i lift«ion tlio two {.lint': is wlicio I. is the lon;;(Ji of the 

iMoin.laiy, Atnin. fur any poition of tin-lino, tlio i hanoo of tlic points lying 

on (.I.ji<--ito silks of it is - tin rofnre tlio wlifilo cliunoo is "-,,1/(22'), whoro 

- f* o* 

.1/ (22') is tlio nioin valtio of tlio proiluit 22' for all positions of the lino. 

In the satno ( a«o \t c also have 


.V = 




ffwt 


rli.in- tho l. jifflli -f Ih,. inlororptoil ohonl. Ilonoo wo haro fho ronmrkuMo 

I ; I ^(.11 22 '.^/.i.;to'. 

(t'KoiTi.N. }-,or,..Uufix, I.nnd. Math. Soc.. Vol. viii.) 
SiiMw that if,, 1.0 tho ilisianoo of two points taken at ramlotn in anv 


s- 

i 

li e I, 




A' III 


■ ly )..■ to tho . iii h-. s.-.- i-ix. :;j., 


, . l>>-‘ •'‘■•AM a..,. Ml ih.. tii.iiojo .lof.nnin.a \,y tl.voo points 

. *‘A laiiiloin Mitlini mv ;irca is ‘ 


V 


n 

• • 


n- 


' 2'<//i(fu- 


"inn- 2 - lit!,., . 1 ., „n l,y thoihonl f; hnt lh.ongli„nt tho inloe.a- 

"Vi '">• 

1- ill"' Ih. i! '''i.rM il, ' ' Mhos,. ,ouiso is unknown. Siip- 

I “n II..M that th.. rhan.,. nt ,hoi. . lO.iing w ithin a 

... ■ ^iu - whati vor tho loiusi. taken 

' ■ ' ' i-. .//; i, not Voat,.r than whore 

i /' ft 

M-iil. 1 S 71 . l‘nor. MtLLKU.) 


< 1 . 



Misi rl/itnroits 



• .\ raiKloin liiu* cro^^es «i ciitlc : tii»»l tliu i Imim. e that I wo ('uiiili 

liikm nt iriihloTii ii) tlic circle* .^hall lie on o|>|K>site of llic 

This is deduced at once from tlio value of M, the lucni dr - 
45 Tr- zM . 

taiirc of llio two points, as llie chaine = . H iaijd"in Juu' 

arc diuwii, the chauce that both lines shall pass bcl\vccii the poIrU^ 

. I 

IS - 




<JI. A imiiil O is t»kcn at raiiJom in a IriiUigle. Wl.nt i- flu- 
llial if tineo ollu-i' poiiits arc tak. n at ran.ioiii. on.- sliall li- in c.u li ut tiu 
tiiangJts ylOi:, HOC, CO.i r 

_I_. This may easily la- fouiul toUrpciuIon llu-ml. ;;ial j .l a/J-, . 
lo 

whcic o, 0 , y aic the lliicc tn.mf;lcs almv.-. 

.,2. A lim-ctosscsa<-ii.-U-a( .an.Iui.. : liml th--. h.m. ■ ti..H a p.-mM >lu-n a 
umdoiii ill the ciulc shall he .lislant from llu- lnu- l.y K-s ll.aa il... H. 

circle. i ^ —• 

01. T«o puiiits aie tak. i. <m th- . ii. uml.-..'ti.-■ uf a -.-ii.i. in I.-- i- ii-l 'l‘- 
. han.. that their onli.iates fall un either side -d a i>..inl taken at i.Muluin mi 

diameter. 




7 T * 


In any c..nve^ area n-Au A Aas n an/n 1 - V " , j 

.evolve round u.ul the loens of the eent.e ol g.a^ .l> » .- llu ' " 

it divides the area he tiaced. «hoa that the mean di-tam e oi limn .ill pui.t 

ill the urea is o.iual tu ' the periinelei of this loens. Al-o. ^ -I ihenua iiulo -.i 

hy this locus = moan a.va l 

laiidom m llio yiven an a. (* uoi lo.s, i ‘vtt j , 

., 5 . The probal.ilily tl.al the di>ta..ee -f tao |;wnU lak-.i at laml-m n, i 
given convex ure.i n shall exceed a given limit (■•) 


= _L_ j'j (C'-* - 


1 /-. • 1 I . r il... .i.'i \v)e>-- .o-.idiii lies .tie ’he inlegiatK-ii 

wluMO C IH a clioid ot lie* aua, wii> ; 

cxlC'iiding lo uil values of w* n huh yiu u < 

, 0 . Show, by .oc.a„» of Lo,iJou-« .r„„ao,.,.oUo„ iu lu,...io,„ o, 

utherwibo, that 


( i» ftO 1 

Jii eO:>-U I b nili'Oil Ju 


(«<i* to-> 


ttif> 

4, I bi ' . Ill t - 


where m and i, am respeetin the .uithmelo and li.- vn-mol.:' 

helweell 11 ulid t/. ... 1 1.. tli" iiem ii 't v ilo' 

I'oilit out the value of this lef.iH m the ea ^ , , 

of lhedetinil«iuU‘i{.ul. i 1 
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